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My dear Mrs Clhwoiid, 

AMhen towards the end of April 1870 I called 
upon you in answer to an urgent request to do so, 
it was with much surprise that I heard from you 
that it was one of your lamented Husband's last re- 
quests in regard to his work that I should bo one of 
two persons to be asked to see the remaining Manuscript 
of his admirable book on Dynamic through the press. 
Though much gratified by his kind approval of what 
I had written upon the portion already in print, T 
could hardly look upon myself as qualified to under- 
take such a task — who indeed could liopo to succeed 
in fitly editing fragments which had not received his 
last energizing touches? Whatever diffidence may 
have at first deterred me, yielded on further reflection 
to your pressing solicitation. 

At this same interview you told mo that it had 
boon suggested, I believe by Mr Spottiswoodo and 
Mr Macmillan, that a collected edition of Clifford's 
Mathematical. Works, including the Memoirs already 
printed as well as such posthumous papers as might 



be found in a state fit for publication, should be 
brought out under the auspices of a double editorship, 
one editor to be a resident at Cambridge and the 
other to be myself. If I hesitated to undertake the 
editing of the Manuscript of the Dynamic, you may 
believe I was even more afraid to undertake so great 
a responsibility as the editing of the Papers. Finding 
however at an interview I had with Dr Jack that it 
was desired that the papers should be brought out 
with all speed, and learning from Mr Spottiswoode 
that the plan of a double editorship had fallen through, 
I consented to do the best I could, feeling the less 
hesitation in making the attempt as I was able to 
obtain the assistance of Mr Spottiswoode himself and 
of Professors Cayley, Henrici and Smith. 

Thus much of explanation I feel to be due from me 
to show that I did not engage in so great an under- 
taking of my own mere motion, but that I entered upon 
my task with no slight idea of its magnitude, although 
the actuality has far surpassed my expectation. 

Your own assistance and kind interest in the pro- 
gress of the work have been most valuable and most 
encouraging to me ; and I can now only wish that the 
result of my efforts may deserve your approval, and 
may be not unworthy of the illustrious mathematician, 
your much loved Husband. 

u If I have done well, it is that which I desired : 
but if slenderly and meanly, it is that which 1 could 
attain unto." 



Vll 


I need not enter into any account of the causes 
which have operated to bring about so tardy a comple- 
tion of my labours. Sufficient it is for me to know 
that you have understood and allowed for the many 
hindrances which have arisen from circumstances con- 
nected with the fragmentary condition of some of 
the papers, and from the pressing claims upon my own 
time and upon that of the eminent mathematicians, 
whose advice and assistance have so ungrudgingly 
been extended to me. 

Thanking you, my dear Mrs Clifford, for the honour 
you have conferred upon me in entrusting to me the 
work of raising this monument to the memory of one 
you lovo so well, 

I remain, 

Yours faithfully, 

B. Tuoker. 


.Dccombar 30/ A, 1881. 
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I. BIOGRAPHICAL. 

II. BIBLIOGRAPHICAL. 


BY 


ROBERT TUCKER, H.A., 

non. flEO. TO LONDON MATHEMATICAL SOCIETY, 
SOMETIME SCHOLAR 017 BT JOHN’S COLLEGE, CAMBRIDGE, 
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Mechanics in University College, London, a post he occupied 
until the time of his death. 

In June, 1874, Clifford was elected a Fellow of the Royal 
Society. He became a Member of the London Mathematical 
Society, June 18th, 1866, and served on its Council for every 
session from 1868-9 to 1876-7. Though he then ceased to 
he a member of the Council, he continued to take a warm in- 
terest in the proceedings of the Society, and on many a night 
he was present at the meetings when he was far from well and 
ought to have remained at home. I go back in imagination to 
the first meeting he attended— his was ever a welcome face in 
our room at University College and subsequently at Burlington 
House and Albemarle Street— it was on the evening of Janu- 
ary 23rd, 1868, when Dr Hirst, our Treasurer, occupied the 
c itiir in the absence of our then President, Prof. Sylvester. 

the httle band then present four have since been re- 
moved by death, viz., Clifford, Clerk Maxwell, Archibald 
Smith, and Thomas Cotterill. Clerk Maxwell made two com- 
munications: i. "on the construction of stereograms of sur- 

T <f ° n tIie doGtllne of Reciprocal Diagrams of Forces 

with the extension of Airy’s Function of Stress from two 
intensions to three.” The former was made interesting by the 
fact that the author brought with him a real Image Stereo- 
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condition, which is easily obtained for a cubic but is more diffi- 
cult to find in the case of equations of higher degrees. Clifford 
at once said that we obtain the condition required by forming 
an equation whose roots are the sums of the roots of the ori- 
ginal equation taken in pairs and determining the condition 
that the real roots of this equation should be negative. This 
may serve to give an idea of his readiness and helpfulness at 
our meetings. He rarely rose to speak of his own accord, but 
when a direct appeal was made to him he was ever ready to 
contribute a few pertinent remarks of an eminently suggestive 
kind, often showing in the course of the discussion that he had 
carefully considered the subject for himself. In this way he 
often threw out hints which enabled others to advance still 
further the researches which they had hitherto almost looked > 
upon as their own. His readiness is exemplified in the follow- 
ing extract from a letter I have received from his private 
tutor, the Rev. Percival Frost 1 ; “We were capital friends, 
yet I was so much engaged with a largo number of pupils 
that I did not see very much of him except in a professional 
way. Even when lie came to see me out of his working 
hours we used to get upon some mathematical curiosity, and 
both being fond of mathematics for their own sakes, we lmvo 
often pursued our amusement into the small hours— -once 
between 2 and 3 — for which his tutor called him to account, 
good-naturedly excusing him when he heard of how ho had 
been occupied. He ofton used to amuso me by solving in his 
head difficult problems, when some conversation like the fol- 
lowing would take place, Fr, The men in the next room tell 
me this problem won’t come out: there must be a mistake: 
just read it over and tell mo where the setter has blundered. 
Gl. (reads it over and thinks a few minutes) I see how it is, ho 
has, &c., &c” 

Fow anecdotes of Clifford’s young days which show any 
foreshadowing of his future mathematical power have reached 
1 Boo also Nature (March 18tli, 1879). 
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me. The following illustration, though trifling, may find a 
place here. His aunt (Mrs McLeod) writes : “ In the yoar of 
the first Exhibition, 1851, his parents came to town, and \ 
bad the charge of him with my own child. When putting him 
to bed one night, I saw dear Willie looking very thoughtful. 
When I asked him what it was all about, he looked up in Ida 
smiling, loving way, saying, ‘ Aunt Annie, I don't think you 
would know.’ But on my asking again, he said he was ciiloii” 
lating ‘how many edges (sharp) of a penknife it would take to 
go round the wheel of a coach.’ 

"We had a little talk about it, for it seemed impossible to 
me he could arrive at any conclusion. He then gavo tint 
figures and I daresay the size of the wheel ; hut all that I lmvu 
long forgotten.” The question and answer were submitted to 
an uncle, the late Mr Frank Kingdon, who was no mean 
mathematician, and he said the result was correct within a few 
figures. 

A passage in Mr Pollock’s Introduction to the Lectures and 
Essays (p. 41) would lead one to infer that Clifford turnod bin 
attention to kites at a somewhat late period of his life: it in 
however clear from a letter he himself wrote to Mr Miller that 
he had practised the flying of kites when a boy, for in ISC!) ho 
says " I have had in my mind, almost from the time I began 
to fly kites (I have not yet left off), the problem of finding Urn 
form of a kite-string under the action of the wind. On a 
rough trial, the other day, the intrinsic equation seemed nut 
very difficult to obtain; if I get any result, I will send it to 
you hereafter 1 .” 

One more anecdote which will give an idea of the quick- 

1 The question figures as 6009 in the Educational Times, July 1870, May 
1880 (Reprint, vol, xxxiii. p. 69). In tho, same letter he adds, “I lmvo boim 
trying to construct a seoond interpretation of mechanical equations similar 
to that of tangential co-ordinates, hut have failed hitherto. Being a Arm 
believer m the duality of symbols, X should look upon complete failuro qk u 
proof that our symbolical system is wrong." Of. Lectures and Essays ,■ p. 41, ‘Mil# 
thoughts often ran upon meolmnioal inventions." 
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ness and clearness of his perception of complicated relations in 
space, must close this brief sketch. Mr Frost, in his previously 
cited letter, goes on to say, “My brother A. H. Frost, who 
was in England for a short holiday from his missionary work 
in India, brought with him a complicated puzzle which was to 
be taken to pieces. It was not a two-dimension one, liko 
many, but solid : about as big as a good snowball. My brother 
said, { I have heard you talk of the wonderful capacity of 
Clifford, prove it to me by asking him to tea, and I will believo 
you if he can take my puzzle to pieces.’ I accordingly asked 
him, and on my brother’s giving him the thing, he, without 
fingering it but simply looking it over for a few minutes, put 
his head in his hands for some ten minutes and then took hold 
of the puzzle, and at once, to my brother’s astonishment, dis- 
located it, and my brother believed in him ever afterwards.” 

These few personal details of one who stood in the front 
rank of the mathematicians of our time, though trivial, will 
not, I think, be deemed out of place in such a volume as this. 
Ever kindly and unselfish, Clifford maintained in his relations 
with his brother mathematicians the same amiable bearing 
which endeared him to a large circle of private friends. 
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“ On Jacobians and Polar Opposites/’ vi, pp. 23 — 33. 
ff Analogues of Pascal’s Theorem,” Nov. 20tli, x. pp. 72—79. 

Reprint, 1362, 1373 , 1378, 1379 , 1387, 1389 , 1393 , 1399, 1409, 
4097 (1415) f, 1418 , 1423, 1448, 4143 (1459). 

1864. 

u Analytical Metrics” (see footnote, p. 80) Xt. pp. 80 — 109. 
“Geometrical Theorem,” xlvii. pp. 410, 411. 

Reprint : 1319 , 1394 , 1416 , 1421 , 1442 , 1443 , 1468, 1479, 1486, 
1505 , 1507, 1514 , 1517 , 1519 , 210S (1526), 1585, 1605. 

1865. 

“ On Triangular Symmetry,” XLYin. pp. 412—414. 

Reprint; 1497, 1638, 1652, 1675, 1679 , 1680 , 1691, 1724, 1732 , 
1733 , 1748, 1750, 1775, 1795, 1823. 

1866. 

“ On some extensions of the fundamental proposition in M. Ohnslcs’H 
Theory of Characteristics,” March, xlix. pp. 415 — 418. 

“ On tho Goneral Theory of Anharmonics,” Nov. 22. xu. pp. 110 — 
114. 

“ Bifcangenb Circles of a Conic,” pp. 543 — 545, and 
« Of Power-coordinates in General,” pp. 546—555, may belong to 
this year, 

Reprint: 1878, 1888 , 4199 (1907), 1918, 1929, 1962, 1996, 2220, 
2229, 2253, 4696 (2281), 2301. 

* Professor Ilonnoi tolls mo that Clifford proposed to him that thoy should 
writo in conjunction a series of books on Mathematics, beginning at the voiy 
commoncomont and carrying the subject in eaoh case rapidly to tho most 
advauoed stages. Tho question was oftou dismissed during the years in which 
Clifford was in full health, hut this sheet is all that remains. Professor lion- 
rioi’fl occupation as Examiner to tho London University prevented hiB nolivoly 
commouoing his part of tho work. The short abstract xi. p. G50, is snggost v<i 
as to tho place which some of tho papers published in this volume wore in- 
tended to take in a nioro extended sohomo. 

•|. The number in tho bracket is that belonging to the first proposal of l ho 
question) tho other number is that of tho re-proposed question to which the 
solution was given. 
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“ On the Contact of Surfaces of the Second Order with other 
Surfaces .” Title only in British Association Report of this 
year. 

An Athenannn correspondent says (Aug. 24), “ Clifford explained that 

the radial polarization settles the faot of there boir» £5 fioatiug clouds of solid or 

liquid matter in the corona.” No. 2339. 

“ On ft Theorem relating to Polylieclra, anfid°to OU3 t.o Mr Cotfcorill’s 
Theorem on Plane Polygons. ” Nov. 1 dr. xvirt. pp. 168 — 176. 

“ The Baton of the Sciences in Europe f No'V'. 17. L. and E., Yol, i. 

p. 68. 

“ Geometry on an Ellipsoid.” Deo. 12. xiX* l > t > * 177 — ISO. 

1873. 

“ The Philosophy of the Pure Sciences.” Maxell 1, 8, 15, L. and 13,, 
Yol. i. pp. 254 — 340. 

“ On the Hypotheses which lie at the has os of Geometry.” May- 1, 8. 
ix. pp. 55—71. 

“ The Relations between Science and some jSJfodem Poetry May 4. 
Recast ns “ Cosmic Emotion.” L. and Hh ; Yol. i. p, 68, 

“ Preliminary Sketch of Biquaternions.” X uno 12. xx. pp. 181— 

200 . 

“On Mr Spottiswoode’s Contact Problems.” June 19. xxxn. 
pp. 287—304. 

“ On some Curves of the Fifth Class , n and * * On a £>%wfacc of Zero 
Curvature and Finite Extent” Titles only in British Associa- 
tion Report for this year, 

“ Review of Do Morgan’s ‘Budget of Paradoxes. 1 ” ALugusb 15. pp, 
559—561. 

“ Graphic representation of the Harmonic Oomponen fcg of. a Poriodio 
Motion.” Dec. 11. xxi. pp. 201 — 20 dr. 

" Syllabus of Lectures ou Motion.” (7) pp, £> 1 O — 5 2 3. 

Reprint: 3876; 3961, 3980, 4010, 4069. 

1874. 

“.Review of Yol. I. of G. H, Lewes’ * Problems of Rife and Mind, 1 ” 
Feb. 7. L. and E., Yol. i. p. 68. 

“ The First and Last Catastrophe.” April 12. R and E Yol i 
pp. 191— 227. * ’ * ’ 
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“On the Education of the People May 22. L. and E y 0 l r 
p. 68. 

“ On a Message from Prof Sylvester and “ On the General Equations 
of Chemical Decomposition Titles only given in tha British 
Association Report for this year. 

“Prof. Clifford exhibited ft jointod frame iu illustration of some beautiful 
discoveries recently made iu connexion with what machinists call parallel 
motion." Athcruvum, Sept. 5, No. 2446 (alluding to the discoveries of 
Pcauceilicr, Hart, and Sylvester). 

“ This paper ( Chemical Decomposition) was read before Section A. The 
Author thinks that Chemical Equations may he brought uudor a general 
formula. Time, H 2 + C1 2 =2HC1, If wo assume that there is a structure 
common to tho hydrogen and the chlorine atoms, also a structure confined to 
fcho liydrogon, and likewise a structure confined to the chlorine atoms, wo may 
represent tho equation thus; XYY-fXZZ = 2 XYZ, when X represents tho 
common structuro, and Y and Z tho structures which are confined to hydrogeu 
and ohlorino respectively. So 2H 2 4 0 2 =2H 2 0 may ho represented thus; 
2XY + XX25Z = 2XXYZ, These equations involve no hypotheses, because tbo 
fundamental faots of the molecular theory are now firmly established. Reason- 
ing from those nncl similar equations, the author deduces the result that tho 
ordinary equations of chemistry, such as those just stated, arc expressivo of 
facts, and that tho hydrogen molcoule really consists of two equal atoms.” 
Nature , Sept. 24, No. 266. 

“ Body and Mind.” Nov. 1. L. and E., Yol. it. pp. 31 — 70. 

“ On fcho Nature of Things in themselves." L. and E., Vol. ir. pp. 

71—88. 

“Seeing and Thinking." December. Published in 1879 ( Nature 
Series). 

“Motion of a Solid in Elliptic Space.” *xli. pp. 378 — 384. (See 
note, p. 378, but X do not think the paper was written until 
1876). 


1875. 

« The general features of the History of Science," Feb. 27, Maroh 6, 
13, 20, L, and E., Vol. I. p. 69. 

“ UllramontanismP April 28. L. and E., Vol. i. p. 68. 

“Tho Unseen Universe.” June. L. and E., Vol. i. pp. 228—253, 
“On tho Scientific Basis of Morals," L. and E., Vol. ii. pp. 106 — 
123. 

« On ike Theory of Linear Transformations : (i) the Graphical repre- 
sentation of Invariants; (ii) the Expansion of Unsymmetrical 
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Functions in Symmetrical Functions and Determinants ; (iii) the 
Fetation of Matrices” Title only in British Association Report 

of this year. 

-Prof Clifford aatonUhed tho Heotion by some iromarirnblo opplioalio.ui of 
G r M , ■■ polar multiplication " doltood by »bo W that ia is — 

Ho applied it io tbc 6 raphical ropreaontation of to tlm oxpanmon ° { 

nuBjmmelricnl functionB, and to tbo notation of matrices, illmrUalme lm. 
remark. by draxiuga roproaonting alomB hung together in wioub way*. - 
Athenaum. Sept. 11th. No. 2198. 

“A Fragment on Matrices,” *xxxv. pp. 337—341, perhaps belong* lo 
this period. 

“Right and Wrong: the scientific ground of their distinction." 

Nov. 7th, L, and E., Yol, n. pp. 124 17 C, 

“On the Transformation of Elliptic Functions. Dec, 9th, xxn. 
pp. 205—217. 

Reprint: 4641, 4819, 4843. 


1876. 

“ On the Free Motion under no forces of a Rigid .System in an 

’ homaloid,” (Provisional Notice.) Jan. 13th. xxvi. pp. 230- 

240. 

“ Sight and what it tells ms.” FeU. 24. D. end E., Vol, i. p. 09. 

“Instruments used in Measurement. 1 ’ l>. pp* 419 — 423 ; L, and h| 
Vol. n. p. 3—8. 

“Instruments illustrating Kinematics, Statics and Dynamics. tl, 
pp. 424 — 440; L, and E., Yol. n. pp. 9 — 30. 

“The Ethics of Belief." L. and E., Yol. ii. pp. 177—211. 

“Notes on the communication entitled ‘On tho Transformation of 
Elliptic Functions.’ ” xxii. pp. 218 — 228. 

“On tho Classification of Geometric Algebras," * xi.m. pp, 397- • 
401. 

“On In-and-eireumscribed Polyliodra” (?) * xxiy. pp. 229 — 233. 

“On tho Theory of Screws in a space of constant positivo curva- 
ture" (?) *xliy. pp. 402 — 405. 

“ On Tricircular Sextics ” (?) * xxxvi. pp. 342 — 345. 

“On tho Double Theta-functions” (?) * XL. pp. 368 — 377. 

“ Further Note on Biquatemions ” (?) *xlii, pp. 385 — 390. 

Reprint: 4871, 4897, 4925, 4950, 4972, 4996. 
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1877. 

“ On the Types of Compound Statement involving four classes.” 

Jan. 9th : i. pp. X — 13. L. and E,, Vol. n. pp. 89 — 106. 

“ The Ethics of Religion.” March 4. L. and E,, Vol. ir. pp. 2X2 — 243. 
“The Influence upon Morality of a Decline in Religions Belief. ” 

April: L. and E, Vol. ir. pp. 244 — 252. 

Review of Dr Booth’s “ Row Geometrical Methods.” J uno: pp. GG2 
564. 

“ On the Canonical Form and Dissection of a Riomann’s Surface, 
June 14th : xxvrr. pp. 241—254, 

“Cosmic Emotion,” October: L. and E., Vol. ii, pp. 253 285. 

“ Rotes on Vortex-Motion, on tlio Triple-genoration of Tliree-bar 
Curves, and on the Mass-centre of an Octahedron.” Rovember 
8th : xlvi. pp. 407 — 409. 

“Enumeration of the Types of Compound Statements.” (1) n. PP* 
14—16. 

In the Michaelmas Term of this year (of. L. and E., Vol. r. p, 27) 
Prof. Clifford delivered a course of ton lectures on Quaternions 
with a view to their physical applications, for students of 
Physics, “who are not able or willing to road very high 
Mathematics.” 

For an admirable collection of Notes of those Lectures (boo infra, pp. 

478 515), I am indobted to the kindness of Miss Ellon Watson*, who also 

placed at my disposal other Lecture Not os which I havo not made uso of in the 
present work. Mr G. Griffith, of Harrow, who also attended the Course, lent 
mo his skeleton Notes which enabled mo to clear up one or two minor 
points. 

Two other courses wero announced. In the Lent Term of 1878, 
“ On Elliptic Functions and some of thoir Physical Applications 
treated on a basis of Elementary Algebra, but assuming a 
Knowledge of tho Elements of the Differential Calculus t." 

* Miss Watson was tho first woman to entor tho Classes of Mathomatics 
at University Oollcgo, London. Of Lor, Clifford said, 11 that her pioiloienoy 
would havo been vory rare in a man,” and that “ ho was totally unprepared to 
find it in a woman.”— She was obliged to lcavo England on account of failing 
health, and died in December 1880, at Grahamstown, South Africa. 

•j. Ono or two Lectures of this course wore dolivored, but tho fow Notes of 
them in Miss Watson’s MSS, aro too fragmentary to bo of service. 
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These wore to be followed by a third Course in the Midsummer 
Tenn, "On Spherical Harmonica and other functions rising out 
of the Theory of the Potential and Allied Theories treated by 
means of Partial Differential Equations and series with special 
attention to problems of Electricity.” 
u Algebraic Introduction to Elliptic Functions ” (? commenced and 
added to at different times), pp. 443 — 477, 

“On Groups of Periodic Functions” (?) * xxxvm. pp. 350—355. 
Reprint: 5304,5457. 


1878. 

“Remarks on the Cliemico- Algebraical Theory,” xxviii. pp. 255 — 
257. 

“Yircliow on the Teaching of Science.” April : L. and E,, Yol. ii. 
pp. 286 — 321. 

“ On the Classification of Loci.” April 8 : xxxnr. pp. 305 — 329, 
“Childhood and Ignorance.” May: L. and K, Yol, r, p. 70, 

“ Applications of Grassmann's Extensive Algebra.” xxx. pp. 2GG — 
276. 

“ Elements of Dynamic : an Introduction to the Study of Motion 
and Rest in Solid and Fluid Bodies.” Part i. Kinematic. 

It may not bo out of place to give hero an analysis of what Clifford intended 
to givo in Yol. n. of his book, the manuscript of which is now in my possession. 

BOOK IV. Forces. 

Cap. i. The Laws of Motion. 

Cap. n. The Conditions of Equilibrium of a Rigid Body. 

Cap. hi. The Composition of Foraos. 

§ 1. The Link-polygon, Reciprocal diagrams, &o. 

§ 2. Centres of Inertia, Second Moment, Cores. 

§ 8. Attractions, Potoutial and Level Surfaces, Sources and Sinkn. 
Theorems of Stokes and Chasles, Elcctrio Images, Gontrobavio 
Bodies. 

Cap. iy. Motion of a Rigid Body. 

BOOK Y. Stresses. 

Cap. i. Solids. 

“Rotes on Qualities of Alternate Numbers, used as a means for 
determining the Invariants and Co variants of Qualities in 
general.” (?) *xxix. pp. 258—265, 
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“Binary Forms of Alternate Variables/ (?) *xxxi. pp. 277—286. 

« On Bessel’s Functions.” *xxxvii. pp. 346 — 349. 

“Theory of Marks of Multiple Theta-functions.” (?) *xxxix. pp. 
350—367. 

The manuscript of “The common sense of the Exact Sciences is m 
Prof. Howe’s hands, and is almost ready for publication, 


All introduced matter is, with one or two exceptions, 
included in [ ] : this has necessitated the adoption of another 
form of bracket when [ ] occurs in Clifford’s papers. X am in 
the main responsible for these additions, though I have in 
all cases submitted the suggestions to one or more of tint 
mathematicians mentioned in my dedicatory letter: tlieii own 
additions are suitably initialled. 
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INTRODUCTION. 


It will be generally admitted that the publication, in a col- 
lected form of the works of the eminent men, who have 
moulded the mathematical sciences into their present form, 
has become little less than a necessity to those who desire to 
follow in their footsteps, and to advance, if possible, beyond the 
limits attained by them. And mathematicians will gratefully 
acknowledge that no inconsiderable progress has already been 
made towards satisf}dng this requirement. To the Academy of 
Sciences at Paris we are indebted for magnificent editions of 
the complete works of Laplace and of Lagrange ; the Govern- 
ment of Norway has given to the world the collected mom oil s 
of Abel; the Academy of Goettingen has fulfilled the same 
duty toward the great names of Gauss and Riemann ; and the 
Academy of Berlin has followed the example by undertaking 
editions of the works of Steiner and Jacobi. In our own 
country we have the collected works of Green, of Mac Gul- 
lagh, of Gregory, of Leslie Ellis, and of Macquorn Rankine ; 
not to mention the volumes of reprinted memoirs which we 
owe to living writers; for example, to Sir William Thomson 
and to Professor Stokes, Such collections, we may hope, will 
form an increasing portion of every scientific library. At the 
present time the results of mathematical research almost always 
appear in the Transactions of Societies, or in periodicals spe- 
cially devoted to mathematical writings : the contents even of 
the most original treatises being generally- anticipated by tlieir 
authors in memoirs, which are often not wholly superseded 
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by the works themselves. But the number of the periodical' 
repositories of mathematical literature has become so great, that 
papers consigned to them, although preserved, as wo may 
hope, for all time, are in imminent danger of passing out of 
sight within a few years after their first appearance. They 
are preserved from destruction, but not from oblivion; they 
share the fate of manuscripts hidden in the archives of some 
great library from which it is in itself a work of research to 
disinter them. This "mislaying,” if it may be so termed, of 
important memoirs is not only a loss to the history of scionco, 
but interferes seriously with the discovery of now knowledge. 
For notwithstanding the ardour with which mathematical 
investigation is at present pursued in every direction, a much, 
longer time than is perhaps sometimes supposed elapses be- 
fore a mathematical work of genuine originality, bo it a briof 
note, or au elaborate treatise, becomes antiquated. .Tt would 
be out of place in this connexion to mention the Principiu 
of Newton, which stands apart by itself, and of which not 
only the methods and results, but even the very words liavo 
become the common property of all men of science. Nor 
need we even refer to works which have marked the boginning 
of a new epoch in their respective departments, such as the 
Mdeanique Cdleste, the Mdcanique Analytique, tho Disquiet- 
tiones Arithmetic®, the Traitd Analytique do la Ohalour, tho 
Fundamenta Nova, or the Systematise Entwickolung dor 
Geometrischen Gestalten— the freshness of which timo has 
hardly impaired, while the superstructures which have boon 
based upon them have added incalculably to their importance). 
But leaving out of count these and other great classics of 
the science, the trains of thought hidden in the opuscula of 
Euler, of Lagrange, of Gauss, of Poisson, of Cauchy, of Abol, 
and Jacobi, are still unexhausted ; and, far from having lost 
their value by the lapse of time, have in many cases acquired 
an increased suggestiveness from the light which tho more 
extended knowledge of recent times lias thrown upon them. 
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Such a prospect of future and long-continued usefulness, we 
may venture to hope, awaits many of Clifford's memoirs; and, 
even more than the immediate interest attaching to them, 
justifies, if any justification he needed, their appearance in 
their present collected form. 

It might be interesting to enquire why it is that mathe- 
matical writings retain a scientific (as opposed to a merely 
historical) value for a longer time than memoirs recording 
researches in the sciences of experiment and observation. 
Among many partial answers which might be given to this 
question, one is suggested by the character of many of Clifford's 
papers, and has its foundation in the nature of the subjects 
with which they deal. Speculation in pure mathematics 
resembles metaphysical speculation in this, that the whole 
universe of thought to which it refers is so closely inter-depend- 
ent, that a clear-sighted and powerful thinker cannot fix his 
mental vision (however keen his effort after concentration may . 
he) on any one region in it, without catching glimpses of some- 
thing that lies beyond, and without discerning, more or less 
dimly, new relations to be examined, and new lines of research, 
which may perhaps have no immediate relevancy to the 
particular enquiry in which he is engaged. And these glimpses, 
if recorded, or even if only half unconsciously indicated, in the 
account which he afterwards gives of his work, are not unlikely 
to suggest a wholly new departure to some kindred spirit in 
a future time. On this ground, more strongly perhaps than 
on any other, we may venture to commend the present volume 
to the rising generation of English mathematicians. The col- 
lection includes papers— some of them youthful efforts — some 
suggested, one might say casually, by the researches of scientific 
friends — which relate to special problems, and which never- 
theless would bo sufficient of themselves to establish a con- 
siderable mathematical reputation. There are others, again, 
the work of a maturer time, and planned with a wider scope, 
which aro models of artistic perfection, in respect both of 
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reference to geometry, are few and far between. For oven 
tbe Elliptic and Abelian functions were approached by Clifford 
from the side of geometry. His early note “ On sonio Poris- 
rnatic Problems,” relating to the theorem of Poncolefc, which 
asserts that “given two conics, a polygon of a given number 
of sides, all whose vertices shall lie on ono of thorn, and nil 
whose sides shall touch the other, can either not bo drawn 
at all, or else can be drawn in an infinite number of different 
ways,” led him to the study of the connexion, established by 
Professor Cayley, between this theorem and tho addition of 
elliptic functions of the first species j and thus to tho discovery 
of a geometrical theory of the transformation of elliptic Amo- 
tions, which forms the subject of one of his most brilliant 


investigations (xxil). But in his further prosecution of the 
subject the elliptic functions again disappear from view, and 
he returns to the geometrical doctrine of correspondences, and 

to the theory of tbe polyhedra, of which the faces osculate a 
skew cubic curve. 

In like manner it would appear that ho was attracted to 
the consideration of the Abelian Integrals by their relation to 
another and widely different part of geometry, the Geometry 
of Situation as it has been termed. Ilis memoir on tho 
Canonical Dissection of a Riemann Surface/* founded on tbe 
researches of Clebsch and Liiroth, contains the simplest account 
Which has yet been given of this important chapter of a great 

f T S oii,n ti0 “ ° f n Wnn *» mirth* 

of a sol, d having a certain numbs,. 0 f holes through it, present, 

to the mind what is perhaps the dearest imago 

possible to obtain of the spare of two dimeusio, s upon w < 

Theta fuuctum, which form tho imlilponeablo 
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basis for a study of tlio relations subsisting between the upper 
limits of a system of algebraical integrals, and the values of 
the integrals themselves. His posthumous and unfinished 
memoirs on tlio Double and Multiple Theta functions (xxxvm,, 
xxxix. and XL.) form a not unimportant contribution to puro 
analysis; and, though now published long after their proper 
date, are, it may be hopod, neither too Into, nor too incomplete, 
to exercise hoi no inlluonco on the development of this rapidly 
growing theory. The “Algebraical Introduction to Elliptic 
functions/* which is in fact a treatise on tho, single Thota 
functions, probably took its rise in connexion with these 
ulterior researches ; Clifford desiring to obtain a complete com- 
mand over tho manipulation of those series in tho simplest 
cases, before proceeding to apply them to tho general problem 
of the inversion of algebraical integrals, 

Enough has boon said to show that Clifford’s predilection 
for geometry lay deep, But to this his favour! to scioneo ho 
attributed the widest imaginable scope, and at times re- 
garded it as co-oxtensivo with the whole domain of nature. 
He was a metaphysician (though bo would only have ac- 
cepted tho muno subject to an interpretation) as woll ns a 
mathematician; and geometry was to him an important factor 
in the problem of “solving tho uni verso 1 ”. Thus lie was a 
geometer of a type peculiarly bis own ; and his dealings with 
tho scienco wore characterised by an amount of scepticism and 
an amount of faith which one would hardly expect to find 
combined in a mathematician. Ho had early road and trans- 
lated Riemann’s celebrated discourse (tx.) “ On the Hypotheses 
which lie at tlio Basis of Geometry," and had imbibed tho 
views set forth in it as a part of his intellectual naturo. Some 
men who liavo an ardent love for now knowledge find it 

1 “At tho Siwilo I mot 0.... amt solved tlio univovao with great (lolight until 
A, came in ami wanted to takohim off... Of oourao I would not lot him go,,. 
Wo walked about in tho Now Itoad solving more univoi'flo,” Lectures and 
Essays, Introduction, p. SO. 
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'hfikidt to maintain an unflagging interest in geometry, be- 
cv .;.-' 1 they regard it as a purely deductive science, of which 
the iir-t principles (axioms, postulates and definitions), whether 
dorivoi from experience or not, are unquestionable, and con- 
i' 1 hi implicitly in themselves all possible propositions concern- 
ing space. Tims the unknown, or at least the unforeseen, 
f.-.ai.s to he excluded from geometry, because whatever may 
he found out hereafter must be latent in what is already 
Ilut upon the view put forward by Riemann and 
pud by Clifford, the essential properties of space have to 
1. - ng. ink'd as tilings still unknown, which we may one day 
h I”- to find out by closer observation and more patient ro- 
1 . u ’ and I10t as fixioms to be accepted on the authority of 
uni .c-rso] experience, or of the inner consciousness, 

.• ■ s l'- 0Il ^ f|t ‘ 01i - s had so much influence on a great part 

li Jids worn, that it may not be out of place to pursue 
! - su Ijrtt a little further. In his lecture " On the Postu- 

, ,hc Sclc ' uf<! "f Space 1 ", he has stated his own views 
™ <hc question with singular clearness and brilliancy; and 
a jug,, 1„ which ho has expressed them are likely to bo 
, nun x-iod, as marking an important moment in tlio cou- 

:r IT™"* 11,0 1,atul '° of s l>aco and the origin of 

-.1 empnnes have any interest for mankind! In this 
th ; ‘l- Cm "" CTOtc ' 3 f » r postulates on which 

at every point, or which is he ’ ( J snrnlanty to itsolf 
Of the existence of ho , nmefi „ ... nng > the Possibility 
W possibility . 71 diff ° rent PlMe3 ' 

another, but on different sc 1 ° ° U1C3 SImilar to one 

of these pMhlat ™ * B **° itad * Tho —ml 

ligife Perhaps the JpkTaccZub. * * ^ *1 iUto1 ' 

which is flat in i ts -allest ^ 

1 L<cturei ar.i Etiayt, Vo!, r. pp_ 295-_325, 
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in it we take three points very near to one another and join 
them by the shortest lines that can possibly be drawn, the 
triangular figure so formed will lie very nearly in a plane ; 
the mathematical equivalent of this statement being that the 
square of the distance between any given point and any other 
infinitely near to it can always be expressed as a homogeneous 
quadratic form, in "which the indeterminates are the infinitesi- 
mal differences between the co-ordinates of the t"\vo points, 
and the coefficients are functions of the co-ordinates of the 
given point. If we go further and join one of the three in- 
finitely near points by the shortest lines possible to every point 
on the line already joining the other two, the assemblage of 
these linos will form a triangular surface-element : if this 
surface-element is absolutely plane, whatever he the three in- 
finitely near points which we have taken, the space is flat; if 
the surface-element lias a finite curvature, the space, while 
letaining the property of elementary flatness, is said to have 
curvature ; and this curvature is measured, for the surface 
direction determined by the three points, by the curvature of 
the surface-element which we have constructed. 

As to the first postulate, Clifford indicates his readiness to 
adopt either of the two opposite hypotheses that space is 
continuous or that it is discontinuous, while admitting fully 
that no phenomena have yet been observed which point to 
its discontinuity. 

Of the second postulate, in this respect following Riemann, 
lie speaks in the same general terms; wo must not shrink 
from rejecting it, if its rejection should he found to assist us in 
the explanation of natural phenomena. The postulate is not 
inconsistent with a hypothesis which at one time was a great 
favourite with him, and which he has described in a remark- 
able communication (v.), presented to the Cambridge Philoso- 
phical Society, in 1870. In this brief note, comprised within a 
single page, he appears to adopt the hypothesis (for his lan- 
guage on the point is not quite free from ambiguity), that space 
clif. 
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vei ^ w ^® le a finite curvature, but that this curval 
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the curvature of all surface-elements, constructed in the manner 
above described, has the same positive value, or that it has 
the same negative value; understanding by a positive curva- 
tme a cul vat uie such as that of the outer portion of the 
suiface of an anchor-ring, where the tangent plane at a.uy point 
just meets the suiface and does not cut it; and by a negative 
curvature a curvature such as that of the inner portion of the 
same surface, where the tangent plane cuts the surface at the 
point of contact. To the hypothesis that space has a constant 
negative curvature considerable historical interest attaches. 
For this hypothesis was first arrived at, not by following out 
such general views as those indicated by Riemann, but in a 
much more elementary manner. The celebrated twelfth 
axiom, as is well known, is the basis of Euclid’s theory of 
parallel lines; and the assertion made in it is in fact equiva- 
lent to an assumption of the fundamental proposition of piano 
geometry, that tho three angles of a triangle are equal to two 
right angles. It is now universally allowed that all efforts to 
demonstrate Euclid’s axiom have failed; but tho Russian 
mathematician, Lobatchewsky, appears to have been the first 
person to whom tho idea occurred of dispensing with the 
axiom altogether, and trying to seo what would becomo of 
i geometry without it. The idea was obvious, but it was also 
profound ; and Lobatchewsky was rewarded by tho discovery 
tmt it is possible to construct a consistent and complete 
system of geometry upon the hypothesis that tho three angles 
of a triangle are less than two right angles. Till the discovery 
o Lobatchewsky, tho only substantial addition that had been 
mac o to Euclid s theory of parallel lines was a demonstration by 
egendre, that tho angles of a triangle cannot ho greator than 
two right angles. As a matter of fact tho demonstration of 
egendro depends on tho assumption that spaco is infinite- 
an assumption which, from tho point of view taken by Kiomann. 
cannot bo regarded as justified by experience : but tho con- 
si orations upon which the demonstration rests decided Lobat- 

d 2 
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chewsky, as between the two alternative hypotheses that tho 
angle-3 of a triangle are less, and that they are greater, than two 
right angles, to adopt the former. This was in effect to adopt 
the hypothesis (though it does not appear to have occurred to 
Lobatchewsky in that light) that a plane has negative curva- 
ture. It was reserved for an Italian mathematician, Beltrami, 
to show that the plane geometry of Lobatchewsky is identical 
with the geometry of a pseudo-spherical surface, i.e, of a surface 
of constant negative curvature. 

What Clifford thought of the philosophical importance of 
the work of Lobatchewsky the following quotation may servo 
to show ; 


"Each of them [Copernicus and Lobatchewsky] has brought 
about a revolution in scientific ideas so great that it can only bo 
compared with that wrought by the other. And tho reason of 
the tianseendent importance of these two changes is that they 
are changes in the conception of the Cosmos. Before tho time 
of Copernicus men knew all about the universe. They would 
tell you in the schools, pat off by heart, all that it was, and what 
it had been, and what it would be..,. In any caso tho universe 
was a known thing. Now the enormous effect of tho Copor- 
nican system, and of the astronomical discoveries that have 
followed it, is that, in place of this knowledge of a littlo, which 
urns called knowledge of the universe, of Eternity and Iinmon- 
sdy, we have now got knowledge of a great deal more ; but wo 
only col] it the knowledge of Here anil Now.... This then was 
the change effected by Copernicus in the idea of tho univoim 
, there was left another to be made. For tho laws of space 
and motor implied an infinite space and an infinite duration, 

mX Si* “ S SPn “ aWi tim ° 6v ^ thi "6 "as «■ 

. ■ T lC ™ y institution of those parts of it which 

i. Luv"hlT IT ft ° ra " 5 ’ ' Se ° met ^ "P“ th ° plttno.aH 
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, the geometry of any portion of this room.... 1 g 0 thal 

here we have real knowledge of something at least that concerns 
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the Cosmos; something that is true of the Immensities and the 
Eternities. That something Lobatchewsky and his successors 
have taken away. The geometer of to-day knows nothing about 
the nature of actually existing space at an infinite distance; ho 
knows nothing about the properties of this present space in a 
past or a future eternity. ITe knows, indeed, that the laws 
assumed by Euclid are true with an accuracy that no direct 
experiment can approach... ; but ho knows this as of Here and 
Now ; beyond his rango is a There and Then, of which he knows 
nothing at present but may ultimately come to know moro. 
So, you see, there is a real parallel between the work of Coper- 
nicus and his successors on the one hand, and the work of 
Lobatchewsky and his successors on the other .' 5 — Lectures and 
Essays , Vol. i. pp. 298 — 300. 

But in spite of this eulogium, the conception of space which 
lms left the deepest traces in Clifford's writings, is not that of 
Lobatchewsky, but that founded on the alternativo hypothesis 
(rejected by the Russian geometer) of a constant positive 
curvature. This conception lies at the bottom of Clifford's 
theory of biquatomions, to which ho devoted much continuous 
thought, and which was the origin of his research os into the 
classification of geometric algebras. A space of constant positivo 
curvature is most easily represented to the mathematician (in 
the absence of any possibility of imaging it to the mind) as 
the locus of an equation of the form 

+ if T z* H- w 2 = constant 

m a fiat space of four dimensions in which coyzw are rectangular 
co-ordinates. It is related to the two dimensional surface of a 
sphere, just as in ordinary geometry space of three dimensions 
is related to a piano surface. The following description of a 
space of this kind is taken from the Loeturo “ On tlio Postu- 
lates of the science of Space.” It can hardly bo necessary to 

point out, that in the last sentence Clifford is half laughing at 
himself. 
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is preserved (Appendix, p. 531). Indeed lie seems to Lave 
quickly abandoned hyperbolic for elliptic geometry, influenced 
no doubt by the reason indicated in the passage ■which we 
have quoted — the perfect duality of the properties of elliptic 
space. 

In the geometry of Lobatchewsky every straight line has 
two real points on it at au infinite distance, viz, the two real 
points in which, it intersects the Absolute. Again, among the 
planes which pass through a given straight line there are two 
which belong to the Absolute, and which therefore are to be 
regarded as planes at an infinite distance. But these two 
planes are imaginary, being the two planes which can be 
drawn through the given line to touch the Absolute. Thus in 
the hyperbolic geometry there is no perfect duality, because 
when we compare the points which lie along a line, and the 
planes which pass through it, the absolute elements are real in 
the one case, and imaginary in the other : in fact, the space 
which is the dual correlative of an hyperbolic space is not 
itself a similar space, but is analogous to the. space outside the 
Absolute of the hyperbolic space. On the other hand, in elliptic 
geometry all the elements of the Absolute, whether points 
or planes, are imaginary, and the duality is as perfect as it 
is on the surface of a sphere. It follows at the same time that 
all distances as well as all rotations are finite, and that a point 
moving on a straight line (or more properly on a shortest line) 
will come round after a finite journey to the point from which 
it set out, just as a plane revolving round a straight line returns 
after describing a finite angle of 360 9 to its original position. 


< P roce ed to give an enumeration of the memoirs con- 
tained in this volume, grouped according to their subjects. 
Perfect accuracy is not important, nor indeed attainable, in 
such a classification, of which the only object is to convey a 
general impression of what Clifford has done in each department 



INTRODUCTION. 


xlix 

of mathematical science. The grouping, however rough, will of 
itself servo t.o distinguish the problems with which he occupied 
liimsell* habitually, and by deliberato preference, from those 
which hud only a temporary interest for him, and were sug- 
gested by Homo accidental circumstance. The enumeration is 
followed by a few remarks on tho methods or results of some of 
the mom important papers. 


A. ANALYSIS. 

{«) Mtrtknmliml Loyic . 

(1) Ou tho typos of compound statement involving 

four classes, (i,). 

(2) Enumeration of tho typos of compound statement, 

("•)• 

(/») Theory of Equations and of Elimination . 

(1) Proof that ovory equation 1ms a root, (iv.). 

(2) On a caso of Evaporation in the order of a Re- 

sultant, (xvii.). 

p.) Abelian InUujral* and Theta Functions. 

(1) On tho Canonical form and Dissoction of a Rie- 

mann’s surface, (xxvii.). 

(2) On groups of Periodic Functions, (xxxvm.). 

(2) Thoory of Marks of Multiplo Theta Functions, 
(XXXIX.). 

(.() Doublo Theta Functions, (xl.). 

(d) Invariants and 0 ovariants. 

(1) Remarks on tho Ohemieo - Algebraical Theory, 

(XXVIII.). 

(2) Notes on Qualities of Alternate Numbers, (xxix.). 

(3) Binary forms of Alternate Variables, (xxxi.). 
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Miscellaneous. 

(1) Remarks on a Theory of the Exponential Func- 

tion, (xlv.). 

(2) On Bessel’s Functions, (xxxvii,). 

(3) On a Cunonical form of Spherical Harmonics, (xxv.). 

(4) A Fragment on Matrices, (xxxv.), 


B. G-EOMETRY, 

Projective and Synthetic Geometry . 

(1) On some Porismatio Problems, (in.), 

(2) A Synthetic proof of MiquoPs Theorem, (vin.). 

(3) Analogues of Pascal’s Theorem, (x.). 

(4) Analytical Metrics, (xi.). 

(5) On the Theory of Distances, (xvi,), 

(5) Geometry on an Ellipsoid, (xix,), 

On the general Theory of Anharmonics, (xii.). 

A Geometrical Theorem, (xlvii.), [An early note 
on the Properties of the Quadrilateral]. 
Triangular Symmetry, (xlviil). 

On the Powers of Spheres, (xxxiv,), 

Tricircular Sextics, (xxxvi.). 

On the Triple Generation of Throo Bar Curves, 

(XLYI. li.). ’ 

(13) On the Muss-centre of an Octahedron, (xr,vi. iii,). 

( 5 , SOm ! ot ll >° Httudamontal Pionosi. 

ThC0 ‘ 7 0f 

(i) Applicalom of the IIi g , m A ^ m 

(1) On Jacobi™ „ d Polal , Ol)pos . losj 
: On » Generalization of the Theory of Potos 

"arS- **»• 0^ Linear 

w 0 ^i g t.:^r eoting tho powms ° r 


<*) 

(9) 

(10) 

(«) 

( 12 ) 
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Miscellaneous, 

(1) Remarks on a Theory of tho Exponential Fane- 

tion, (xlv,). 

(2) On Bessel's Functions, (xxxvu.). 

(3) On a Canonical form of Spherical Hannonics, (xxv.). 

(4) A Fragment on Matrices, (xxxv,), 


B. GEOMETRY. 


(a) Projective and Synthetic Geometry, 

(1) On some Porisnmtio Problems, (hi.), 

(2) A Synthetic proof of Miquol’s Theorom, (viu.). 

(3) Analogues of Pascal’s Thoorem, (x.). 

(4) Analytical Metrics, (xi.). 

(5) On the Theory of Distances, (xvi.). 

(6) Geometry on an Ellipsoid, (xix,). 

(7) On tho general Theory of Anharmonios, (xii,), 

(8) A Geometrical Theorom, (xlvii.). [An oavly note 

on tho Properties of the Quadrilntoral], 

(0) Triangular Symmetry, (xr.viii,), 

(10) On tho Powers of Sphoros, (xxxiv.). 

(11) Tricircular Sextics, (xxxvi,), 

(12) On the Triple Generation of Throo Bar Ourvos 

(xlvi, ii,), * 

(13) On tho Muss-centre of an Ootahcclron, (xlvi, iii,). 

(14) On some ostaisiom of the IWnmcntal Pronosi. 

tion Ml M. Clidslca's Theory of CJmmotoratta, 

(XLIX,), ’ 


(6) Applications of the Higher Algch 


ureomeiry. 

(1) On Jacobimis and Polar Opposites, (vi.). 

(2) On a Generalization of tho Theory of Polar* (xni.). 

(3) On Syzygetio relations among tho powors of Linoar 

tiuautics, (xiv,), 

(4) On Syzygetio relations connecting tho powers of 

Ernear Quantics, (xy.). 
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transformed without tearing into the surface of a body with 
$w-n - {- 1 holes through it. For example, an anchor ring is a 
body with one hole through it; and into the surface of an 
anchor ring a Riemann’s surface with two sheets and four spiral 
points can be transformed. Agaiu, in chains of a not un- 
common pattern, each link is of the form of a flattened ellipsoid 
witli two circular holes through it; the surface of such a body 
would represent the equation y 2 —f (&'), where f (x) is a rational 
and integral function of the sixth order, and might therefore bo 
used as the geometrical scaffolding for the theory of hyper- 
elliptic integrals. A closed box witli p tubes, open at each 
end, carried through it from its lid to its bottom, is a simple 
example of a body with p holes through it. Such a surface 
would servo to represent (in a certain sense) all the real and 
imaginary points of a curve of deficiency p\ or, which is the 
same thing, all the pairs of values of two variables which satisfy 
an algebraical equation of that deficiency. What however is 
represented in this way is not the quantitative relation between 
the two variables, but the connexion between the different 
values of one of them corresponding to one and the same 
given value of the other; viz, if z is the independent and s the 
dependent variable in an algebraical equation between z and s, 
and if s Q , s 0 ' are two different values of s corresponding to fclio 
same value z 0 of z, these two values are connected in the sense 
that it is always possible, by making z pass through a con- 
tinuous cycle of values beginning and ending with z 0 , to causo a, 
though it may have set out with the value s gJ to end with the 
value s 0 '. Each point of any Riemann’s surface representing 
the equation corresponds to a pair of values of z and s ; and the 
different tracks on the surface, irreducible to one another by 
any continuous change, along which we can pass from the point 
(# 0 , s 0 ) to the point (z w s 0 '), answer precisely to the different 
courses of values by which we can pass with analytical con- 
tinuity from the pair of values (s 0 , £ 0 ) to the pair of values 
(jtg, z 0 ) t Remodelled as it has been by Clifford, the Riemann’s 
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transformed without tearing into the surface of a body with 
$w — n- f-1 holes through it. For example, an anchor ring is a 
body with one holo through it ; and into the surface of an 
anchor ring a Riemann’s surface with two sheets and four spiral 
points can be transformed. Again, in chains of a not un- 
common pattern, each link is of the form of a flattened ellipsoid 
with two circular holes through it; the surface of such a body 
would represent the equation y 1 —f (&), where f (&) is a rational 
and integral function of the sixtli order, and might therefore be 
used as the geometrical scaffolding for the theory of hyper- 
elliptic integrals. A closed box with p tubes, open at each 
end, carried through it from its lid to its bottom, is a simple 
example of a body with p holes through it. Such a surface 
would serve to represent (in a certain sense) all the real and 
imaginary points of a curve of deficiency p ; or, which is the 
same thing, all the pairs of values of two variables which satisfy 
an algebraical equation of that deficiency. What however is 
represented in this way is not the quantitative relation between 
the two variables, but the connexion between the different 
values of one of them corresponding to one and the same 
given value of the other; viz, if z is the independent and s the 
dependent variable in an algebraical equation between z and s, 
and if s 0 , s 0 ' are two different values of s corresponding to the 
same value z Q of z, these two values arc connected in the sense 
that it is always possible, by making z pass through a con- 
tinuous cycle of values beginning and ending with # 0 , to cause s, 
though it may have set out with the value s^, to end with the 
value s 0 '. Each point of any Riemann’s surface representing 
the equation corresponds to a pair of values of z and s ; and the 
different tracks on tlie surface, irreducible to one another by 
any continuous change, along which we can pass from the point 
(# 0) s 0 ) to the point (z 0 , s 0 '), answer precisely to the different 
courses of values by which we can pass with analytical con- 
tinuity from the pair of values (s 0 , z 0 ) to the pair of values 
(•V, z 0 ). Remodelled as it has been by Clifford, the Riemann's 
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A (a). The paper (i.) on the types of compound state- 
ment involving four classes, and the note (ir.) upon tho general 
problem of compound statements involving any number of 
classes, belong to the theory of combinations, which at no tiino 
appears to have engaged Clifford’s attention continuously. 
Indeed tho only other problems of combinatorial analysis which 
he has treated are those relating to the marks or systems of 
indices of the multiple Theta functions. 

He appears to have undertaken a discussion of tho problem 
of compound statements rather from an interest casually 
awakened by its acknowledged difficulty (soo tho Editor's note, 
p. 10), than from any predilection for tho mathematical theory 
of Logic, to which (so far as can bo gathered from Ids remain- 
ing papers) he never returned again. 


A (b). The proof given in (iv.) of tho fundamental theorem 
that every equation has a real quadratic factor, is very re- 
markable because it depends solely on tho theory of elimina- 
tion. A pi oof substantially the same was afterwards obtained 
independently by Mr J, C. Malet, of Trinity College, Dublin, 
and is published in the Transactions of tho ltoyal Irish 
Academy for 1878. The prinoiplo of the demonstration is so 
simple and natural that, when once it lias boon pointod out, the 
only wonder is it should not lmvo occurred to any one bolero. 
It turns on what Clifford calls an obvious remark that tho order 
of a resultant is reduced when tho woight of the coefficients, in 
the two equations from which the elimination takes place, falls, 
not by successive units, but by some other constant integer, 
e development of this remark forms tho subjocl of xvir. 


(c). We have already referred to tho canonical form of a 
Riemanns surface imagined by Clifford. Ilis theorem in effect 
13 . hf a Riemann's surface having » sheets or loaves, and w 
spiral or branch points, by winding around which tho different 
sheets are connected with and pass into one another, may, if 
ie material of which it is made is sufficiently extensible; bo 
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surface enables us to form a distinct conception of these different 
tracks, as well as of the systems of curves or "cross-cuts” which 
have to be drawn in order to reduce the surface to one simply 
connected j i.e, to a surface in which but one set of irreducible 
tracks can be drawn from any one given point to another. The 
advantage resulting from Clifford’s simplification will bo ac- 
knowledged by students approaching the theory for the first 
time, who generally find considerable difficulty in eliciting 
from RiemamTs description a clear image either of the surface 
itself or of the complicated systems of curves which ho directs 
to be drawn upon it, 


The unfinished memoir on the Double Theta Functions 
(xl.) relates to the problem of the inversion of hyper-elliptic 
integrals, solved, so far as its main outlines are concerned, by 
Kosenliain and Goepel. Except in a few matters of detail 
Ch fiord does not seem to have added anything to the results 
of bis predecessors, and the papers may be regarded as a con- 
tinuation of the "Algebraical Introduction to Elliptic Functions” 
Appendix, p. 443). The memoir on groups of periodic functions 
(xxxviii.) deals with the multiple Theta functions. In it Clifford 
considers the different Theta functions of the same arguments 
as multiples by an exponential of any one of thorn, in which 

by qmdmnU (U IvmnWptai 

222 V mmber i 0f ^ ““ — Theta functions 
“22 T S ‘ heSe lmo ™ resulte < l*o proceeds to 

Theta functions jp. ^ ° f *° ° f tw ° 

ployed in th P «ai i •* , 2 thocl 13 tllQ sai1 ™ ™ that om- 
are multiplied >22“ I , ntroclllotiou i” two Theta series 

Wear as exponent! in Z * YT ^ ^ wbUb 
formula (m-»)> + ( m+a r. = 2 P l°*2 < >l m * mmbrmed kr «>e 
left unfinished Adit , +«)■ But the research is 

succeeded in completing 7 7.^ wheth “ CMord had 

Multiple Theta ft2£. Z ° f 

tne point of view is somewhat 
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of the. method are perhaps even more apparent upon an exami- 
nation of tlie lithographed fragments to which reference is 
made in the note oh xxxi. The interpretation of each of the 
graphs recorded in these fragments is not difficult to decipher. 
But the method does not afford any answer to the question 
whether the corresponding invariant or covariant is really ex- 
istent, or is identically evanescent and therefore nugatory. 
Thus it will be noticed in Dr Sylvester’s note on xxviir., that 
there is no difficulty in finding the ‘algebraical content’ of the 
graph which represents the discriminant of a cubic; but to 
establish the non-evanescence of this algebraical content, con- 
siderations are required which Dr Sylvester supplies from 
another source. 

A (c). Of the notes included under this head perhaps ono 
only— that on Bessel’s functions— is purely analytical. To these 
functions Clifford does not appear to have devoted any con- 
tinuous attention, though he has again considered them from 
the same point of view in the paper ‘on the multiplication 
of two infinite series.’ (Appendix, p. 474). The note on the 
exponential function is intended to shew that an exponential 
operator applied to vectors in one lino, in a plane, and in space, 
leads successively to the conceptions of a ratio having a sign, of 
a complex ratio, and of a quaternion. The note on spherical 
hai monies points out that Laplace’s equation may be inter- 
preted as signifying that the curve represented by any spherical 
harmonic equated to zero stands in a certain covariant relation 
to the absolute imaginary circle upon the sphere. Lastly, tho 
fragment on matrices contains (I) a geometrical investigation of 
tho effect of transformation by a matrix of which tho determi- 
nant vanishes, (2) a geometrical investigation of the condition 
that two matrices should be commutative in multiplication. 

B (a). Tho papers vm., xlviii., xi., xvi„ xix. may perhaps 
be classed together as all turning on the derivation of tho 
metrical from the descriptive properties of figures by the intro- 

e 2 
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In this singularly beautiful series of conceptions it is difficult 
to say how much belongs to Clifford ancl how much to Dr 
Sylvester : the more so because each of them was ready to 
attribute to the other the larger share. (See the letter to 
Dr Sylvester entitled “ Remarks on the Chemico-algebraical 
Theory,” and the note of Dr Sylvester at p. 257). 

A point of considerable interest in itself appears to have had 
a special attraction for Clifford. “The part,” he writes to Dr 
Sylvester, “ of the theory which astonished me most is its appli- 
cation to intergredient variables when the number in a set is 
greater than three, such as the six coordinates of a line in the 
case of quaternary forms. When the original variables are 
regarded as alternate numbers, then intergredients are simjjly 
their binary products. Thus by simply multiplying the linear 
forms representing two planes we get one intergredient form 
representing their line of intersection, etc.” 

The theory of the intervariants appertaining to intergredient 
variables has been so little developed in detail that it is a 
matter of regret that no other record remains of Clifford’s 
meditations on the subject. 

It may perhaps be right to point out that simple and beau- 
tiful as are the methods of the formation of invariants by polar 
multiplication, and of their representation by graphs, the appli- 
cation of these methods to individual cases is not exempt from 
difficulties. One source of these difficulties Clifford indicates 
when, in the letter just quoted, he says “of course the main 
tiling is to pass from this system of separate variables [in the 
multipartite binary forms] to that in which the same variables 
occur to higher orders in the same form, or back again— what 
you call unravelment.” 

Thus in the papers xxix, and xxxi, in which alone we 
have any detailed applications of the method to the actual 
determination of invariants and covariants, a largo amount of 
space has to be devoted to the consideration of the distinction 
between symmetric and unsymmetric forms. The difficulties 
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the domain of symbolic geometry the theory of screws invented 
by Dr Ball. And it must be allowed that Clifford has succeeded 
in combining these, in form if not in substance, somewhat 
heterogeneous elements into a theory of great beauty and 
wide scope, which is certainly his own. hie appears to have 
shared the conviction of Grassmann * that Sir William 
Hamilton's quaternions lie entirely within the four corners 
of the Ausdehmmgslehre, Some exception may perhaps be 
taken to this view. In the first place Clifford and Grassmann 
do not altogether agree as to the way in which the symbols 
of Grassmann are to bo identified with those of Hamilton; and 
each of them has to assume a law of multiplication for the 
fundamental units, which is at variance with the law actually 
adopted in the Ausdehnungslehre , though included as a special 
case under one of the general types of multiplication described 
by Grassmann in his Memoir “Sur les d iff then ts genres do 
Multiplication" (Crelle's Journal , Vol. xlix. p. 123). In fact, 
throughout the Ausdehmmgslehre of 1862 only ono species 
of multiplication (beside that of ordinary algebra) is employed : 
viz. the polar multiplication (see above, p. lvi), characterized 
by the equations [ ab ] - — [ba\ [a 2 ] =[6 2 ] = ... = 0, where a, 
are any extensive magnitudes whatever, and the square brackets 
are employed to signify that the multiplication is polar and 
not algebraical. It is true that Grassmann uses a great number 
of different terms to describe what he considers to bo different 
kinds of multiplication (outer, inner, progressive, regressive, 
planimetvic, stereometric); but these terms really define the 
interpretation to bo given to the symbols in certain combinations, 
and not the law of the multiplication itself; for example, the 
inner product of an unit a by another unit h is the polar (or, 
to uso Grassmann’s expression, the combinatorial) product of 
a, not by b, but by a certain extensive magnitude (viz. tho 
product taken with a definite sign of all the fundamental units 

* Seo his memoir “Dor Orfc dor Tliumltou’sohon Quaterniouon in dor 
Austlolmungslchro, ’’ Mathemalisehe Annalen , Yol, xii . l). 875. 
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nungslehre. How far, at the time when he thus expressed 
himself, geometers were from having kept pace with the rapid 
development of algebra, may be inferred from the fact, to 
which Ciebsch often adverted in conversation, that the geo- 
metric interpretation of the simplest known linear covariants — 
those of the binary quintic — has not yet been given. In the 
two papers “on syzygetic relations” (which do not imply any 
reference to the methods of Grassmann), Clifford generalizes 
in various directions the methods employed and the results 
obtained by M, Paul Serret in his Geomtirie cle Direction, 

Among researches of a somewhat more special kind, we 
must especially mention (1) “The Theorem relating to Poly- 
hedra” (xviii.) enunciated at p. 169, which is the analogue 
of an equally beautiful property of polygons discovered by 
the late T. Cotterill; and (2) the investigations relating to 
Hr Spottiswoode's problem of “ tho contact of conics and of 
quadrics with surfaces,” 

B (e). Passing over the important papers on Elliptic 
Transformation, the general character of which we have already 
indicated, and the few notes on kinematical subjects (which 
aie of less importance as Clifford has left a complete work on 
dynamical science), we come to the class of researches in which 
he seems to have found the fullest scope for his mathematical 
imagination. 

lo the translation of Rietnann’s discourse we have already 
refeued j and, as Clifford has added no notes of his own to it, 
wo may pass it over here, only observing that the Lecture 
on the Postulates of the Science of Space is not only a popular 
account of the theory, but a commentary, which any young 
mathematician reading Riemami’s discourse for the first time 
will find invaluable. Of the other papers enumerated under 
this head, all except the last agree in the employment of sym- 
bolic methods, founded on those of Grassmann and Sir William 
Hamilton, but modified and enlarged so as to include within 
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Of the papers entitled “ Applications of Grassmann’s ex- 
tensive Algebra” and '‘On the classification of Geometric 
Algebras,” no clearer account can be given than that con- 
tained in Clifford’s letter to Dr Sylvester : “ I had designed 
for you a series of papers on the application of Grassmann’s 
methods, but there is only one of them fit for printing yet. 
It is an explanation of the laws of quaternions and of my 
biquaternions by resolving the units into factors having simpler 
laws of combination ; a determination of the compounding 
systems for space of any number of dimensions ; and a proof 
that the resulting algebra is a compound (in Peirce’s sense) of 
quaternion algebras. It thus appears that quaternions are the 
last word of geometry in regard to complex algebras.” 

The fundamental units i L , i 2 ... i n in these papers, in ac- 
cordance with the Ausdehminglehre, are points or vectors; 
vectors being equivalent to points of weight zero at an infinite 
distance. But these units differ essentially from those of 
Grassmann, inasmuch as i. 2 = ± 1, instead of i* = 0, although 
\\ = — i e i r . It must be admitted that in the combination of 
these conditions there is something paradoxical, for the equation 
%i 8 — — i e i r , if we suppose it to hold when r = s, gives necessarily 
i* — 0 : and Clifford has nowhere clearly explained why the 
square of a symbol denoting a point should be a positive or 
negative unit in the same symbolical system in which the pro- 
duct of two points represents a distance. 

The only application of this geometrical algebra which he 
has left consists in his solution of the problem of the motion of 
a rigid body round a fixed point in a flat space of n dimensions. 
The paper (xxvi.) containing this solution is further remark- 
able as sketching the way in which Theta functions of n — r 
arguments might be employed to integrate the equations of 
motion in the case in which no forces are acting ; just as 
Jacobi has expressed as Theta functions of the time the nine 
direction cosines of a rigid body, rotating under the action of no 
forces round a fixed point in space of three dimensions, 
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had to bo invented, that of the Biquaternion*, It is possible 
that Clifford might not have been guided to this conception if 
he had not considered the problem with reference to elliptic 
instead of parabolic space. In an elliptic space a motor can in 
general be represented in an infinite number of ways ns the 
sum of two rotors, and in one way, and one way only, as the 
sum of two rotors reciprocal to one another witli regard to the 
absolute. If wo represent by w a rectangular twist of unit pitch, 
Clifford shews (1) that all such twists are equivalent to one 
another; (2) that if a be any rotor, cau is tho rotor reciprocal, 
and equal to it; (3) that every motor can bo expressed in the 
form a + up, where a and /3 are rotors passing through the 
ojigm; and (4) that the ratio of any two motors can bo ex- 
hibited in the form s-\-(ot where s and t are quaternions. Tho 
symmetry of this system is very striking; in parabolic space 

the definition of the symbol w is far loss simple and natural 
(see p. 186} f. 

These ideas are developed (though only too briefly) in tho 
"Preliminary Sketch of Biquaternions” tho "Further Nolo on 
Biquaternions," and the note "On tho theory of Screws in a 
space of Constant Curvature." The paper « On tho motion of a 
body m elliptic space" contains a singularly beautiful appli- 
cation of the whole theory. 


legitimate generalization of tho Hamilton' 8ma toautUuliy that this ih Dm 

B plendicUheoromtha taVLot r m ,T ^ ll ° Uu, 
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The fundamental principle of Clifford’s investigation has 
been so clearly explained by Professor Henrici in his note on 
P* ^7, that we need not dwell on it here. It may however be 
worth while to observe that Grassmann (whose footsteps Clifford 
is certainly not following in this paper) had already proposed to 
legard the coefficients in the Cartesian equation of a curve as 
coordinates; and as an example of this method had worked out 
the geometry of a system of circles in a plane, shewing its 
analogy to the geometry of the points of space of three dimen- 
sions : viz. if XYZW are the equations of four circles, the 
equation of any given circle may be expressed in the form 
IX + mY nZ -f IF*, and l, m, n, r may be regarded as the 
homogeneous coordinates of this circle. These coordinates of 
Grassmann's are closely related to the ‘power coordinates’ of a 
circle and of a sphere employed in xxxiv. and in the Appendix, 
p. o 4G ; Clifford’s power coordinates of a circle being in fact 
linear functions of Grassmann’s. It is remarkable, however, 
that Grassmann, at least in bis general definition, contemplates 
only a single equation between his generalized coordinates. 
Thus the circles of which the coordinates satisfy the homoge- 
neous relation f (l, m, n, r) — 0, form the only “ Kurvengebildo ” 
of circles which he defines. This according to Clifford would 
bo a “two spread” of circles, and a “one spread” or “one way 
locus ” would be formed by the circles of which the coordinates 
satisfy two equations. All that remains to us of Clifford’s work 
on the subject relates to “ one-way loci.” 

The application of Abelian functions to this new aspect of 
geometry awakened all Clifford’s enthusiasm. lie spoke to me 
of this part of his theory as oj)ening a boundless field for new 
researches— as “altogether too big a thing” for one man to 
manage; and, with the instinct for companionship so character- 
istic of his nature, ho expressed an earnest desire to get others 
to join him in the work. All that remains to indicate the 
nature of the discoveries which he had made in this direction is 
(1) a brief but masterly summary of the known results of the 
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The last paper under this head, that "on the Glassification of 
Loci,” is of a different character from those which have preceded ; 
and is perhaps, even in the unfinished state in which we have 
it, the most profoundly interesting of all Clifford’s mathematical 
writings. No use is made in it of any special symbolical 
methods : the only apparatus employed is that of ordinary 
algebra. And, if the language of the geometry of many dimen- 
sions is adopted throughout, yet the results are capable of imme- 
diate translation into the language of algebra. Tlius the 
Theorem A, p. 307, “ Every proper curve of the n lh order is in 
a flat space of n dimensions or less,” is equivalent to tho fol- 
lowing algebraical proposition : 

"If there be a system of « + m + I quantities a* connected 
by w + wi-l homogeneous equations; and if this systom bo 
such that, upon the addition to it of one equation more, linear 
and homogeneous in the quantities cg and having arbitrary 
coefficients, it gives n sets of values for the ratios of the quanti- 
ties x, these n + wi 4- 1 quantities can always bo expressed as 
linear and homogeneous functions of n + 1 quantities.” 


The value of such an algebraical proposition cannot bo 
questioned, because the study of the properties of systems of 
algebraical equations is of importance for every part of analysis. 
Bat the advantage of the geometrical statement in point of 
clearness and precision is unmistakable. And our sense of this 
advantage would be yet further quickened if wo wore to attempt 
to render into pure algebra the proof, in three lines only, which 
Clifford has given of the Theorem. As an example, having 
no immediate connexion with Clifford’s memoir, of tho uso 
which has been made by other mathematicians of a similar 
extension of geometrical language, we may refer to tho re- 
searches on elimination contained in Lesson xvm. of tho 
Higher Algebra of Dr Salmon, who cannot be justly accused 
of having shewn any undue partiality for space of more than 
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r --‘ '7 °f Abelian functions, stated in a form suitable to tho 
ajtlscatiojis which he contemplated; (2) a generalization, to 
v, '° ,iave already referred, of an important result ob- 
l " u ' -I V Niemann; and (3) a remarkable theorem limiting, in 
- lUln eases, the number of dimensions requisite for the exist- 
' of a curvc d given order and deficiency. How much may 
l,1 ’ e unrecorded we cannot tell. But, however this 


• v •"-* iii» geometer will look for a more splendid monument of 

or for ft morc touching memorial of Jiis early 
' than is to be found in tho unfinished pages ( On tho 
of Loci* which embody the last and perhaps tho 
- J c or t of lus inventive powers. 



OK THE TYPES OF COMPOUND STATEMENT 
INVOLVING FOUR CLASSES*, 


Professor Stanley Jevons has enumerated f the types of 
compound statement involving three classes, among which tho 
premises of a syllogism appear as a type of four-fold statemont. 
He propounded at the same time the corresponding problem 
of enumeration for four classes, which is solved in the present 
•communication. The reader is referred to the paper or the 
book just mentioned for further explanation of tho nature 
and purpose of the problem than is to "bo found in Art. 1. It 
may, however, he premised that the letters A, B, C, D, denote 
four classes or terms (for example, hard, wet, black, nice), and 
that, according to a convenient notation of De Morgan's, the 
small letters, a, b, c, cl denote the complementary classes ov 
contrary terms (not hard, not wet, not black, not nice). A. 
simple statement is of the form ABCD = 0 (no hard, wet, black, 
nice things exist, or, which is the same thing, all hard, wet, 
black things are nasty). The statement ABC^=0 (no hard, 
wet, black things exist, or all hard, black things are dry) is 
to be regarded as made of these two, ABCD = 0, ABCd — 0 
(no hard, wet, black, nice things exist, and no hard, wet, black, 
nasty things exist) and so is called a compound (in this case a 
two-fold) statement. The notion of types is defined in Art. 1. 

1. Four classes, or terms, A, B, C, D, give rise to sixteen 
cross- divisions or marks, such as AJ)Gd. A denial of the exist- 
ence of one of these cross-divisions, or of anything having ils 
mark (such as AbGd = 0), is called a simple statement. A 

* n?rom tho Memoirs of the Literary and Philosophical Society of Man- 
Chester , Session 1876-77. Yd. xn. No. 7, pp. 88-101. Communicated 

January 9th, 1877.] . ak na 

f Proceedings of the Manchester Philosophical Society, vol. vi. PP . • 

nnd Memoirs, Third Sorie., vol. t. pp. 119-130. The PrirwipUs »/ Mines. 
vol. i. PP , 154—164. [New Edition, pp. 184—143.] 
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INVOLVING FOUR CLASSES. 3 

four at distance three, and may be called ultimata. Finally 
the obverse is at distance four. h 

" MD «“» A fa! 

A&cDx I sAbCd 


ABO d ABCD A&CD 


«BcD, 



rticD abed aBcd 


BO d 


ABcd 

G modiatos. 


abOd 

Obverse and 4 ultimatos. 


ABcD 

Origin nnd 4 proximatoe. 

It will bo seen from the above table that the four proxi- 

tTotr/'T 0 ^ ° bvoi ' so t0 tho four and that 

the mediates form three pairs of obverses. Every proximate or 

ultimate is distant 1 ami 3 respectively from such a pair of 
mediates, Thus each proximate or ultimate divides the 1 medi- 
ates into two classes; three of them are at distance I from it, 
and thieo at distance 3. Two mediates which are not obverse 
. 0 at distanoo 2. Two proximates, or two ultimatos, or an 

distmioo°2 mK ft Pl ' 0Xlmat0 whioh aro uot Averse, are also at 

of S’ ° f tl18 mUtU . al roIafcions of th0 ta «>o basis 

01 tho following enumeration of types. 

of +tn r fu V °, ? ° learly ° nly 0110 typG of sim P lG statement. But 

mat ^ V? m ' e f ° Ur ^5 ^ distance 

my bo l 2, 3, or 4 ; and so, in general, with n classes there are 
n types of two-fold statement, 

6. A compound statement containing „ 0 pair of obverses 
s called pure. In a three-fold statement there are three dis- 
tanoos; on; of those must bo not less than either of the others. 

1 It i 2 ’ 10 r0mami ”S malk '«»st be at odd distanoo from 

both of those or at oven distanoo from both ; thus we got the 

iem° S ’ \ 2 ' 2 ' 2 ’ H tU ° no *- less <«•*■«» be 8, the 

remaining distances must be one even and the other odd • the 

eve„ distance must bo 2, the odd one either 1 or 3; and the 

types Wit,', ’ 3 ‘ % 3 , 8 ' Tlu,s tliero M '° * P ur ® three-fold 
odd nr “,. ,I , !U1 ' 0f ° b ' roraes < the remaining mark must be at 

three oldT T from , tllem J 1. 3, 4; 2, 2, * In all six 
dtant yP<33 ° tl,ei '° “ o»o oven 
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involving four classes. 

13 s 13 . 13 » 31 . 22’, 22; 13'.22j 13*, 22. With two pairs of ob- 
verses ’they must be either at odd or even ^stances from .me ■ 
another ; two types. Altogether 12 + 5 + 2-19 four 

tyP ° 8 S ' in a pure five-fold statement there is always a triad of 
mat t Chinee 2 from one another, ^r t ere >s a parr 
evenly distant; if there is not another mark ev y t 

fro,n "these, *• «■“*** thre ° aU ^ lentt 
therefore evenly distant from one another, rust t 1 
remaining two marks be both oddly distant from the triad L 

itgi to 8 the origin of which these are p— te, tlm two to 

be added must be either two mediates, like of t J ^ 
unlike, or a m«hate mf mavk3 g be evenly 

SM trfad, it must form with tim W mjra 

mayicl the orii>o°obvL, or a ^ mediate , ; to an improper 
group, the origin or tire obverse (the mediates g 

n ^Tie-id IS^-^of obverses there 
must bJroier pair of marks at f*-*™ ^ there 
fore to add one mark to each of the f how ng throe V 

- ““ —sr- rr.r 
rrr-i — «f— •, - 5— . - 

two pvoximatcs , 5 31 • e of tho previous cases; 

mate or an ultimate, wo fa c , , . stances 11 , 

v •„ +Wa binds of mediates, at cusiancus j.j-, 

but there are again tluee lan o tvnGS> To the 

«n -to fr- 0 m the proximate and ultimate, yi 

a proper group together with the obve w itli 

wib iB the same ultimate 

tll .° lids, at distances 11, 13, 33 from the tiro 

which aie of thiee five-fold types with 

““' late3; „f ohvemes Wi h two pairs of obverses at odd 
one pair ot obveises, vemamin® marks 

distances, there is only one type, all the rcmaun. „ 
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11. If a six-fold statement contains one pair of obverses, 
the remaining four marks cannot all be evenly distant from 
this pair. For in that case they would constitute a group; 
and it ia easy to see that the marks evenly distant from a 
group, whether proper or improper, do not contain a pair of 
obverses. We have therefore only these four eases to consider: — 

(1) The four marks are all oddly distant from the obverses. 

(2) One is evenly distant and three oddly distant. 

W Two are evenly distant and two oddly. 

(4) Three are evenly distant and one oddly. 

In the first case the four marks form a group. If this is a 
proper group, the pair of obverses must be either the origin 
and obverse of the group, or a pair of mediates ; 2 typos. 
If the group is improper, the pair must be an origin and an 
obverse; 1 type. In the second case, wo have an origin, 
an obverse, and a mediate, to which we must add threo marks 
taken out of tlie proxiinates and ultimates. Wo may add 
3 P roximates distant respectively 113 or 133 from the mediates 
(2 types), —or 2 proximales distant respectively 11, 13, 33 from 
the mediate, and with each of these combinations an ultimate 
distant either 1 or 3 (6 types). To interchange proximatos with 
ultimates clearly makes no difference; so that in reckoning 
the cases of 1 proximate ancl 2 ultimates or 3 ultimates, wo 
should find no new types. In the third case wo. have an 
origin, an obverse, and two mediates distant 2 from each 
other; and to these we have to add either two proxiinates 
oi a pioximate and an ultimate. The two proxiinates may 
he distant from the two mediates 11, 13, or 11, 33, or 13, 

13, or 13, 33; 4 types. The proximate or ultimate must 
not be respectively distant 11, 33, or 33, 11; for then they 
would form a pair of obverses; there remain tlio cases 11 
with 11 or 13, 13 with 13, and 33 with 13 or 33 ; 5 types. In 
the fourth case we have an origin, obverse, and three mediates 
distant 2 from one another; the remaining mark must he 
distant either 1 or 3 from these mediates; 2 types. This 
makes twenty-two types of six-fold statement with one pair 
of obverses. 
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being similarly related to them ; at even distance tho re- 
maining mark may be evenly or oddly distant from thorn ; 
2 types. On the whole we have 12 + 12 -f- 3 = 27 typos of 
five-fold statement. 

It is to be remarked that there is no pure five-fold state- 
ment in which all the distances are even, and that, if fchoro 
is only one pair of obverses with all the distances oven, the 
type is a proper group together with tho obverso of one of 
its marks. 

10. We may now prove, as a eonserpienco of tho last 
remark, that a pure six-fold statement either contains a group 
of four with a pair oddly distant from it or consists of two 
triads oddly distant from one another. For there must bo 
a pair at distance 2; if the other four are all oddly distant 
from these, they form a group; if one is evenly distant and 
three oddly distant, we have the case of the two triads ; if 
two are evenly distant, we again have a group. Wo must 
add, then, first to a proper group, and then to an improper 
group, a pair oddly distant from it. To a propor group con- 
sisting of the proximates to a certain origin wo may add 
the origin or its obverse with a mediate, or two mediates; 

? l JT®- An improper group is symmetrical; that is to miy* 
we substitute for any one of its marks tho obverso of 
that mark, we shall obtain a proper group. In this way 
we shall .get four origins distant 1113 from tho group, and 
four obverses distant 1333 j if we add to those tho ob- 
SCMS of the marks rn the group itself, wo havo described 
ie relation of the twelve remaining marks to tho grmni. 

Jo form, therefore, a pure six-fold statement wo may add 

3 types °“ 8 ‘” 3 ° r t "'° ° b ™' SeS “ ori 8 i “ “ (1 »» obvoiuo ; 

In the ease of the two triads, sinco they avo oddly distant 
ion, one another their origins m „ st bo oddly distant ,m 
s j they must be distant either 1 or 3 If t], nv j* 

fold siatiiT 1,0 obtom 12 ‘N’ 08 of P'“«'y six- 





INVOLVING FOUR CLASSES. 

and three oddly distant from them; or of five marks ov»- 11 ^' 
distant from one another and two oddly distant from hi ' V * * 
In the former ease the pair of obverses may be in the four <>r 1,1 
the three. If they are in the four, the three form a triad w 1 1 ’** * * 
are proximates to one origin; and then the pair may l>o 1 
origin and obverse or a pair of mediates. If the pair aro ' * ' 

and obverse, the other two (at distance 2 ) are moil 
distant 11, 13 or 33 from the proximate which is not it* *■'*** 
triad; if the pair are mediates, the two may be the ori 1 * *** 
obverse with a mediate distant 1 or 3 from that | n < * v B 
mate (4 j types) or two mediates distant 11 , 13, 33 fr< > 1 «i 1 f 
(3 types). If the pair of obverses are in the set of hi *»'*"'* 
marks, the four form a group, which may be proper or »** a 
proper. If proper, the three may be origin and ol * v 1 ‘ ‘ ' 
with a mediate, or a pair of mediates with origin, ol > v** 
or another mediate; 4s types. If improper, the throes 1 « » * 1 r 1 1 
be two origins and an obverse, or an origin, and two obvo !>** '•■ * » 
3 types. 

I<'ive marks evenly distant containing only one pair of* ' * 1 * 
verses, must be a proper group with the obverse of 0110 of * 4 r *■ 
marks; see end of Art. 9. To these we may add the orip*i *» * "* 
obverse of the proper group with a mediate distant 1. «»i’ * 8 

from the extra mark, or else two mediates distant 11, lil 01 ' • 
from that mark ; 7 types. 

15 . A seven-fold statement with two pairs of obverse m 11 0* V 
have six marks evenly distant from one another and 0110 otblly 
distant from them; in this case the six are an origin mid f » v * ? 
mediates in two different ways, or say two pairs and a l-\v * * ; 
the remaining mark may be distant 11, 13 or 33 from tlm i w * * ., 
which gives 3 types, 

Otherwise the seven-fold statement must subdivide (iihi t u 
the last case) into five and two or into four and th rut's. i l 

it subdivide into five and two, the two may be a pair or it*»f . 
In the first case we have a proper group and the obvoi>i«* * -t" 
one of its marks, together with the origin and obverse of t 1*** 
group or a pair of mediates; 2 types. In the second CitHtj w « 
have five mediates of an origin or its obverse, to which wo n my 
add two proximates distant 11, 13 or 33 from the odd 
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12, If a six-fold statement contains two pairs of obverses, 
these must be' either evenly or oddly distant. If they are 
evenly distant we have an origin, obverse and two obverse 
mediates, to which two other marks are to he added. These 
may be both evenly distant; taking one of them as origin, 
it is associated with 5 mediates, so that there is 1 type 
only. Or both oddly distant; here there are two cases, ac- 
cording as the distances are 11, 33 or 13, 13. Or one oddly 

and one evenly distant; the latter is any one of the four 
remaining mediates, and then the former is distaut 1 or 
3 from it; 2 types. If the two pairs of obverses be oddly 
distant they form an aggregate which is related in the same 
way to all the remaining twelve marks ; viz. any one of these 
being taken as origin, we have a pair of mediates and a 
proximate with its obverse ultimate. The tiling to be con- 
sidered, therefore, is the distance between the two marks to 

be added, which may be 1, 2 or 3, and each in two ways ; 

6 types. 

A six-fold statement with three pairs of obverses is one of 
two types only ; viz. these are all evenly distant when they are 
the mediates to one origin, or two evenly distant and one oddly 
distant from both of them. 

13, A puie seven-fold statement must consist of a group 
and a triad ; for it must contain a triad, by the same reason- 
ing by which this was proved for a five-fold statement ; and 
then either all the other four marks are oddly distant from 
this, and so form a group by themselves, or else one of 
them is evenly distant from the triad and so forms a group 
with it, If the group is proper, being the proximates to a 
certain origin, the triad must consist of two mediates and 
either the origin, the obverse or another mediate ; and in tlie 
latter case the three mediates are distant 111 or 333 from some 
proximate ; . 4 types. If the group is improper, the triad is 
either all origins or all obverses, or two origins and an obverse, 
or an origin and two obverses ; 4 types. In all, 8 types of pure 
seven-fold statement. . 

14« A seven-fold statement with one pair of obverses must 
consist either of four marks evenly distant from one another 


involving four classes. 11 

group. Tins triad may be tlie origin or obverse together with 
two mediates distant 11, 13, 33 from the ultimate ; 6 types i ; or 
else it may bo three mediates distant 111, 113, 1 , ^em 

the ultimate ; 4 types. , 

ID. An eight-fold statement with two pairs of obverses 

must subdivide into four and four, or into five and three, or 
into six and two. In the first case the two pairs of obverses 
may be evenly distant, when the remaining marks form a 
group either proper, with its origin, obverse, and pair of 
mediates, or two pairs of mediates, or else improper ; 3 types; 
or oddly distant, when the remainder form one of the six pure 
four-fold statements enumerated Art. C. Two marks distant 
2 from each other may be distant 11, 33 or 13, 13 from tho 
pair of obverses which are oddly distant from them ; thus each 
of the six four-fold statements gives 3 types of eight-fold 
statement, except the third, which gives 4; in all, 19. ^ In 
the second case the three may be a triad, or may contain a 
pair of obverses. If it is a triad, the five are mediates to 
one origin and its obverse, and wo may add three proximates 
distant 113 or 133 or two proximates distant 11, 13 or 33, with 
an ultimate distant respectively 11 or 33 from the odd me- 
diate; 6 types. If the three contain a pair of obverses, the 
five make a proper group with obverse of one mark; to this 
we may add the origin and obverse of the group with mediate 
distant 1 or 3 from the ultimate, or a pair of obverse mediates 
with a mediate distant 1 or 3 as before ; 4 types. In the time 
case the six must be an origin and five mediates, and we. may 
add two proximates distant 11, 13, 33 from the odd mediate, 
or a proximate and an ultimate, or two ultimates, distant as 
before ; 9 types. 

20. In an eight-fold statement with three pairs of obverses 
these may be either all evenly distant, or two of them evenly 
distant and the other oddly distant from both. In the first 
case they are mediates to a certain origin and its obverse, 

' and we may add the origin with a proximate or ultimate, 
two proximates, or a proximate and ultimate ; 4 types. In the 
second case take the oddly distant pair for origin and obverse ; 
then these are associated with two proximates and their ob- 
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0 , a proximal,, ,.,.<1 «. «-*• 88 

ivolv from the odd iimdinb' ; l» • > I" '■ 

If Uio novui.--li.ld ohImIii i'l<' mb. I'W and tlm^ 

the two (xiii'H muy l«- In. Il»’ 11,0 

and one in llio Mil'll'- Mi ll"' !-•»"- • «" 11 t " a 'l l 

to which may ho iuld.nl llm might nod -l-vn ■*.< and a l )flu ’ ^ 
inodifttoH, or I, wo pairs "f mrdkil. t! i>|» I » ,tl " ladtor Cft^ 
the lour connisl, of an origin mo! .d.vn ... and f«r.» mod mt.es ; 

must add a pair muling of a pi<*Hmuiu and an ullimat^ 

winch may ho diula.it II.W III. Id t.-ni «b» I w<» mediate^ 
and I, lion another pp.viimib’ »•»■ idthumm v= i.t* it may lio distaiy^ 
11, l-‘l, or 3!) from the Iwn m. -Siiil. . ; <« *yp' 

I (>, Throe jiai is ol ol.v.'i I--* ") in a '.*■ v i u t d>l at element may 
bo all o vo nly distuul. "i‘ I wo fvmdy *o»d Hi.* i>iU.*r |iair oddly 
ilia taut from onrli. It tiny m** all . v » i .. iy dr*. ml limy aio th^ 
hum I into. i l.o a cerium min. in m if ■ out I I ho seventy 

mark may bo lint migiu or u ^ v, j'>-- In flio otliej* 

case wo lmvo nn origin, ohvm an ! j on >d im-lmles, together 
with a pmxhimtn and ibs «.l»v : m utUnin^’, w* may add ^ 
proximate or a mediate; f y j.«-n. 

17, A., pum eight f"ld fitui.'uo ni urn ■*. ♦ t * i isifib of twq, 
groups, either bulb prop-t ..r belli impmp-"*, *»r mio ol each. 
Two propnr group:! may have thmi .■Uft 1 o* . distant X or 3; 

2 typoa. To an improper grmip v,»* muy add a propor group 

imulo of one origin and I hi re nbvci .-d ihiee origins and 

ono ohvorno, or an iuipinpi i gimip umd». »•! b*»»i origins or four 
obverses, or two migmu and Uv*. *.hvm < U ly pen, Altogether 
thoro urn 7 types of pun. eight loM ebut-ms-ni, 

.1 H, An oiglll tuld nfufmueltf v»jif)i ».»■»- pair of obverses 
must subdivide into lour and lour, m sn?-. t»v«* niul throe, In 
the former cast) wo have u pair id *4 «v* % j<* uu origin and 
its obverse, and two uu iiitil* <. j b.uheb in< mu st mid it group 
formed out ol tlio ptuximut* and iilfimiDb .• ? , Tbiu group may 
lio proper, (1. typo,) or impiHp'i, lie im-dm !»••'« being in regard 
to it two engiiiH, Uvu uhvm«i v*, m au msgiu and an obverse J 

3 types, In tlm lull or emm tbo lamh*. itmni lm a propor 
gioup with Lho olivoiHM ui nun Hint , fa wbn b wo juust add 
a triad made out m!’ Him mlgin, ulo. i end imfiltuloH of the 



INVOLVING FOUR CLASSES. 13 


Art, 

TABLE ( continued ), 


10 

G-fold, piuo, throe and three 

6 





four and two 

0 






12 








12 


11 

M- 

1 pair obv., two and four 

3 





three and three ... ... ■ 

8 





four and two 

9 





five and one 

2 






22 






— 

22 


12 

II 

2 pair obv., odd diet,, C ; even, 5 


11 




8 pair obv 

... 

' 2 






47 

47 

13 

7 -fold 

puro ; proper group, 4 ; improper, 4 


8 


14 

ii 

1 pair obv., four and throo 

10 ’ 





three and four 

7 





five and two 

7 






24 








24 


15 

ji 

2 pair obv., six and ono 

3 





live and two 

8 





four and three 

8 






ID 








19 


1C 

»l 

8 pair obv 


4 



■ 



66 

65 



Total of less-than-eight-fold statements 



159 



Complementary more-thau-eight-fold statements 

* t f 

159 

17 

8 -fold, puro 


7 


18 

II 

1 pair obv., four and four 

i" 





Hyo and threo 

10 






14 








14 


19 

II 

2 pair obv., four and four 

22 





five and three ... .;. 

10 





six and two 

9 






41 








41 


20 

») 

3 pair obv. , all evenly dist, 

4 





two evenly dist. 

8 






12 






— 

12 




4 pair obv 

... 

4 






78 

’78 



Grand Total 

... 

... 

390 
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a proximat^^d^an Tltimte^^ ^ ° fl - er pvoxinmtes > 

(distant 11 n q qq " a P ro ™ate and a mediate 

one) o I’r’, r° m “ F ° Xi “ at ° “ d -m„i„i ng 

one;, oi two mediates distant 11 33 nr T? ii f , 

proximates; 8 types. 3 ' 13 flom tho tw0 

lastly, m an eight-fold statement with four pairs of oh 

”“ l > ■««** 0, II,.: 

for every less thm/e'' of 4 ’l’ es , we observe that 

more-than-eight-foh^type^fArt^gt “"7, " * com P lcme ntaiy 

number of »L,t ni ’ 1 1 2)1 80 that " r ° most add the 

T “ of / S'd-foltl types ( 78 ), to twice the number of less- 
thau-eight-fold types ( 159 ) ; the result is 396 . 


Art 


TABLE. 


1- fold _ ~ 

2- fold, distance 1, 2, 3, 4 

3 - fold, pnro, distauee 112, 222, 123 233 

1 pair obv., dist., 134, 224 ’ 


G 


4-fold, pnro, two aud two— 



.LLi. .iij, l]_3 if 3 
1 I 8 3 (3’ *8[l' *371* 

three and one 

group, propor or improper . , . 


, 3 I 3 
*3 | 3* 


7 « 1 pair obv. ... 

>) 2 pair obv,, dist. odd or ovou 

8 5-fold, pure, throe and two 

, four and one 



,i 1 pair obv, 4- two prox. 

+ prox. -j- nit, 
+ two med. 


2 pah’ obv., odd dist,, 1 j ovon, 2 


5 

3 

4 

12 


12 


12 

3 

27 


27 
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I T t-lm same uuhnt iful ions am performed upon any two 
divisions llmir distunen will remain unaltered. .1 fence if two 
slalvmenh ora if I Ini mi wo (i/po the. relative distances of the 
ili visions denied, hi/ (haw will ho the same; but it doos not 
follow 1 1 m.t whenever these distuucon are the name the atato- 
meuls are of (lie mmin typo, 

Tim whole mimhor of statements I, lull, ran bo nimlo about 
u rlautioa i:t «"' ■ ' 1 , when wo exclude the nhsenco of auy Hfate- 
inont ami its inverse the ilonial of the universe, Tho problem 
of oimional ion consists in the distribution of these under a 
linilo number of types; it requires mi exhaustive niofliod of 
(loser ibing tin* types, ami may lm checked by counting tho 
number of statements belonging to narb. 

Thorn in only ouo typo of one- fold slulcmenf about, n classes, 
namely, ,.l X ‘ 0 ; uml in the mpmlioii of any division 
|o zero gives u statement, of I Ida typo if ColloWH that there aro 
IT Hllrli ataloiiiolilM. 

Timm am n types of twofold slnleumnl; for the two 
divisions inputted to ;mm may have any distance from 1 to a. 
If Ibis distaiiro is r, tbn muubnr of aluteiimnlM included in tho 

I von is IT 1 . Tin* wlndo nuuibrr of two-fold nlato- 

Jl j r | n • • r 

molds is of course If* 1 (« M • l), 

To determine tbo number of types id three-fold. statements, 
lot. «,/j, 7 lm I lm three divisions denied by surb a statement, 
and suppose tbo distance fly to bo imt loss than either <)l tho 
distances «/ 4 , ay, I ml aft^r, ay «, and lot. I changes bo 
common to tbo r and tbo s ; limn (}y •• ! r W. bet ?' not 
lm loss tlum s\ wo have r f s ’}* ?*, tberotoro nr l 

must not lm grout or {ban balf tbn least ol the numbers r, 8, 
With llm distances r f s llmu wo ahull bavo distinct types for 

tbo values id’ l ** 0, I, ii, ... / ^ (i meaning inlojnd part of)\ 
llml, ia l T / ffA types, provided (bat ?*'M i H wt' gnjatur than 
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A hut of n oluMfioti A, li, (f, ,,, involve it iuimiIh i- ;»-* n f rromi. 
ill v ininriK A, h, O, ,/, ... He. ; llowo |„ ( ,- a |J t .,| 1 ( i lll|t j v 

mm, A. xtuteuH'nt about ll.oiio rlai.-iiv: i.llinusi tin. t . x ‘i„ 

of " nn *1* vi.-titiMti ; mill it in rail..! „ li.M, | Wlt ! 

("111, t'li'., nlul.i-mi'iil., nmmlin,.- f.i tlm imtnh.t' »,f ,|ivi-iion* 
iv lii wo ox into uni it ilonioM. A u U M\ Mulnnoni about a 
Ol ft olitHftoH in it r-f, .ill tiliili'iiiriit hl.iMtt n not. ,.f i| t ,,o nm | 

7’ °! l,(,r Two niittouionlM ini. oallo.l / HWl) wlimi t ,„h 

‘ioniw I ho (liviaiiinn whom, oxinloi.oo i M allow, ,| by f|,„ 

HiUH II, « iiivoimi of it /i.j’nhi (itulonioiif almiit n rln.ojirvt in t [ 
p) Inii I Hlitloinonl, 

Ono iliviMion may ho Cnuvorlo.l into inmf.hri* h v iho opom. 
ii'»n of olian/jiiijf roilaii, «W,i into thoir rn, M p|oi„o„tu. y 
ty] ! mm ” W,,il ’ 11 1:1 '“*» *0- Tl.o llOhilio! 1 of Hoi 

" W ! ,H m|,mv<l n,IU <I,H nf Ilm lun ilivi-iom. 

J Iiiih m lour lli.Mlivinion JAf'/l imlinla.it two j 

h'om lllO til VlHIOI) (tfli l), 

'I'wu ,W, „ nl , 

" l,iy ;:V ,n ;' k ..i-iw,. 

r» , « , ’" , 7‘ M 7 . « 1-i-y (.1 

, IM «f ii flii-M mill ii>, root. 

:,, y W ‘V ,«)• 1 1 i ‘1 ulrur i lint. Il.ifi 

II UNO of limy HjriMlnilx for i|i„ j llv „| v ,.,| 



III. 


ON SthMM t'OlllSAI A'lTO ritOHI.KMS* 


lilt. 1 KntiM.M In 1 1 law a |m!y;(nn nf a j'ivnn iminlmr nf 
all wlimn vriliiTH almll lin mi him* f*ivi*n n»nit\ mill nil 
wImi.hi' fiu|t*!i ahull luih’li iiiinflift' j.;i van main ; in (villier iml jui.r 
tiitili* ill. all, nr pn.'i'iililo in an iufmily nl‘ waya, Thin rnmarK, 
in if.*iun lly iiiinlt* hy I’untndi-t, I am limn hIihwii liy t'lotnsMnr 
Cayli’y I n tln|M*nil in a very limutiiid maunm* upon I In > I tn*t»r v r 
"1 i-lliplii* lutii’f iima ; Mini in lliin way lm lam pnivinl dial, an 
aaalnjpiim t tn-iu t -m Imldti wlim-wr a ?,) I’nmn.puHiltMum 

i»\ i?‘l ■! : llm! mi In any, whi ia-vm* tun lliiiy'a uiv jut ivlulnl dial 
In nvi'iy | m mi f it m nt mllmr dimit Hnmupnhd two pimifinim nl' tin* 
olla-r. Tivn puiniu, // I'm* iimtiumn, in u mnio U, which am 
t'nmmWml l»y llm mini inn (Iml dm linn (nmdim a mv.nul 
<’niiii- \\ inmt a Hin}»*Hpnudi-iic*H »|’ Huh kind : for if da- jaiiut t n 
lm f ak mi mliil m lily, (wn |uMj{.*nh can lm drawn from if. T, 
dnlnnaiiiiiijf I wo pHail inua »»f >/ : and csmviM.irlv, Hm point y 
liniiar lix.nl del .*i iniim* Iwo pmiilinim nfa\ Tl.n tlmnivni in lln'u 
dm! in a (;!, ::) ninvapHudmcn Ha-rn i>< hIMiit an tln-md i!\v|o 
"* u KO'Oi uidt'r, nr an inliiiiln mnulmr. in Hih pn- a*nl. mnn 
humi.’iilitni I piupn.it 1<> pn»vn dan 1 f.'.i iljf by tl.n innlhutl 
id I'ni-ivjijiniidoiiro ahum, and dim In rxlm.l (lm proof In 
mdm *i nl’ inn tr .pmtd. iHv. 

in a (:!, :.!) r.»r iv pmidmrn (Imm m.t I ( it | > t!) undid 
pninf-s, i 1 ml. i s (.» ray, |*mi pniuln, rm*h nf which min.-idi ;s with 
nun of il l rnmapmidmif-i. In lari, if two immhmt m and y am 

* II-...MI I'liih’ i rtjttt t,“,j l Xo/H'H/’, ||. layrt. Nut,. 

I HI its, j.j,. i-J t | |;m j 

• ‘Ml*, a 



16 ENUMERATION OP THE TYPES OF COMPOUND STATEMENTS. 

ft; in this case t cannot be less than r + b — ft. First let v be 
even and equal to 2p, where 4sp is not greater than n, Then 
the number of types is 

1 + 2 + 2 + 3 + 3 + ... +p+p+p + 1 

*P+p(2? + l)«2>(jp + 2) 

= i r (r + 1), 2 r^>n. 

Next let r = 2p + 1, 2r }> n ; then the 

* * * * * 

[Prof. Cayley remarks that Prof. Clifford considers, in this fragment, tlia 
further question, how many are the statements of each typo. In tlio oaso of 4 
classes, the results up to the 3-folcl statoment, see Table, p, 12, are as follows : — 

No. of Statomonts, 


1-fold ... 


10 

2-fold, (list. 1 


32 

>. 2 ... 

♦ * ► 

48 

.. 3 ... 


82 

» 4 ... 


8 

3 -fold, dist. 112 ... 


96 

„ 222 ... 


64 

„ 123 ...- 


192 

„ 233 ... 

... 

96 

„ 134 ... 


64 

224 ... 


48 


[ COO 

whero the totals 10, 120, 560, &o. are, of course, the numbers for tlio combina- 
tions of 16 tilings 1, 2, 8, &c. together. 

Prof. Joyous in TJie Principles of Science (Third Edition, p. 148) writes ; 
" In tlio first edition (vol. i. p. 163), I asserted that some years of labour would 
bo required to ascertain even the precise number of types of law governing tho 
combination of four clnsses of things. Though I still bolievo that soiuo years’ 
labour would bo required to work out the types thomsolvos, it is cloavly a mis- 
take to suppose that the numbers of such typos oauuot bo calculated with a 
reasonable amount of labour, Professor W. K. Clifford having aotnally accom- 
plished tho task.” It was on readiug Prof. Jovons’s original statements that 
Prof. Clifford said laughingly, ho couldn’t lot anyone say that and not do it 
straight off. ..it was ‘his luck’ to do quickly difficult tilings which woro usually 
got at by long processes only. 

Dr Hopkinson has drawn my attention to tho fact that tho problems treated 
Of by Clifford and Jevons are different in this respect, that Clifford's rosult 
includes what Jevons calls ‘ inconsistent statements ’.] 



ON SOME PORISMATIC PROBLEMS, 19 

(which determines the improper solutions) will have more than 
four roots, and will therefore be identically satisfied by any 
number whatever j so that whatever point x we start with, the 
point w will come to coincide with it. 

Precisely similar reasoning is applicable to the cycles of an 
even order. Thus, e.g. for a quadrilateral wo get the four 
improper solutions y/ 3 a/ 3 , got by starting from the points 7. 
I pass to the consideration of correspondences of higher or- 
ders. 

In an (r, ?*) correspondence there are 
2 r united points a ; 
their remaining correspondents form 

2 r (r — 1) points b \ 
to these again correspond 

2 r (r - 1) 2 points c, and so on. 

Similarly, there are 

2r (r — 1) points a, 

cadi of which is such that two of its correspondents coincide ; 
viz. these are - 

2 r (r — 1) points f 3 , 
to which also correspond 

2 r (r — l) 2 points 7, and so on. 

Now if we attempt to form a closed cycle of the n th order, 
we shall bo led to a correspondence 

{’•(*■ -ir 1 , r(t— lr 1 }, 

which has 2 r (r- l)"’ 1 united points. From this number we 
shall have to subtract the number of improper solutions as given 
by our previous reasoning; thus we shall find 

(n ~ 2 m + 1), (2r (r — l) 2 " 1 — 2 r (r — l) 1 ' 1 } proper solutions, 

(n = 2 m), {2 r (r — I) 2 ” 1 ' 1 — 2 r (r — l) w } proper solutions. 

1 01 example, the problem to inscribe in a conic a triangle 
whose sides shall touch a given curve of the third class admits 
of twelve proper and twelve improper solutions. If the number 
of proper solutions exceeds this number, the problem becomes 
porismatic : that is to say, there is an infinite number of so- 
lutions. 


2—2 



jg ON SOME PORISMAT1C! PROBLEMS. 

connected by an equation of the second degree in each of them, 
then when we make a and y coincide, there results an equation 
of the fourth degree (Chasles, Comptes Mencius, 1864). I call 
these united points the points a. Each point a lias one of its 
correspondents coinciding with it; it has also another corre- 
spondent b. Each point b again has another correspondent c, 
and so on. There are also four points a, each of which is such 
that its two correspondents coincide in a point /3. For let q he 
a correspondent of p, and r a correspondent of g; then the rela- 
tion between p and r is a ( 2 , 2 ) correspondence (since to each 
position of p there are two positions of v and vice versa), and 
therefore has four united points, viz. the points /3. Each of these 
points (3 has another correspondent 7 , and so on. We have 
thus two series of points, abed... each letter indicating 

a set of four generally distinct points. 

Let us now endeavour to obtain a closed cycle of an odd 
order: for distinctness’ sake we will try to draw a pentagon 
inscribed in one conic, U, and circumscribed to another, V*. 
Start with a point x on the outer ; pass to one of its correspond- 
ents, y\ y has another correspondent, z ; from nve go to u, 
from u to v, from v to w. If now w were the same point as' x, 
we should have succeeded in our object. But the relation be- 
tween w and x is a ( 2 , 2 ) correspondence, for we might have 
started from x in either of two directions. The united points 
of this correspondence should therefore apparently give solu- 
tions of our problem. 

But these united points are no other than the four points c. 
For starting with one of these, we get the cycle ebaabo, which 
is a sufficient solution of the correspondence problem last enun- 
ciated. But it is not a solution of the original problem : for the 
series will go on ebaabede, .. and not repeat itself, so that the 
points ebaab do not form a proper in-and-circumscribed penta- 
gon. Thus the problem is in general impossible. If however 
there is any proper solution, the equation of the fourth degreo 

* [Supposing as before that the corresponding points as, y in the conic U are 
such that tlie line xy touches the conic V, then, ns is easily seen, the points 
a are in fact the points of contaot with U of the common tangents of U and I ; 
and the points a are the points of intersection of V and V, — 0.] 




IV. 


PROOF THAT KYKUV RATION A ]. K« >U ATI* >N HAS 
A. KuoT*. 

(H fatnirt.) 

TilH proof contained in the present i* «n d» pends 

on tho determination of n quadrat ie fartm' ut do* laiit-osl infr 
gml expression 

•«,«!■* 1 | o/"' ,J I- ... I n.,. 

On dividing linn ox|»ri»imtm by i»’“ J I p,- 1 ' I )' r w>* nlituin by 
I, ho ordinary nlgob n do rules a. remainder tif the (••nu . 1 /,, ,.r i A ,,, 
whoro and .A r #f are ftuiedinus »«f /*, ami p, wImm*' weights me 
2 s -l and 2 s respectively, and whit li may a.vunlinglv 1 "’ urium 
in the forms 

::i K* i T />A. \ f I l*' A ( . 

■<V" ! •» ' 1 /V- 

whoro tlio b, o are of an order in yi ( indicated by tle-h ?: uili \ »■ r>. 
On writing down (by I'roleimor Sylvester's Umlyiic tie llindj 
tho result of eliminating p a in-tween tliem* t»pmli..H>, it in of 
onco apparent that this resultant in of llu- cider ,'/(;:*/ 1 }. 

Thus tl to determination of a quudrulie liiefor of an e\pie.'i:>i ,, n 
of degree 2s is reduced to the solut ion of an eipintiou *d oidt-r 
s (2s — I). .Hut this number is one (As/ne i/nov .»A/ thou f )**« 
original number 2s; that ia to say, if tim number 2* in 2/' on.l 
tipliod hy an odd number, then ,v(2s- - 1) \n iT ' nmlliplbd 
by an odd number, Hence by a iepetilit.it nf tins po-nnin vvn 
sltall ultimately arrive at an etptaiion of odd order, which, no is 
well known, must havo a real root. Hy then i< tia' iieg our 
stops tho oxistenco ol a quadratic fuel.or ot tho original o\pr«-s- 
sum is demonstrated. 

* (From OambrMfffi Phlhmphlctil .'Wfrp/'a JWirif(n<|i. ic. jMpt. itcs-t p, }. 
31, M70, i»i». 115(1, 


ON ,1 A OO 1 M A N H AN)) VOh.VU OIM’OKITKK*. 


I, Till’, word ilm'oliiun in oouituouly undonitond lo nitMin a 
(iotonuiimnl. ihrniod lYuio (ho n* dilVoiontial onnllioimiln of 
u luiieUniin, oaoli of n variulilon. !'\n* hiHtunoo, givoii I wo homo- 
Hoiiunuu rtniHiuim of (ho around dugroo in ,v imd y, hm U, K eiudi 
rojuvaunliiijr I, wo jioiuln ; (tin Jacnhiuii in 

, 11 ! tli! 

{!.<' ' ili/ 

</ r </r ' 

»/.' ' ,/y 

wliioh in Known (o i .♦ j *i •*?«• -i i f (ho IVtri of (ho involution dojor- 
niiiiod hy / \ I', I |»iM|nt:ai (o osluud (ho uirnuin;*; of (ho form 
no aa lo iuoholo ny alt* tan • •) dolor miimuta, jiniood in jiioohady 
(lio uumo wuv hum a mimhor « *1 fimulinim nut oi|Mal (o (to* 
nuiohor of vaiiuhloM. I'W onilanoo, if U 0 ia (hr triliuour 
oi|Uati«>n (n a ronio i ri hun, and /#••() that (o a. ahai^hl. lino, 
|hou (ho nyaloui u! d> l< i iitiunitf t 


r ,ir 

•//? 

tlV •! 

U«. 

j 

\ ' 

d.V ' 

i/s' ; 

ill' 

tU . 

»//, : 

1 

i 

tlx 4 

<(’/ ' 


[ 

will ho found lo |i’|ilo';nU( 

Iho j o *1 

o) 1 ho lino /* with iv tjioof ft* 

(ho oonio f * ; and l jaoj 

iH’.n (>♦ 

♦Mill ( hits ayjtloin (ho *ho*ihiau 


* [(Van | 7 s>* ti'if'-ui, ftiiMi fi Ntinujtr oj 

Y»i. o. i p. aaa ) 
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ON THE SPACE-THEORY OF MATTER. 


flat; namely, that- the ordinary laws of geometry are not valid 
in them. 

(2) That this property of being curved or distorted is con- 
tinually being passed on from one portion of space to another 
after the manner of a wave, 

(3) That this variation of the curvature of space is what 
really happens in that phenomenon which we call the motion 
of matter, whether ponderable or etherial. 

(4) That in the physical world nothing else takes place but 
this variation, subject (possibly) to the law of continuity. 

I am endeavouring in a general way to explain the laws of 
double refraction on this hypothesis, but have not yet arrived 
at any results sufficiently decisive to be communicated. 

[In Paper XV. (infra) reference is made to a proof that every 
rational equation has a root , but I have not found any MS. of 
which IV. could be looked upon as the Abstract, Prof. Clifford 
once remarked to me, I think, that a paper on the same subject 
by Mr J, C. Malet (read before the Mathematical Society, 
«June 14th, 1877, and printed in the Transactions of the Royal 
Irish Academy , Vol. xxvi. No. xiv.) treated the question from 
a somewhat similar point of view. The subject of V. was intro- 
duced at greater length to English mathematicians in a transla- 
tion (IX. infra) of Riemann’s Habilitationsschrift, 1854; see the 
Gesammelte mathematische Werke , pp, 254 — 269.] 
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which i * llm polar <«j ij » i'!i t r «.| t ho * ! <in> >|n'inini!' voihy; Midi 
u llianplo i'« imi.ly lln’ in • ! J >■ M t j 1 1 '.;:i i > ' ( i i >«• i of’ tho 

(\vti Motiona in mio hv il i piano. Apuiit. tho Into fit' jojninp 
tin* I wo |-i« M i.l m.v plum* I. may ho full* <1 (ho polar « >j *j 
I llm piano ; ami Mi" * » i t : « v, i * |i.<m (ho point ,1/ih* 

I oilrlii iii* llm two roni,-oi,|<» ( will |,a\o /// * ami .1 h>r polai hno 

him! pliim* ; ami tho Minm will ho (nm 1 1|< r»ur iliawn 
loUi'liiiij; any roniroi.) im onh, ,1 hi tin- . :iiu« .hvolopahlo ni 
lilt' two j'ivi’ii oia -a, Tlu i H'miu m ;' , t i a - v :.|,.|u thtoo 
plumvi, pit. h tin- polm opp.it,. s ,f t| M < hm ,.| int. i chon of I h, 
otlmr two; l til f mm. It a oyM-ni im imady tho ».. )| on, (Monto hid 
ol llm two ! hi;;, hf I'oiiru drawn to tho oonio..i,h h.nii t | M < j...jnt 
ol iithifioilmn ol I la* plimi'.n, 

IN . I pMli'i to flit- I'M - !*’ o| fhi't-t* Com. 1 1 i « I r| ||i}(> ;t J»j.|||? Villi 

liavo llnoo point plain i, tiii'i Imi* in il l polar **pp>o jfo. |,.( 

.! am! It ho oppi.-.ito-f, thru if m rany f>. si.-n, u-t |<. )..|o, that 
fllo lino * 1 /» i l hailHoiiit ally divided }<V » n< It of tho 
mill llimrl‘oi.1 hv any . -m. .t.| flti uph lion osphf p nnt a of 
infi’liin tloit ; o i/, hy any (' nr plan. < whir h ran ho ihav.it 
hi contain tlio «iplit p.nnK Snmlaily. fh< llnoo p,.|. -i, of a 
piano A mo join. -I hy »< - p dm ..pponfo plan.. It, ami ilo- linn 
. I /»' ia s.iilitoii'h 'l hv f ho t'oni. oi. 1 , m an in volut ton, *<t which A 
ami / 1* am (ho iloiihto oi rain . onpiyafc p!am 

V. I pi or. . ■! i»mw t-» fh> ; inft ipo fatn-n .?:onm Ja»’ahianf, 
ami comitioiico with Ifm-m of hmaiy .plants. I '.hall 
I ll I » <U!f ||0| 1 1 Ui.v t ho Icffola /... ,1f, A, .... |o| I'.ptafr inlfi of fho 
liiaj ilcj'ioo, amt pom »alh t\ 1 i ... ha tie .. of the c« i nol, 

l. A \ /., .1 / } ia i .1 .V loip.) y I ho ili'jf am o hcf v.a . i* tho point . 
ft m*'l A/*, in pom iul 4 if /.. M a»o hnvai function s of any 
milithnr of vaiiah!.’.), ,\f — U is fh*' of lio n 

roinri.h m o, M ho *li : i-f.an«'o hof iVe tt two jv*?nf 5 maV nh>* he 

■>' * / & H ^ 

oS pi O'ctctl flnp-ii if A id amhi t**i' fh t »t I then *\/< i-a fli< 

Y dx il:/,- 

* filthily, llm *IiRliair-0 |« it . i\ f.. 5,u iat f..i i im-J l.v i .o.y. 

fh * c’LHh :i ■ 1 
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ON JACOBIANS AND POLAR OPPOSITES, 


of U and Z. In all cases I 'shall denote the Jacobian of a 
number of functions A, B } G, ... whether equal or unequal to 
the number of variables, by the symbol J (A, B, (7, ...). 

II. As the theory of polar opposites is of constant occur- 
rence in the interpretation of Jacobians, I hero set down the 
heads of it, If the polars of a point A with rospeot to two 
conics meet in B, then it is clear that the polars of .7/ will 
meet in A. On account of this reciprocal relation, I call the 
points A and B polar opposites with respect to the two conics. 
Consider first one conic; it is known that any lino through 
a point A is harmonically cut by its polar at B and by the 
conic. The line AB, then, is harmonically divided by both 
.conics, and therefore by any conic through their intersections ; 
e.ff. by any pair of common chords* It is thus ovidont that 
any straight lino lias a pair of polar opposites upon it, which 
are in fact the foci of the involution in which the line is cut 
by the conics. 

In the samo way it may be seen, that if a straight line 
A joins the poles of B with respect to two conics, Ji will join 
the poles of A, and fclici two lines may bo called polar opposites 
of one another. The point AB is subtended by the two 
comes and the six intersections of common tan gouts in an 
involution of ten rays, of which A and B are tlio double or 
sibi-conjugato rays. And through any point wo can draw 
a pair of polar opposite lines, which aro in fact the double 
hues of the involution determined by tho four tangents drawn 
from the given point to the conics. 


Ill Consider noxfc the caso of two oonicoids : hero the 
polar planes of any points will intersect on a lino, wind, muv 
bo called the point opposite lino of tl.o point Lot A bo til. 
point, and 50 its opposite lino, then it is easy to sou that tin, 
p meASO will cut either conicoid in a section, with rospool 
o w noli A us the polo of BO, and that tho samo will bo true 
of any comcoid passing through tho ourvo of intersection ol 

nip glVti " ““J 58 ’ e -9- of the four cones which can bo so drawn 
Ulus naturally suggests the idea of a triangle, each side 
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conjugates with respect to the quadric. If the quadrio is the 
Hessian of the cubic, their Jacobian is no other than the eubi- 
covariant J. (Salmon's Higher Algebra, p. D9.) The Hessian 
represents two points, each of which is the polar quadric of 
the other ; and if we take tlio harmonic conjugate of each 
point of the cubic with respect to its Hessian, we shall obtain 
the covariant J, Let A, B, G he the points of the cubic, 
and D, E its Hessian ; then the three anharmonic ratios 

[ADBE], [. BDGE ], [ GDAE ], 

are all equal to one another, as appears readily from the 
canonical form of the cubic. The polar point of any of the 
points of J with regard to the cubic, being the same as its 
harmonic conjugate with respect to the Hessian, must be one 
of the points of the cubic itself; and in this case, the relation 
at the end of (4), shews that the four points form an harmonic 
range. We are thus led to Dr Salmon’s construction for the 
covariant J } viz, it contains the harmonic conjugate of each 
point of the cubic relatively to the other two. In general the 
Jacobian of a cubic and a quadric does not represent the har- 
monic conjugates of the cubic with respect to the quadric. 
J (S, T), jS and T being cubics, of course represents the four 
points whoso polar points are the same with regard to the 
two cubics. The Jacobian of a cubic and its covariant J is 
the discriminant multiplied by the square of the Hessian. 

VI. I put together the most analogous forms of Jaeobians 
in three and four variables, reserving part of the latter for 
separate consideration. 

1. J (A ilf, W) = 0 and M)**0 are known 

to bo respectively the conditions that the threo lines and four 
planes may meet in a point*. 

* This Jaoobian oimblos us to express many metrical fiuietions of lines and 
pianos. Lot A'~0 denote the lino or piano at iufmity, <p(L) tlio condition that 
tho lino L shall pass through oithor circular point at infinity, and lob 

0{L'+kM)S$(L) + 2^(L, M),K+tp (M) . k 

Consider now three straight linos L, 71/, N, and put J for the Jacobian, 



2(1 UN rf.U'OMIANM AN II rol.AU nrt'oamx 

dmlarn’O lKilwoi'ii L and (lj, y), «ml K*’imiully, with any immli.j 
of vnriublua, A It in »rt-ii»*ml l«» Um diilaimn Imtwoun t 
and lint point ((**, y, £••*)> 

2. */((/, /.), whom if i;i u quadim, i i tint hano-mm <u 

j again of h with ivrqiool. I«t ( ! , Thi'i may al so rvidi'iilly 1* 
oxpmiwd liy A If. !*W iuatamv, I !n • i<l* iiiily 

A (A// . A F) A 3 // ,,\r i AT, AT 

may bn Inf **ri »mf «-tl Uimi. if wo man mlmi that A / r its U>« 
product of iho diahmrua of (£, y) limn 1 1*« * ln»i p<>inla dmmlm 
by If \ M I tiif /’ HIM 1 (J Ini f b*’ Imnimnm r»*n jiijral* 1 '! of a | ><<ttl 
0 will i rtn-ij In A, II and (\ P ir.prrhvrly, and hu I 
lin Um hummiiio runjugalo of Um muii** (•• *i it I vvilli mapuM 
to J\ V; I Imn 

0,1 , (III ' (IK, (III 


21. >f(f\ 1), (I and 1 ’ lining ipmdth"', i> w.-ll Known I* 
mpmaont Um fori of Um involution d«’h imiio d bv I and I', 


'!•. J {*S‘, /,), wlmm S ia u mlnt\ U Um p.dur tpmdiin a 
h with regard to .S'; f but in In nay, il S n ja* f .aif > Um thin 
poinln/1, //, (' limn ./(.S’, /,} irpt* »onl i two p.dnla /*, rmli u 
which | m i.’iiti!, 1 tnt ?h Utn properly 


/,.! 

/U 


Ui Lf 1 
I'll 1 l'<! 


0 . 


Tlmy might ulau evidently have Iwmi i,pi< jionlod jr 
A*V - 0, Tim pnlar /a»tW, dfS t i>t Um It niniouiu fonjtigalo i) 
l‘ with mapref Id Um two point* /*; and it wo oall it A', i 
poHHitiiami lint properly 


If A llll 
LA ' Ui 


Ui' 

La 


0 . 


*i. I hit in forpmhil inn of all .lacnhinmt not involving p»*in| 
in oiisy, wlioii wu mmemher that ,1 (A, III U in hot M,o .Ion) 
limit, of A A, A//, Tima ,/ (.S', U), S )» mg a r nhm and f 
it quailiio, repmseuN Um llireo poiiifm, \v b* * >i*i> polar | k • i 1 1 it 
with lowpuot tn Um (titbit*, tiro Um hhiih m> tlmif hanumii 
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hewing that it always circumscribes tho common s<d I -con jugate 
fiangle, Tho discriminant of this is AlWlmn, whoso ovanes- 
once is the condition that L shall puss timing i oiumi . I in 
ertices of the triangle. Thus wo see that the dmnuumnd 
nth respect to aj } y, z of tho Jacobian of two conics and (In’ hne^ 
x+yy-\-& = 0, is a contravariant representing tho vert nr s of 
he common self-conjugate triangle, Mo with four variul jU-.m, 
r (U,-V, T V, L) is both the locus of polar opposites of points 
ii the piano L with regard to V, V, W, and tho locus of lim 
io!os of L with regard to all tho conieoids UJ Tw V T n If ; ; 0. 
did with a similar notation to that employed above, in case 
he tlneo conieoids havo a common sol (-conjugate tntmhcdroii, 
ho Jacobian may be written 

l A m 71 nO rl ) _ __ .. 

x y z w 

hewing that it contains tho edges of tho tetrahedron and has 
loitblo points at the vertices. Tho discriminant in A IK' filmin', 
I'hich gives, as boforo, tho theorem, that whan lit r no eonicoitln 
\av$ a common self-conjugate tetrahedron , the discriminant noth 
• espect to xyzw of the Jacobum of the three conieoids and the 
me £a? 4- yy + & + mo — 0 is a contravariant representing the 
leHices of the tetrahedron. When, in tho piano ease, tho lino ft 
sat infinity, the Jacobian represents, ns remarked by " bimi- 
deensis” in the last Messenger, the nine-point conic of llm 
juadrangle which is the intersection of U and K; and wo son 
hat the polars of any fixed point on this conic, with regard In 
my conic Ilf + mV =0, aro parallel to a fixed lino. In the 
lolid caso, it must bo remembered that when three conieoids 
lave a common self-oonjugato tetrahedron, their eight points of 
nterseotion will forma figure which is tho “projection" of a 
parallelepiped, and so lU-\- mV + n W may in six ways ho made 
>o represent two planes, By sending tho piano L to infinity, 
dien, we learn that eight points so situated determine a surface 
if the third order, which bisects tho lino joining any two of the 
points, and contains the lines in which intersect tho six pairs 
of planes containing the eight points. Moveovor, tho section 
of this surface made by any one of tho pianos consists of the 
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2, J(U t L t M)t IT lining a oonio, iui<i L, M linmi, in llm 
polar of llm point LM wilh rrsjHu*(- In IT, nr llm Inrun nj' llm 
polo of Ih inM-- 0. (Similarly, if If in u ruiiiroid, and /,, M, A’ 
plaiiOH, ,/ (IT, h, M, ,A r ) nmy )>n inlorprnfod uillmr no (lm pnlar 
plnmi of Mm point. LMiV, nr mi Mm Inrim nf |lm pnln u| 
Ih -\-mM-\~nN ~-0, /, m, u lining arliilmry. ./ (If h) im-atm, a ; 
boforo, Uio polo of .// with roHjioot, In II, 

J (IT, If L) in, linif, Mm In* 111 m nl polar oppnailr i nj 
poinfH on Mm lino h) nod, normally, ilm Inmm nf llm pnin nl 
h with ronpoot to UJ - 1- mV ■■■■ IK 

II wo writo If Tin llm ciuioiiind fomm 
y h x y* l <1,5* ■ (I, 


then, pulling A for Llm dolormiiiuiil 


!, v 


, An,, and 


lu -f HI-:-? 0 

lor Mm oipmlum to Llm lino h, wu find Mm Jimnbiuii In lm 
l A ^ 'in II n(! 

x >/ 0 




V r»r J (A*, M, N).J[Ti, X , M, A), uiul 11 l\,v ,/,{/.) «,.■.» 

nroit of Iriunifln LAIN ‘f,\ 

lwnluol al‘ niilnn 1! \I‘J ^ ■ , 

lirotliuil ul i.Idni y v'(Oil) 

(n fmiolion of mmio liitlo iitijnntimw), 

rntlimi of tmuumwiibi'd circlii y'(:i||} ) 


lirodnol of Iiinoil of uri|(tnn ^ . 

It In to In. .ml Hull (III, In l,„|,„| „vMm.I) ./,(/, I v .„. U| , 

Jounutl ior Mumli, IHOJ). ' 1 * 1 * W 

Hlmll 1 . r |,,vi.lm„o.,rw„,h„,u„„M.;,v« 

1,1 * - *"» **• 
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HI 

polar linen iiro iilmil i«*ul with regard In Mm four nmieoidM, 
will lio mi llif ,1 nr ohiu n ; an in implied by tho property hail, 
xf ab'il, 

VII. Them an’ imam Jneohiann in lour vnriuhlrn wliittli 
have mo nnnlogitru* in III ton viirinlib'H. Tho mniploat in: 

I. i / (//, L, M), I lit' )iolni' lino nf I.M, 

il. </ (V, I', It) in tlm Inrun of |ininb< \vl k i'io polar oppanilo 
I i Ill’ll I in in (lio piano /,, ami I |m Inrun nl' llio pnlrn n|' l, with 
rrfpinl to all ronirniiln IV \mV 0. ll i?i it twinled euhit* 
panning through (ho Vim I iron of t ho Irlndirdion lielf-rniijugulo 
with reiipoof. to V ami F, anil ml lino tho piano It in tlio 
voilii'oa of llio imlf emijitgaln triad n}‘ tlio aoolioiia in whieh 
il, lurrln //, F, 

M. . I (V, F, ft, M) ooiilainH tin* polar nppnnitn linen of nil 
pointn in l lio lino j,M, ami tlio polar liuon ol’ LM with regard 
|o all roniroidn IV | m F 0, It aim* mnlniim the polm nl’ nil 
pliino.i o( I ho )o| m A It l/i.l/ H with ronpocl In (If !■ in F m (I, 
It in Hourly a rnnimiil piioni nj' through I ho veilirrn of tlio 
tot lahoiliiin jiolf ronjugulo with regnid to V, F, and onutuinilig 
all llio l.wihird euhien 

J(V t F, //. I /i..1/) <0. 

4, ,/ (V, F, II') in a rum- of tlio aixth degree mntnining 

tlio vim I iron of all I'oin ii diuwu through (ho right ihlnineetimin 
o|’ V, F, 1 1 "(III Salmon), Jlonro it in llio Inrun of tlio vorliwa 
of totmhodm aril I’onjiigato with regard to two roniroidn 

nr t . wF. Mir, xiv\ f iV \ eir. 

If Iho I Inch roniroidn liavo a romitnm nol I' ran jugate lotmhr- 
dion, thin nr,\lii» repieHoulH il m odgen, 

I liavo f'ivoii no arroiiul nf llio darohiaiiM of ternary or 
ijimlrinury ruhirrf, hut thoir inloi prolalioii will ho onny with 
tlio aid nf tlio following lliromm. Counidor any mnnhor of 
turnup*, A t , vl„, *4,, /#,, /F. • ••; f',. •••. ‘Ve.; ull Iho 

* ) t Hint 9 ®i » ni rl*‘!» T ly lomtiV'iiri 0* tin* il of }*. 9*. <'■ | 
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line where it meets the corresponding plane, and the nine-point 
conic of the quadrangle formed on it by the other four planes. 
And the polar planes of any fixed point on this surface, with 
respect to all conicoids ITJ + mV+ nW, will be parallel to a 
fixed line. 

4. J (U, I 7 ) represents the vertices of the common self- 
conjugate triangle or tetrahedron, according as U and F are 
conics or conicoids. 

5. J{U, V, L, Af) is the polar opposite of the point LAI 
with regard to the conics U, V. It is clearly the point common 
to the Jacobians of If, F, and all lines through the point LAI, 
Also the form of the Jacobian shews that it is common to tho 
polars of LAI with respect to all the conics IU -f mV= 0. So, 
in Solid Geometry, J ( U, F, L, Af, N) is the polar opposite 
line of the point LAW] and so also J(U, F, W, L, Af, N) 
is the polar opposite point of LAIN with respect to U, V, If. 

G. J (U, F, If), the Jacobian of three conics, will be found 
explained at the end of Dr Salmon’s Conic Sections and in 
his Higher Algebra. I have only to add that it is the locus of 
the vertices of all triangles self-conjugate to two conics of 
the forms 

UJ + mV +nlf=0, M7 + /aF-f-*/lf =0, 

and that lines whose three poles lie in a straight line, moot tho 
lines joining their poles on the Jacobian, So if U, F, If X 
nic four conicoids, J{U, F, If, X) is the locus of points whoso 
polar planes meet in a point, this latter being also a point 
on the Jacobian; and the locus of the vertices of all cones 
which can be represented by 

IU 4 - mV +nW+rX=s 0 ; 

and consequently the locus of the lines of intersection of all 
pairs of planes which can be represented by this equation. 
Moreover it contains the vertices of all tetrahedra self-conju- 
gate with regard to two conicoids of the above form ; and the 
edges of all tetrahedra self-conjugate with regard to three 
conicoids of the same form. And obviously, any line whose 
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j t < * I if SnlniMir, r„niw, j., HII-. Kv. ii. || au f 1 1 ,,* 

"I t i;i 11 "’ n.Mii.jr limn, 
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aTs being qualities of the same degree, and all the B's, &c,, 
but the A ' s not necessarily of the same degree as the 7i’s ; 
and form any number of qualities in involution with these, as 

K i 4* "h 4* (a,)> 

, *f ^\A 2 + ft 3 A a 4“ ••••<• (tt 2 ), 

&c. 


Now suppose that we have a geometrical interpretation for 
1 T {A* C)> for J {A lt A 2 , B } Q), and so on • then 

A 2) ... j B t> B 2 , ... ; C v Cg, ...) 
will include all the loci formed in the same way as 

J(a f b, c)*; J(a lt a 2 , ... ; b 0 b 2i ... ; c„ c a , ...), &c. 

VIII. I add an' example or two to shew that tho theory of 
Polar Opposites is not wholly barren of results. 

1. A pair of conjugate diameters cuts the line at infinity 
m two conjugate points, i.e. two points each of which lies in the 
polar of the other. Hence any two conics have two pairs of 
conjugate diameters parallel, which cut the lino at infinity in 
a pair of polar opposites f. A particular case is when tho axes 
are parallel, when we see at once, by (II.), that any pair of 
common chords will be equally inclined to them, and so a 
cirde will pass through the quadrangle of intersection. Simi- 
ar y if three comcoids have their principal planes parallol, tho 
eight points of intersection will lie on a sphere. 

2. If from the centre 0 of any circle a normal ON bo 
diawn to a come, and if two common tangents of tho circle 
and conic intersect m A, and tho other two in R then AN 
and are equally inclined to ON. For it is easily soon that 

. ^'1- , 6 tai Jg eut “t N are polar opposite lines, When tho 
point 0 is on the conic, Professor Cay/ey has shewn^T^ 

* P J (*l» h> Ci}.] 

the same pair of polar opposes! ° uUnig tho lino at infinity in ono and 
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axis whatever, is equal to the moment about a parallel axis 
t u’ough the centre of gravity, together with the moment which 
the whole mass, if collected at the centre of gravity, would 
have about the original axis. 

These things being so, the following is a construction for the 
moment of inertia about any axis PQ through a point P, Draw 

a plane FT through P perpendicular to the axis: then deter- 
mine X so that the surface 


7/ 8 ( £ a l 

A + XJf + B + X M + G + M ’ 

may touch this plane PT-, this gives a simple equation* for X 
which has consequently only one value. Then the reouired 

moment of inertia is U{OP-X), 0 being the centre of gravity 
which is the origin. J> 

For, draw OT perpendicular to the plane PT; and let Ot 
be the perpendicular on the parallel plane which touches the 
ellipsoid of gyration. Then OT being a parallel axis through 
the centre of gravity, and PT the perpendicular distance of 
V Horn 1 Q ; the moment of inertia about PQ is 

M(0? + Pl n ). 

B,,t+ or = ,(^ + x) +w >(| + x) + 1 ,(« +x ) 

_ 1?A + m 2 B p tfG 
17 

~ 07 4- X. 

Hence Ot 2 + PT 2 = 0 T* + FT 2 ~(0T 2 ~ 07) 

= OP 2 -X, 

the moment of inertia is therefore M(OP 2 -\), 

Now, consider the confocal ellipsoid which passes through P 
and its tangent, plane (A) at P. Let X, be the value of X for 
this ellipsoid. Then if the plane A be turned ever so little 
round P, it will begin to cut the ellipsoid in a small ellipse ; 

* Salmon’s Geometry of three dimen$ions l p. 121. 
t Salmon, l, c. p. 68, 


3 — 2 
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ON TIIK 1MUNOI I'A I* A X \'H nl* A KIOIli 


M’llH ohjool. of Umm nolo in (< > oiniplilY fit*- nmoio'i in v.hnh flu* 
tlmnry of |iritmi|>ni iimmI in tnui I m lo ih jmml <*m Mm Mm-ny i*f 
(‘onltioiit Hiuliu'Mit uf tin" in't'iuit! 

If i:t wall kiimvn'l', llml if .1, /»’, 0 nio Mm juimipM mu., 
mauls of iut'iliii of u rij*i«l hotly ul Mm r.nliv «.f tp »vif v. Mot 
Htollltlllli of itUM'liil ultiltlt. UU U H. i t MllVitlf.'h Mm fuiiltu Ilf I'luvMv, 
■whoso (linMitinn-rniiinufj rofoiml to llm prim ip.M usm-j mu 
l, vi, n is 


l\\ | m il I n '/ 1 (I). 

Util- if M ho Mm huon of Mm Imily, mol v;.< »h t nv Mm 
ollipHoiil 


(ollipstijil of |{\*niliuii), I lit t unmnohi lu <• iuit ; » Hml Mo> momiM 
ol ilioi tin is Mp 9 , wlmro p in llm piM'pxioiii'iilur Irom Mm iv.ntto 
on thn Imigoul. plmm 

l> {• m>f I m; f - p ^0, 

of llm ollipHohl (1>); llml is, if w.» ,l,<nv u plmm p, »p.min nlm 
to Mm ^ivmi »xin to Inimh Mm ollipmid u;), Mm I, p ,:i ij„, 
tml pmpomliouhir on Miift plmm. 

it in ul ho known,}. Mint Mm nmimiil t.f im-ifia nh-ml any 

* M' ,0,a ‘ l ' !w Oxford, Vittithrltlj* timl Jliit-fni Ma-u^ur uf uu* 

Vul. iv, in>, 7H--H1.J ' 

t Himlli’n hlfiid Punumira, p. 7, 


; H'.iUl*, i o, p, ’j, 
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any point on tbe focal hyperbola, the momenta! ellipsoid is 
a prolate spheroid. 

Again*, two confocal surfaces can be drawn to touch any 
given straight line, and the two corresponding tangent planes 
are at right angles. Hence, on every straight line there are 
two points at which one principal axis is perpendicular to the 
line, and these two axes are at right angles. If the two points 
of contact coincide, then at that point two principal axes are 
perpendicular to the line, which is therefore itself a principal 
axis. The condition, therefore, that an axis may be a principal 
axis at some point of its length, is that the two points of con- 
tact of confocal surfaces touching it must coincide; which is 
obvious, for in that case the line is normal to the third surface 
passing through the common point of contact, 


Salmon, ?. c. p. 127, 



36 ON TUH I’lUNOIl’AI. AXKN Ol-' A HHHI) linhV, 

and so tho conlbcal «IU|*«ohI wliirli touches the phum A in i I m 
now posit, ion, will lio wholly within tin* ether. Its axes will 
tlioroi’oro ho loss than theso of Urn other, and Iherefmm A 
will bo loss than A,. That in to say, the value of A is n 
maximum for tho piano whioh touches tho emilbcu! ellipsoid 
through 1\ Therefore tho moment of inertia about the axis 
perpendicular to this piano, namely M (OI' J A,), is a /mm- 
mum. Now tho axis of least moment at, any point in a piiimipul 
axis. It follows therefore, that flm normal la Urn naiforal 
ellipsoid throw fh X‘ is (he prim'd pal tuis of Irani mo, anil, 
at :i.\ 

Xu a manner prooisoly aiuiilar, it may ho shown that if 
wo draw through .1* an hyperboloid of two shoot a eouto.al 
to Urn ollipsoid of gyration, Dm valuo of A for its tangent 
piano at P is a minimum; and therefore that tho umnml 
to this surface at P is tho principal axis of pronto ,! moment 

at P. 

Tliis boing ho, wo know that tho ronmining principal uxi , 
is perpendicular to these two, and is Iherelom normal to tho 
conlbcal hyperboloid of one sheet, which puani's through /'. 

Wo have proved then that tho principal axes at any point 
P, aro tho normals to tho ilium mufaeet contend to the 
ollipsoid of gyration which pass through and if A, p. r 
arc tho values of A for these llireo iiurinees, or, as wo may cay, 
if A, invro tho curvilinear co-ordinates of /' in reaped of tho 
ollipsoid of gyration, then the three uminonts of inertia m>* 

Jlf(Di w ~ A), M{0l ri -*n), M (01" mb. 

This connection having been established, ail tho usual 
propositions about principal axes follow at mum from Dm 
known thoovy of conlbcal mirlmm 'rims, the locus of points 
whoro two of the principal moments are eiptal, is the local 
conics of tho ollipsoid of gyration. For*, of Dm three ronfoeu) 
Hurfacos which pass through any paint on a focal conic, two 
coincide with the focal conic itself. Far any point on the ideal 
ellipse, tho momenta! ellipsoid in an oblate apheimd ; and I’m 


* Hainan), /. ,\ p. III. 




VIII. 


SYNTHETIC PROOF OF MIQUEL’S THEOREM*. 


In the note to page 235 of Dr Salmon’s Conics, mention is 
made of a theorem originally given by M, Auguste Miquel, 
in Liouville’s Journal, Vol. x., p. 349. The theorem may bo 
stated as follows. It is known that we can draw exactly one 
paiabola to touch four given lines. If now we have five lines 
given, we can draw five parabolas, each of which touches four 
of the given lines. The theorem is that the foci of these five 
paiabolas lie all on one circle. M. Miquel’s proof, reproduced 
by Catalan, depends on the fact that the circle circumscribing 
the triangle formed by three tangents to a parabola passes 
t iioug the focus. Since, as above remarked, a parabola can 
be drawn to touch any four straight lines, it follows from 
this that the four circles, circumscribing the four triangles 
winch we get by leaving out each of the lines in turn, all 
meet in a point, the focus of the parabola. The theorem can 
thus be stated as a property of straight lines and circles, 
without any mention of parabolas; and accordingly M. Miquel 

27 fte °* a " y < MW > "7 appropriate 

1 fil ^' howcvel '. tUat ‘he theorem connects itself in a some- 
what interesting way with that general conception of geome- 
tncnl facts which regards all the properties of a curve ofother 
con innons figure as depending upon its order alone, and which 
“ beCOme usual * “H Synthetic Geometry. I J “J 

Vol. v. pp. 12-1— 14l,*] 0r<b anA Dublin Mumper of Mathmaticn, 
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The assemblage of points lying upon two straight lines is 
of the second order, since two of them can be found upon 
another arbitrary straight line. And generally the assem- 
blage of all the points lying upon n straight lines is of the 
?i th order. 

Similarly, au assemblage of lines is said to be of a cer- 
tain class, when a certain number of the lines can be drawn 
through an arbitrary point. Thus the assemblage of lines 
passing through a point is of the first class, because one 
of the lines can be drawn through another arbitrary point. 
The assemblage of lines jmssing through two points is of 
the second class, because two of the lines can be drawn 
through another arbitrary point. And generally the assem- 
blage of all the lines passing through n points is of the n th 
class. 

We have now a number appertaining to the aggregate of 
points, viz. its order , and a number appertaining to the aggre- 
gate of lines, viz. its class . Neither of these numbers belong 

» • O 

in strictness to the curve itself ; but there is a number — the 
Geschlecht-zahl or deficiency — which does belong to the curve, 
and not immediately to the' points or tangeuts*. It is not 
however my business to speak of that now. I am going to 
investigate certain cases in which these two things— the assem- 
blage of points, and the assemblage of tangents — change contin- 
uously together; and in which it is very important to observe 
the modifications which both of them undergo. 

A curve of the third class is, in general, of the shape repre- 
sented in fig. 1 ; that is to say, it consists of a tricusp sur- 
rounded by an oval. It is very easy to see that from any 
point within the tricusp we can draw three tangents to it 
and none to the oval ; from any point in the intermediate 
space we can draw one tangent to the tricusp and none to 
the oval ; and from any point outside the oval we can draw 
two tangents to it and one to the tricusp. Such a curve is 
of the sixth order ; and it is singled out among curves of the 

* [This incidental remark scorns noteworthy ; the number in question belongs 
as much, and in the same way, to the tangents as to the points, that is, not pecu- 
liarly to either: but the author’s point of view seems to be a different one. C.] 
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0, Tim naflumblugo of nil Hit* puaitinmi of (lie mnving 
lino. 

It ia vory oaoy but at llm eniuo I ium vory impmlunf f u 
observe that lbu.su uro Ihrou dislinul I bingo, \\V mu mvmo 
toinuil to any 1,1 mt A in tliu fonts of ft (I In* point.) mi. I dm 
envelope of 0 (tlm tungonh). Kvuiy umvo of umiji.iu him mi 
assemblage of points upon it, mid mi (iom<inldago "f Imoi 
touching it; but it in not tlw tunne (hint} h<i uiibur of do u. a „ v 
more tlum tlm uasomhlagu of poinh in tlm nmno t Inn^ on dm 
assemblage of linoH. I ahull illm.lmlu flu's fmdioi l»y tubing; 
fho two simplest and’ moot liiiiduiiiuuod i , ! 0 iu:j, 

Namely, suppose lirul, llmf, tlm , inaluml i.f moving, 
remains always nt rest wliiln tlm lino itumi i.minl ii 'J'lmu 
tho figure A in merely tlm point, itself and im bm } .. r u rinvo. 
it 1ms entirely disappeared; thorn in no iCHumlilago .<1 p>. .itimis of 
tlm moving point, J. 1 or by nil itssnnhlo>fo nl pomf mm. | . »t‘ a jmjui j 
wo imam at lon.st a lino; now n point is nlnohif. lv no lim\ m n 
lino ia no aurfaco, and a am fun? ho hpaeo, C i<« nmv I bn •„ 
bingo of linoa through Urn point. So limn of mu flu. o thing > ,f 
ami 0 remain, wliilo Ii baa out i roly disappi m. d ; but ir i s ,. H 
uoodi ugly obviomi that a point mol I bo mrmml.lago ,.| mioiubf 
linoa through it art? two different fliingi. No\l <mpp><o i),u! 
tho lino romaina atill wliilo llm point niov.i u|..ng ii. T|„.„ 
A. ia tlm straight lino, which wo mu iml mun f„ , n |) 

a curvo. II ia tho assemblage of all flm pool , ,. n I hi. |i„n, 
(/ liaa ontiroly disappeared, for (horn i» im nv.omldage ..I tin. -.j. 
But a al.ra.ight lino ia not |Im> mm m tiling mt all dm pm.,H ,.n ii ( 
tliongii you may think no at liral, To Im n.iainml, uohi. im 

jilaU) Llm othor onao just ooioblmvil ; y.m have jin, i m I. 

riglit to any that a point in flm »aum thing m? all flm 
tlnoiigli it. Ami limn road M. Thonm-i Atpiinan mi dth. .pms 
tion, it you can find llm referenee, whi. h I havu 
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pomks can be found upon another mbihmv M iambi Ihm. 
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For a double parabola, being a curve of tlie third class, 
may break up into a conic and a point; namely, into an 
ordinary parabola and a point at infinity. Among the double 
parabolas which touch the five lines are to be reckoned five 
such degenerate cases, consisting of the point at infinity on 
one of the lines and the conic parabola which touches the 
other four. The focus of this degenerate form is (as is obvious 
from the definition of a focus) simply the focus of the conic 
parabola; whence the corollary follows, and Miquel’s theorem 
is proved. 

Cor. 2. If we take six lines to start with, we may in this 
way determine six circles, omitting the lines one by one. These 
six circles all meet in a point, the focus of the double parabola 
which touches the six lines. 

The transformation (as to its tangents) of .a cardioidal 
curve into a conic and a point is illustrated by fig. 11, which 
represents such a curve very nearly consisting (as to its 
visible points) of a conic and a doubled finite portion of one 
of its tangents. 


IY. 

Developments. 

So far we have considered the following series of propo- 
sitions : 

(1). Given three lines, a circle may be drawn through thoir 
intersections. (Euc. iv. 5.) 

(1 ) . Given four lines, the four circles so determined meet 
in a point. (Well known.) 

(2) . Given five lines, the five points so found lie on a 
circle. (Miquel.) 

(2). Given six fines, the six circles so determined meet in 
a point. (Sect, hi., Cor. 2.) 

I shall now shew that the series is interminable ; that is, 
that %i lines determine 2 n circles all meeting in a point, and 

4—2 
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not a point of contact, there may be drawn one other tangent 
to the curve; the line infinity counting for n, and the class 
being ?i+ 1. Such a curve therefore has always one and only 
one focus. Now a curve of class n 4- 1 is in general deter- 
mined by \ (n + 2) (n + 3) — 1 or £ (?i 3 -j- 5 n + 4«) tangents ; but 
an 7i-fold tangent of given position is equivalent to \n (« ■+• 1) 
single tangents in its effect upon the determination of the 
curve. The number of tangents finite in position which de- 
termine an w-fold parabola is the difference of these numbers, 
2 (« + 1). All the a- fold parabolas, therefore, which touch 
2 n + 1 fixed lines form a singly infinite series ; and it is easy 
to see. that the locus of their foci is a circle. For if we draw an 
arbitrary line through the circular point i, one curve of the series 
can be drawn to touch it, and this determines uniquely the 
tangent from the other point j, These two tangents then, as 
before, are corresponding rays of two homographic pencils, and 
their intersection must trace out a conic through the points i,J, 
that is to say, a circle. 

Now among these w-fold parabolas are included 2n-\-l de- 
generate cases, each consisting of an (n - 1) fold parabola and a 
point, viz. the point at infinity on one of the lines, and the 
(?i- 1) fold parabola determined by the other 2 n. The foci of 
these are therefore points on the circle in question, and we may 
enunciate the following propositions : 

(n). Given 2n + 1 lines, the foci of the 2n + 1 (n — 1) fold 
parabolas each of which touches 2n of the lines are on tho 
same circle. 

This circle is the locus of the foci of ?i~fold parabolas touch- 
ing the lines, and therefore 

(n). Given 2n + 2 lines, the 2?i+2 circles so determined 
meet in a point, the focus of the w-fold parabola touching 
the lines. 

By successive applications of this theorem with suitable 
values of n, we are able to see that the series of statements 
at the beginning of tbis section may be continued indefinitely. 

Let us now inquire what is tho pedal of an w-fold parabola 
with regard to the focus, that is to say, what is the locus of the 
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16 ENUMERATION OP THE TYPES OF COMPOUND STATEMENTS. 

ft; in this case t cannot be less than r + b — ft. First let v be 
even and equal to 2p, where 4sp is not greater than n, Then 
the number of types is 

1 + 2 + 2 + 3 + 3 + ... +p+p+p + 1 

*P+p(2? + l)«2>(jp + 2) 

= i r (r + 1), 2 r^>n. 

Next let r = 2p + 1, 2r }> n ; then the 

* * * * * 

[Prof. Cayley remarks that Prof. Clifford considers, in this fragment, tlia 
further question, how many are the statements of each typo. In tlio oaso of 4 
classes, the results up to the 3-folcl statoment, see Table, p, 12, are as follows : — 

No. of Statomonts, 


1-fold ... 


10 

2-fold, (list. 1 


32 

>. 2 ... 

♦ * ► 

48 

.. 3 ... 


82 

» 4 ... 


8 

3 -fold, dist. 112 ... 


96 

„ 222 ... 


64 

„ 123 ...- 


192 

„ 233 ... 

... 

96 

„ 134 ... 


64 

224 ... 


48 


[ COO 

whero the totals 10, 120, 560, &o. are, of course, the numbers for tlio combina- 
tions of 16 tilings 1, 2, 8, &c. together. 

Prof. Joyous in TJie Principles of Science (Third Edition, p. 148) writes ; 
" In tlio first edition (vol. i. p. 163), I asserted that some years of labour would 
bo required to ascertain even the precise number of types of law governing tho 
combination of four clnsses of things. Though I still bolievo that soiuo years’ 
labour would bo required to work out the types thomsolvos, it is cloavly a mis- 
take to suppose that the numbers of such typos oauuot bo calculated with a 
reasonable amount of labour, Professor W. K. Clifford having aotnally accom- 
plished tho task.” It was on readiug Prof. Jovons’s original statements that 
Prof. Clifford said laughingly, ho couldn’t lot anyone say that and not do it 
straight off. ..it was ‘his luck’ to do quickly difficult tilings which woro usually 
got at by long processes only. 

Dr Hopkinson has drawn my attention to tho fact that tho problems treated 
Of by Clifford and Jevons are different in this respect, that Clifford's rosult 
includes what Jevons calls ‘ inconsistent statements ’.] 
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ON THE HYPOTHESES WHICH LIE AT THE BASES 
OF GEOMETRY* 


[Translation of a paper by fiienifmn, geo V. supra,] 


Plan of the Investigation, 

It is known that geometry assumes, as things given, both 
the notion of sjmeo and the first principles of constructions in 
space. She gives definitions of them which are merely nomi- 
nal, while the true determinations appear in the form of axioms. 
The relation of these assumptions remains consequently in 
darkness ; we neither perceive whether and how far their con- 
nection is necessary, nor, a priori , whether it is possible. 

From Euclid to Legendre (to name the moat famous of 
modern reforming geometers) this darkness was cleared up 
neither by mathematicians nor by such philosophers as con- 
cerned themselves with it. The reason of this is doubtless 
that the general notion of multiply extended magnitudes (in 
which space- magnitudes are included) remained entirely im- 
worked. I have in the first place, therefore, set myself tho 
task of constructing the notion of a multiply extended mngni- 

* [From Nature , Yol. viii. Nos. 183, 184, pp. 14—17, 30, 37. For a Biblio- 
graphy of Hypor-spaoo anti Non-Euclidcan Geometry, boo Articles by Goorgo 
Bmco IlftlBfcod in tho American Journal of Mathematics , Pure and Applied, 
Yol. i. pp. 201 — 270, 381, 385 5 Yol. ii, pp. Ofi— 70.] 
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tote out of general notions of magnitude. It trill follow from 
this that a multiply extended magnitude is capable of different 

measure-relations, and consequently that space is only a par- 
ticular mo of a triply extended magnitude. But lienee flows 
", necessary consequence that the propositions of geometry 
cannot be derived from general notions of magnitude, but that 
the properties which distinguish space from other conceivable 
triply extended magnitudes are only to be deduced from experi- 
ence Thus arises the problem, to discover the simplest matters 
of fact from which the measure-relations of space may be 
determined; a problem which from the nature of the case is 
ot completely determinate, since there may bo several systems 
of matters of fact which suffice to determine the measure- 
relations of space-the most important system for our present 
purpose being that which Euclid lias laid down as a foundation. 
These nmtteis of fact aro-liko all matters of fact— not neces- 
sary but only of empirical certainty ; they are hypotheses. We 
may therefore investigate their probability, which within the 
limits of observation is of course very great, and inquire about 
the justice of their extension beyond the limits of observation, 
on the side both of the infinitely great and of the infinitely 
small. 


I, Notion of an i \~ply extended magnitude . 

In proceeding to attempt the solution of the hist of these 
problems, the development of the notion of a multiply extended 
magnitude, I think I may the more claim indulgent criticism 
hi that I am not practised in such undertakings of a philo- 
sophical nature where the clifllculty lien more in the notions 
themselves tlran in the construction ; and that besides some 
very short hints on the matter given by Privy Councillor Gauss 
in hjs second memoir on Biquadratic Residues, in the Gottingen 
Gelehrte Anzcige, and in his Jubilee-book, and some philosophi- 
cal researches of Hcrbavt, I could make use of no pievious 
labours, 

§ 1. Magnitude-notions are only possible where there is an 
antecedent general notion which admits of different special isa- 
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tions. According as there exists among these specialisations a 
continuous path from one to another or not, they form a con - 
tinuous or discrete manifoldness : the individual specialisations 
are called in the first case points, in the second case elements, 
of the manifold ness. Notions whose specialisations form a 
discrete manifoldness are so common that at least in the culti- 
vated languages any things being given it is always possible to 
fiud a notion in which the} 7 are included. (Hence mathema- 
ticians might unhesitatingly found the theory of discrete mag- 
nitudes upon the postulate that certain given things are to be 
regarded as equivalent.) On the other hand, so few and far 
between are the occasions for forming notions whose specialisa- 
tions make up a continuous manifoldness, that the only simple 
notions whose specialisations form a multiply extended mani- 
foldness are the positions of perceived objects aud colours. 
More frequent occasions for the creation and development of 
these notions occur first in the higher mathematic. 

Definite portions of a manifold ness, distinguished by a mark 
or by a boundary, are called Quanta. Their comparison with 
regard to quantity is accomplished iu the case of discrete mag- 
nitudes by counting, in the case of continuous magnitudes by 
measuring. Measure consists in the superposition of the mag- 
nitudes to be compared ; it therefore requires a means of using 
one magnitude as the standard for another. In the absence ol 
this, two magnitudes can only be compared when one is a pari 
of the other; in which case also we can only determine the 
more or less and not the how much. The researches which car 
in this case be instituted about them form a general division ol 
the science of magnitude in which magnitudes are regarded no! 
as existing independently of position and not as expressible 
in terms of a unit, but as regions in a manifoldness. Sucl 
researches have become a necessity for many parts of mathe- 
matics, e.g., for the treatment of many-valued analytical func- 
tions ; and the want of them is no doubt a chief cause why the 
celebrated theorem of Abel and the achievements of Lagrange 
Pfaff, Jacobi for the general theory of differential equations 
have so long remained unfruitful. Out of this general part o 
the scionce of extended magnitude in which nothing is assume,! 
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Oh these suppositions, the linear element may be any homo- 
geneous function of the first degree of the quantities dx , which 
is unchanged when we change the signs of all the dx, and in 
which the arbitrary constants are continuous functions of the 
quantities x. To find the simplest cases, I shall seek first an 
expression for manifoldnesses of n— 1 dimensions which are 
everywhere equidistant from the origin of the linear element; 
that is, I shall seek a continuous function of position whose 
values distinguish them from one another. In going outwards 
from the origin, this must either increase in all directions or 
decrease in all directions ; I assume that it increases in all 
directions, and therefore has a minimum at that point. If, then, 
the first and second differential coefficients of this function are 
finite, its first differential must vanish, and the second diffe- 
rential cannot become negative ; I assume that it is always 
positive. This differential expression, then, of the second order 
remains constant when ds remains constant, and increases in the 
duplicate ratio when the dx, and therefore also ds, increase in 
the same ratio; it must therefore be ds 2 multiplied by a con- 
stant, and consequently ds is the square root of an always posi- 
tive integral homogeneous function of the second order of the 
quantities dx, in which the coefficients are continuous functions 
of the quantities x. For Sx>ace, when the position of points is 
expressed by rectilinear co-ordinates, ds — J X {dx ) 2 ; Space is 
therefore included in this simplest case. The next case in sim- 
plicity includes those manifoldnesses in which the line-element 
may he expressed as the fourth root of a quartic differential 
expression. The investigation of this more general kind would 
require no really different principles, but would take consider- 
able time and throw little new light on the theory of space, 
especially as the results cannot be geometrically expressed ; I 
restrict myself, therefore, to those manifoldnesses in which the 
line-element is expressed as the square root of a quadric diffe- 
rential expression. Such an expression we can transform into 
another similar one if we substitute for the n independent vari- 
ables functions of n new independent variables. In this way, 
however, we cannot transform any expression into any other; 
since the 1 expression contains n (n + 1) coefficients which are 




AT THE BASES OF GEOMETRY. 


63 


this by the square of the infinitesimal triangle, whose vertices 
are (0, 0 , 0 , ...), (x i} &' 3 > • ••)* dx 2) dx a , ...). T-his quan- 

tity retains the same value so long as the x and the dee are 
included in the same binary linear form, or so long as the two 
geodesics from 0 to ee aud from 0 to dx remain in the same 
surface-element ; it depends therefore only on place and direc- 
tion. It is obviously zero when the manifold represented is 
fiat, ie., when the squared line-element is reducible to tdx 2 , 
and may therefore be regarded as the measure of the deviation 
of the manifoldness from flatness at the given point in the 
given surface-direction. Multiplied by ^ it becomes equal to 
the quantity which Privy Councillor Gauss has called the total 
curvature of a surface. For the determination of the measure- 
relations of a manifoldness capable of representation in the 
assumed form we found that place-functions were 

necessary \ if, therefore, the curvature at each point in n (?i 1) 

surface-directions is given, the measure-relations of the con- 
tinuum may be determined from them— provided there be no 
identical relations among these values, which in fact, to speak 
generally, is not the case. In this way the measure-relations 
of a manifoldness in which the line-element is the square root 
of a quadric differential may be expressed in a manner wholly 
independent of the choice of independent variables. A method 
entirely similar may for this purpose be applied also to the 
manifoldness m which the line-element has a less simple ex- 
pression, e.g., the fourth root of a quartic differential. In this 
case the line- element, generally speaking, is no longer reducible 
to the form of the square root of a sum of squares, and there- 
fore the deviation from flatness in the squared line-element is 
an infinitesimal of the second order, while in those manifold- 
nesses it was of the fourth order. This property of the last- 
named continua may thus ho called flatness of the smallest 
parts. The most important property of these continua for our 
present purpose, for whose sake alone they are here investi- 
gated, is that the relations of the twofold ones may he geo- 
metrically represented by surfaces, and of the morefold ones 
may he reduced to those of the surfaces included in them ; 
which now requires a short further discussion. 
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AT THE BASES OF GEOMETRY. 05 

i,e, } about those in which the square of the line-element is 
expressible as a sum of squares of complete differentials. 

In a flat ?i-fold extent the total curvature is zero at all 
points in every direction ; it is sufficient, however (according to 
the preceding investigation), for the determination of measure- 
relations, to know that at each point the curvature is zero in 
n (n — I) independent surface-directions. Manifoldnesses whose 
curvature is constantly zero may be treated as a special case 
of those whose curvature is constant. The common character 
of these continua whose curvature is constant may be also 
expressed thus, that figures may be moved in them without 
stretching. For clearly figures could not be arbitrarily shifted 
and turned round in them if the curvature at each point were 
not the same in all directions. On the other hand, however, 
the measure-relations of the manifoldness are entirely deter- 
mined by the curvature; they are therefore exactly the same 
in all directions at one point as at another, and consequently 
the same constructions can be made from it : whence it follows 
that in aggregates with constant curvature figures may have 
any arbitrary position given them. The measure-relations of 
these manifoldnesses depend only on the value of the curvature, 
and in relation to the analytic expression it may be remarked 
that if this value is denoted by a, the expression for the line- 
element may be written 

1 

1 ^ aXx* 

§ 5. The theory of sw'faces of constant curvature will serve 
for a geometric illustration. It is easy to see that surfaces 
whose curvature is positive may always be rolled on a sphere 
whose radius is unity divided by the square root of the curva- 
ture; but to review the entire manifoldness of these surfaces, 
let one of them have the form of a sphere and the rest the form 
of surfaces of revolution touching it at the equator. The sur- 
faces with greater curvature than this sphere will then touch 
the sphere internally, and take a form like the outer portion 
(from the axis) of the surface of a ring; they may be rolled 
upon zones of spheres having loss radii, but will go lound 
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Now il seems that llm oinpirieal notions on whieh llm metrical 

iniiint ioiia nf spare are founded, llm notion of a solid body 
and of a ray of light, reuse to In* valid for tlm infinitely small. 
Wo are I herofore guile nl liberty l.o supposo that (dm metric. 
I'olal ions of spare in llm infinitely small do not. emiform to tlm 
hypotheses »»f geometry ; and wo ought, in liml. to suppose it, il 
wo run llmrrhy olilain a nintplrr explanation of plmnonmna. 

Tlm ipmstiou of llm validity of tlm hypotheses of geometry 
in llit* iiiliiiiloly iimidl is liomnl up with tlm ipmstiou ol llm 
ground of tlm mol riu volutions of spurn. In this last ijunsiiou, 
whirl) wo may still regard as belonging to tlm dortrino nfspueo, 
is found I ho appliral iou of l.ho remark mudo ahuvo; that in a 
ilisnolo manifold ness, llm ground of its metric rolationa is |jji von 
in I ho not ion of it, whilo in a mint humus nmnifoldimss, this 
ground must rimio IVoiti oulsido, Kithor tlmmloru tlm reality 
wddrli uuilovlios npuro must form a discrolo nuudlohlnoss, or wo 
niii.it lii'ok llm ground of its motrio eolations oulsido it, in bind- 
ing I'.nofs whirli not upon it. 

Tlm utiswor lo 1 1 man ipioiitioiis ran only 1 ms got hy starting 
from tlm roneepl ion of plioiioumuii whirli has hitherto burnt 
jii'il itii'd by osporioiiro, and which Now Ion assumed as a loun- 
ihtlion.aud hy making in this eoneoption llm successive changes 
tvpiitcd 1 1 y lari i wliirli it eauuot explain. Researches starling 
liom >;oMiil not ions, like llm investigation wo have just mudo, 
. an only ho useful in preventing this work from bring ham- 

pmed hv arrow views, ami progress in kitowlrdgo ol llm 

iul. idrp, nd«*m e of filings from Iming cheeked hy tradiliomd 

pit jodiro l. 

‘1*1,;,, |„,udn us into llm donmiu of another science, ol physm, 
iniM whn h tlm object of this work tines not allow us to go 

to .day, 
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v\ !), ( inomnlrio ilhialml ion, 

I-. Hal, nmniliiMuniiJuvi (in whirli llm ourvutmo is ovoi\y-- 
wIh’I'i’ ()) may In* Imah-d as a sjmrial rasa of manifold- 
in'H-n*:i wil.li i*i i ji;il .a 1 1 1. oiirVnlnro. Tlmao run also ho 
ih l’mi'tl h i ailmil I ill!. 1 ; an iiidojiondrinv of ml'old oxlnllls 
in ( Im'iu I mm jmait iim (|io:i:iihility of mill ion without 
iil i rlrliinj^). 

tj, , f i. Smfnrra with roust uni iMivvaiuiv, 

M 

1 1 1. Apjilii iilion hi Sjiun*. 

§ I, Sy nh* lit of I’m tin whirlt nuMiro to dotnrmhm llm mra- 
iiurr -rolul inns of sparo ussuiurd in gnomntry. 

g 1 1 n\v lar is llm validity of tlirso rmpirirul dotonmnn." 
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state one or two other properties of tlie figure. The present 
communication is confined for the most part to the case in 
which n — 4 ; in a second we hope to notice some peculiari- 
ties of the higher plane cases, and to state the true analogues 
of Pascal’s Theorem in Geometry of Higher Dimensions 

2, Of the mn-intersedions of two curves of the with and 
nth degrees, if pn lie on a curve of the pth degree , the re- 
maining (m —p) n will lie on a curve of the (m — _p)th degree 
(p "being less than m, and n not greater than m). 

Let U m , U n > TT P be three curves of degrees m, n, p, respect- 
ively. Since U m passes through all the intersections of U n 
and U p , U m must be of the form 

+ ( 2 ); 

but U m is of the with degree and JJ V of the pth, therefore ^ must 
be of the degree wi — p\ but ty = 0 passes through all the 
remaining intersections of U m and U n . Therefore, &c. q.e.d. 

This includes (when m = n) the well known theorem of 
Salmon’s Higher Plane Curves , Chap. ii. Sect. 1, Art. 2 4. 
And the latter at once gives the property that the n exeunts 
of (1) lie on a right line. For we have two systems of n right 
linos, and a curve of the (n - l)tli degree passing through 
n (ji _ X) of their intersections ; therefore the other ?i intersec- 
tions lie on a right line. In its general form the theorem 
shows that we may erase any of the rows of the symbol (1) 
(which wo call the “ index” of the figure) without destroying 
the property of the exeunts. 

3, "Wo shall have occasion to use Prof. Cayley’s theorem, 
that l< every curve of the with order, (wi not being less than 
n or p, nor greater than iiTp-3), which passes through all hut 
i ( n +p- m - 1) (n +p-m — 2) of the intersections of tiuo curves 
of the nth and ptli orders , passes also through the remaining 
intersections The form (2) contains £ (m - n) (m - n + 3) con- 
stants in cf> } % {in - p) (wi - p + 3) in f , and one constant of mul- 
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we form the equation A 4- B 4- G — 0 to express that the 
points A, B, G lie on a right line, and so for the rest. Now 
let us take a as an abbreviation for the quantity A + B + G, 
and so on. Thus a 4- b -f c 4- d includes all the twelve points, 
and so does a + ft 4- 7 4- 8. Hence 

cid"&4*c + cZ~: ct 4~ /3 4* 7 4- §, 

and therefore if seven of these quantities vanish, the eighth 
must vanish also. But we know that a, b, c, cl, /3, 7, 8 all = 0, 
therefore a. — 0 also, or FHL is a straight line, 

6. An octolateral has six diagonals which intersect by pairs 
in three points of the curve lying on a right line. 

With the notation of the last article, each of the quantities 
a, b, c, d\ a, /3, 7, 8 is identically zero. So therefore is any 
quantity formed from them by addition or subtraction. Now 
consider the identities 

(ct 4~ b 4- a (3) — (c + cl 4~ 7 4* 8) 2 (A 4- F) — (N + G) ) 

(a 4- c + ft 4- 7) — (b -j- d 4-/3 4- 8) 2 (B 4- FT) — ( E 4- hi) i (4), 

(cl 4- d 4- a 4“ 8) — (b 4- c 4-/3 4- 7) ~ ip 4“ L) ~ (B 4- E-)\ 

If AF meet the curve in P, so that A 4- P4- P = 0, we must 
have also N 4- G 4- P - 0, since A 4- F= Ff A G identically. 
That is, AF and NG meet the curve in the same point. 
Similarly for BII and EM, CL and DK. Call these points 
P, Q, R. Then, if we form the six equations like AaFa P =0, 
and add them all together, we have 

2 (P4- Q + R) + A aB + C + D + ... = 0) 
therefore P4-Q4-P=0, or PQR is a straight line. 

7. By aid of this property we may consider the octolateral 
from an entirely different point of view. 

The cubic passes through all the intersections of AF, 
7 , 8 with NG, a, b. Therefore its equation may be written 

AF.y8 + NG. ab - 0 (6), 
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-where, for shortness, AF represents the perpendicular from a 
current point on AF, so that AF = 0 is the equation to AF. 

A constant multiplier is of course supposed. 

Now if wo consider this equation generally, it contains 
thirteen independent constants, viz. two for each, of the six 
linos, aiul one constant of multiplication. But the general 
equation of the third degree contains nine constants ; we may 
therefore, as the cubic is given, assume four points m (5) anc 
the rest will ho determined. Assume then P, the intersection 
of AF and NG, and the points A, A. These determine the 
straight linos PAN, PNG, and we have still one point at our 
disposal. Choose any point J3 for the intersection of a and 7 ; 
ioin All which is a, and then 0, the third point where it cuts 
the curve, will ho n point on S. To find % S we have a choice 
of two constructions; wo may join either BP, GG, oi ±>U-, 
CN\ we adopt the former. If BN meet the curve m A and 
C G in E, then the form of equation (o) shews that FDE is 
a straight lino, namely, 6 . We have constructed then the fol- 
lowing portion of tlvo index (3), 


K 


* 


B, 

By 

* 

N, 


G 

E 

G 

* 


( 6 ). 


Tho point P is of course not represented. 

Now choose another point M, and use it as B was USC P 
before to obtain three more points II, K, L conespon mg 
EO I). Wo liavo then a second equation to the cubic 

AF.cd + NG.«& = 0 ( 7 ), 

and wo may complete tho symbol ( 6 ) in the form 

1, A> B t O' \ 

E, 2, P> E 
B, It, 3 , G 
.L, M f N, 4 J 


the oxounts 123 4 being now determined. 
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all angles, lengths, &c. may be expressed as graphic functions of 
these two points. For example, the angle between two straight 
lines is a certain function of the anharmonic ratio in which they 
cut the line joining the circular points. The general principle 
may be thus stated: — Whenever we speak of the metric proper- 
ties of loci, we consider the loci, not by themselves, but in con- 
nection with another fixed locus, called the Absolute. Thus, in 
the case of Plane Geometry, the Absolute is the two circular 
points at infinity. 

The second consideration is derived from the Higher Algo- 
bia, M. Magnus has proved that linear transformation is virtu- 
ally equivalent to projection, and that graphic properties are in 
fact those which are unaltered by linear transformation. Now 
it is one of the propositions of the Higher Algebra, that when 
we consider any set of loci, the invariants, or functions of the 
coefficients, and covariants, or connected loci, which are un- 
altered by linear transformation, are limited in number. All 
graphic properties, therefore, may be stated in terms of a finite 
number ot expressions. Now combine these considerations; first, 
that Metric Geometry may be' analytically reduced to Graphic;’ 
and, secondly, that Graphic Geometry is necessarily of finite ex- 
tent and exhaustible; and it will, I think, be abundantly evident 
that Analytical Metrics ought to be studied. 

As to the mode of proof, I have freely made use of known 
results both in Pure Geometry and in Cartesian Coordinates, 
though the formulas are to be regarded as referring primarily to 
systems of coordinates in which the equations are homogeneous. 
It is, of course, possible to start Coordinate Geometry from defi- 
nitions or axioms, without referring at all to any other science, 
such as Pure. Geometry; aud in this way one may arrive at the 
results even of Metrics. But the course here adopted seemed 
to be, in existing circumstances, shorter. Those who wish to 
seethe subject handled scientifically, must refer to Prof. Cayley's 
Sixth Memoir upon Quantics. 

2. I give here two sample modes of jnoof, which together 
will suffice to prove most of the propositions which follow. 
Proofs which are similar to these will hereafter be omitted. 

clif, a 
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the angle between A and B j this is therefore its value in all 
other systems of coordinates. 

The function (f> is called the Absolute, and the determinn-' 
tion of its form is an important part of our subject. 

Note, (a) The function used in proof (A), and called J y 
will occui very often in the sequel. Suppose we have a number 
of linear equations equal to the number of variables in each, 
and that we form the determinant which is the result of elimi- 
nating the variables from these equations; then this determi- 
nant is called their Jacobian, and will be denoted b yJ(LMA r ...), 
where L = 0, M= 0, &c., ... are the linear equations. 

(/3) The abbreviation oo = 0 will be used to represent the 
equation to the line, &c. at infinity; so that J (LM go ) means 
the result of eliminating the variables between L = 0, ilf = 0, 
and the equation to the line at infinity, 

(7) In the demonstration ( B ) it is important to remember, 
that when we put for A and B their Cartesian equivalents, 
these expressions are transformed by the same substitution ; so 
that if A is changed to A', and B to B\ lA+mB will be 
changed to IA' + mB\ The proof depends on this. It would 
not be ^sufficient to know that A = 0, in a homogeneous system, 
and A — 0, in Cartesians, represent the same straight line, be- 
cause then a constant factor might be introduced, of which we 
should know nothing. 

(S) The method of comparison of dimensions, made use of 
almost exclusively in the following sections, requires a little 
explanation. In the first place, all the functions employed arc 
integral functions; so that it is quite legitimate to say “Because 
A always vanishes when B does, therefore A contains B as a 
factor. Secondly, every expression must contain some factor 
depending on the coefficients of the “Absolute;" but these fac- 
tors will be systematically disregarded, as they are only numeri- 
cal, and can easily bo determined by reference to any simple 
particular case. These things being so, the method of compari- 
son of dimensions amounts simply to this; when we have proved 
the existence of factors enough to account for all the dimensions 

6—2 
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or linear transformation. On these accounts I propose to call it 
a Qraphometric function. The reason why a new name is needed, 
is that there are other Qraphometric functions, which are natu- 
rally presented by analytical metrics. For instance, it will be 

? 7 nntnrU e AB0I>BF are six P oints “ » plane, the ratio 
{ABU) (DFF) , 

(ABB) (CEF) * betweeu tbe products of the triangles they con- 
tain, is grapliometric, or independent of projection though 
expressed in terms of areas. And it is natural to suppose that 
these and similar functions will he important in Solid Geometry 
because the analogous function, namely, anharmonic ratio, is so 
important m Plane Geometry. For this reason I shall, in what 
follows, pay particular attention to Graphometrics. 


III. Points, Lines , and Circles. 

• ies P ect of one ^ ue the expression considered 

is ,<p (L), whose evanescence is the condition that the line shall 
pass through one of the circular points. If the line he in Carte 
sians, It 0 + my + n = 0, then 

<f>L=P+m\ 

that.is, it is of the second order in the coefficients of L, and its 
discriminant vanishes. We have, also, 

0 {XL + fxM) = A 2 (l» + m?) + 2ty (l^ + mj m 2 ) + (P + m *) . 

or (. L , Jf) -j- ’ ^3^ 

so that in any system of coordinates the function tylLM) thus 
foimed, is the condition that L and M may be at right angles 
In the same, way, or from the nature of the case, it is seen that 
the condition that ( 3 ) may ho a perfect square is the square of 

the condition that L and M may bo parallel, or may meet on 
the Imo at infinity; that is 

(jiL . <j>M- (yjrLMf s J ( LM oo ) 2 * ,(4j* 

In respect of three lines the function J(LMN) will be con- 
sidered. 

* The equation to tho lino at infinity will bo found from 
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each of llm linen, wo must, have 

f ( f>, l A I m/f |- «f 0 :: /f .1 P | infill) + ufflP, 

no llml, if /, in, a urn regarded mi vitriuhloM, tins (an^ontial 
i*i|tmlinu In (lm point, ul, inliiiily in n dherUon perpendicular 
lu J> in 

/ . fAI> Inn , fill) | n.f(V); ,o t 

We have ji’nnihn* «m 1 1 1 u I i n m h lor poiiiht no Commoted with K 
mid i\ Util, ihcMo three point n, heinj.*; nil ul. infinity, are in 
the Miune jihnij'ht, tine ; we nntiil ihciefore lmvn identically 

fAD, flip, fCt) 0; 
fAl\ flit-:, f<W 
fj i'\ fiir, fry 

llml in l*i .'cry 

c.ri (A J>), n.a (IIP), con (Cp\ j li (7), 

« o>i(.l /;>. mu ( /f/7), con (l 7', ) I 

eon {.I /■'), con (///'*), con (f *P) i 

where ,1. II, t \ IK /;", /'"me mi y nix linen, 11 y iiiukiii)' /I, it, ( ' 
toinciih* with />, l', /" re (.p» t lively, we obtain llm rehilimi which 
exi'tln mn**ic ( * ill** ci»!iinc;i i»l fhn luijjlen el a iriuit^lej hill, Iho 
stipjju u»e limit Icniiim *h 

The the. men (7) may ahm he proved indiieelly im hdlowa 
Form the let ipmrul ileleindimuf. exprcii itnp( llm minora hy 
the help ef (til ; it will lit’ found l«» vuuhdi ideiil icntlv. 
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thus we have 

Ooo 2 . <j>AB = Aco 2 ,(pEO + 2.4 co . Boo (AG, BO) 

+ i?co 9 .^a.....(8), 

or AB'^BG'+OA' + ZBC. 04 cos (56', 04). 

By means of the identity (8) I propose to find the' value of 
the determinant 

<f>AE, (pBE, </> GE, 4>DE, Eos 2 
c pAE, cpBE, <fc GF, <pDE, Eoo 2 
c pAG , (f)BG , <pGG, <pDG, Goo 2 
<pBIf, $0E, <pDH, Hoo 2 
yi co 2 , I? co 2 , C7co 2 , Deo 2 , 0 . 

Take any point 0, and substitute for the several constituents 
fcy the formula (8). Then by subtracting the. last row and 
column, with proper multipliers, from each of the others, we may 
□reduce the determinant to the form 


ir(OA, 0E) ) ^(0B ) OE), f(0 0, OE ), OD , 0E) t Eoo 

OA , OE), OF), \p'(0G, OE), OD , OF), F cc 

f(0A, 0G),^{0B, 0G),f(0Q, OG ), OD , OG), Goo 

OH), yfr (OB, OH), f (OG, OH), f(0D, OH), H co 

Aoo, B co , G co, D co, 0 


multiplied by 


Aoo , Boo , Goo. Dec, Eoo , Goo , Hoo 
__ 


But by 


{7) every term of this vanishes identically. Hence we obtain 
the relation which connects the distances of four points, 1234, 
from four other points, 5678 : 


15 2 , 25 2 , 35 2 , 45 2 , 1 

1G 2 , 26 2 , 36 2 , 46 9 , 1 

17 9 , 27 9 , 37 2 , 47 s , 1 

18 2 , 28 2 , 38 2 , 4S a , 1 

1 , 1 , 1 , 1 , 0 


= 0 . 


When 1234 are identical with 5678, this gives the relation 
between the distances of any four points in a plane. 



00 


ANAWTIt'AI. Ml IHI< >. 




H, Tim iiitii fif' Hih ftiimt'!'' l«'i 1 1 «* * I ■ ■ 
7/, jif, N in tin* iw ( l*!if Moo 4 l’.’* -■ !‘ 

LM j Mini. in 


j( t w<v, n, Mt) ; . v 1 

jl'/iv cio , iV7/«o AJ/ •/) ! ./ (d/ .V • 1 ■ ‘A * 

This I will 1 wriln *»1 * 11 f 
notation it in ousy to him* that 


u^'^+L.JOiX * i. a.-,; 


mii.-lniu ‘ 


r 
u ; 


and ho on. 



Ill tilt! 0|i;|0 of ni\ Uoli.'-'O. i! sf t'l 

donolo tho iuvu of tin* hnoudo 

A(l:i:n.\f'M .1 \'.:i j s. o 
A(i*JUAi:ui)‘' j I;'*., x ' 


and Lliorolmo llmf ( hi?- tom i-iioo r- . ■; 

jirujnisil-iun in no! (nio in j *., * . * | t . ji . . 

motrio liim tinu of iln.i jno-,. ,1.,, , ... 
multiplied hv >'oin*T jii.wri >'5 II, , , c" ■ - ■■■> 
fiiblo. Now II in of ( i Vo S.-4 : i?.. „ ... i. ,,H 

J of olio J I III* Iniohon inn 4 >! .. 

si 

tlii« in lomiif oftlm r„ : J‘U f‘ *- if. J 


(hum r 
' Hfw= * 


I 

... 


if 


l!i.iii .1 v '*“ 1“ ;l ‘ i' 

t-r «||| J j ;U j 



ANALYTICAL METRICS. 


91 


This function I call for convenience tlie Projector of the 
triangle, and denote by P (ABC). We have, of course, 

P(ABC) ,P(DEF) J(ABQ),J(BEF) 

P (A BD ) . P (GEE) J (ABB ) . J (GEF) 1 

and this ratio is therefore unaltered by projection. 

By means of the transformation (8), and its reciprocal 
<j>0 . J (AB oof ~J (BO a> ) 2 . <M 

+ 2 J (BO oo.) . J(A0 oo ) . yjrAJB + J (40 co ) a . <f>B, 

the following theorems may be easily proved : 

(«) <j>AD, cf)AE, <f>AF, A oo 2 
0£D, j>BE } cf)BF, B co 2 
<J>CB, <}>CE, 4>CF, Oco 2 
B co a , E oo 2 , Pm 2 , 0 

= J(ABC).J(DEF).Acc.B<x,Ck.Dcx>.Ec».Fco 

(in points). 

(0) J (AD co ) 3 , J (AEco f, J (AF co ) 2 , 0A 
J(PPco) 2 , J(BE<x>f, J{BFx>)\ 0P 
J(GDn)\ J(GEoo)\ J (OP co) 2 , 0(7 
0J7, 0P > 0 

= J(BC<x>). J(CAco ).J(ABcd).J(EFco).J(FDco).J(DE*>) 

(in lines). 

And, in the process of proving them, we obtain 

(V) 4. (OyI, OD), f (OA, OE ), * (OA, OF), A co 

4. (0J3, 02>), * (OB, OE), * (OB, OF), Bco 

4.(00, OD), *(00, OE), *(00, OF), 0 co 

Doo, E'co , Fc o, 0 

= J(ABO).J (DEF) . 0 co ‘ (in points). 
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fAD, 

' fAF, 

fAF, 

tyBD, 

fBF, 

yjsBF, 

-fCD, 

fGE, 

irCF,' 

<j>D 

<f>F 

4>F 

J{OF 00 ) 

J(OD co)’ 

J {OF co)> 


<f*A 

J ( OA co ) 
<j>B 

J {OB co) 
<f>C 


J{OOoo) 

0 


,1(0 A. oo ).J(OJim ).J(0 Gn ).J (00 co ).J(01im),J(QFm ) 
(in lines). 

To these may be added 


(e) \AL, BL , GL 
AM ; caf 

^UV, GiV 

The interpretations of these are ; 
(«) 


= J (ABC). J {IMF ) 

(in points and lines). 


= area (123) x area (456) 


14 a , 15 2 , 16 3 , 1 
24 a , 25 s , 2G a , 1 
34 a , 35 2 , 36 8 , 1 
1 > 1 ) 1 , 0 _ 

(where 14 denotes the distance between the points 1 and 4). 

(fi) | sin 2 14, sin 3 15, sin 2 16, 1 ‘ 
sin 2 24, sin 2 25, sin 2 26, 1 
sin 2 34, sin 2 3 5, sin a 36, 1 
1, 1, 1, 0 

= sin 23. sin 31. sin 12. sin 66. sin C4. sin 45 

(where 14 denotes the angle between the lines 1 and 4) 


(7) 


cos AOD, cos A0E t cosAOF, ~ 
cos BOD, cos BOB, cos BOF, -~ 

cos GOD, cos OOE, cos OOF, -j~j 

_L J 1 
OB’ . OB' OF’ . 

_ urea AB O area DBF 

- OA . OB . OG'ODTOMTOF ^ in P oints )« 
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<S) 


COS AD, cos AD, cos AF, . 

sm(M 

cos BD, cos BE, cos BF, -JL^ 

sin OB 

cos CD, cos GE, cos OF, . * 

’ sm 0(7 


sin OX)’ sin OE ’ sin OX” | . 

sin ff(7 . sin CM , sin A B sin EF . sin FD . sin DE 
~ sii‘ CA . sin DB .sin OG' sin OD . sin OE . sin OF ‘ 


(e) AD, BL , QL ~ area Ox projector of UiiY, 
JJf, iXY, C¥ 

M2IT, J?iV, GiY 

where ABO are points, and LMN lines, and AL is the perpen- 
dicular from the point A on the lino D. 

The interpretation of the identity 

AM, BM | = U ’ AB > - J ( LM ’ A ’ B > 

is AL, BL = projector of L, M, ABx distance AB, 

AM, BM = area of LM, A, B x sin LAI, 

where AL is the perpendicular as before. 


Circles. 

9. To find the equation to the circle whose diameter is the 
line joining the intersection of A and B to the intersection of G 
and D. 

The circle is tlie locus of the intersection of two lines at 
right angles to ono another drawn through the two points. Now 
if A = JcB and <7 = Ic’D are at right angles to one another, we 
must have 

f {A-hB, G~ h’D), 

or fAC-lc.fBC- lofAD + kk'fBD = 0, , 
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ANALYTICAL METRICS. 


( 7 ) Envelop of a line , the product of whose distances from 
two Jiwed points is constant. 

Ans. (A*) (B*) = &M «o . B<x > . (*), 

a conic inscribed in the quadrilateral formed by joining -4 and 
B to the two points of <f>, 

(S) Envelop of a line of constant length resting on two 
given lines. 

Ans. ( LM*)* = . J [Lac *) 2 . J (M oo *). 

Let a be the point LM, {3 the point Lac , 7 the point Mac ; 
then if we remember that any point on the line ap, i.e. at 
infinity; has its equation of tlie form h + w/3 =0, this equation 
may be written 

« 2 («/3 3 + 26/? 7 4- c 7 2 ) = W- 

a 26 | c _ ^ • 

ol ‘ f + Pt + W"*' 1 

the envelop is therefore the tangential inverse, in respect of the 
triangle ct/Sy, of a conic in respect of which a is the pole of /3y. 
It is obvious from tlie figure that each of the lines L, M , 
touches at two cusps, so that the curve is of the sixth order. 
The equation shows that the line at infinity (fly) is also a 
double tangent, and when L, M are at right angles, h 0 , and 
the line at infinity touches at two cusps, 

(e) Envelop of a line cut by three given lines m given 
ratios. 

Ans. \J (ME *) . J (Lac *) + gJ (EL*) . J (M 00 *) 

+ vJ(LM*)J(N*c*) = 0, 

a parabola touching the three given lines, 

The utility of the method in questions of this sort is still 
more evident in the case of curves and surfaces of the second 
order. 
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V, Planes and Points in Space. 

Expressions Considered, 

17. In Geometry of Three Dimensions the absolute is an 
imaginary circle in which the plane at infinity cuts any sphere. 
The condition that a plane A = 0 may touch this circle, is of 
the second order in the coefficients of A, and may bo written 
(yi) = 0. This being so, we have, as before, 

<j} (\yl d- fiP) 3 X 2 c/> (vl) + 2 \fi . ^ (A, B) + fp . $ (71), 

wlioro tho function ^ (A> B ) is of the first order in the coeffi- 
cients of each of tho two planes, and vanishes only when they 
are at right angles. 

Tho condition that a point a ~ 0 may be at infinity is of the 
first order in tho coordinates or coefficients of tho point, and 
may bo writton a co = 0. 

Tho condition that four planes A, B, G, B = 0 may mod- in 
a point, is that the determinant formed with their coordinitlr;i 
or coefficients, that is to say, their Jacobian, shall vanish, Tliw 
I express by tho equation 

J (ABGD) = 0. 

Tho condition that three planes A, B , 6'= 0 may meet, at. 
infinity, or, which is tho same thing, may be parallol to lie 
samo lino, is accordingly 

J (A BO co ) = 0, 

18. Tho form of tho absolute </> is found exactly as in plium 
geometry; I will thoroforo anticipate a formula, and give i* 
horo. Wo have generally, 

(f) (lx -I- my + nz -I- sw) ~ l 2 <\> (x) +, . .T 2 mnf (y, z) +. . . . 

Now by moans of the formula 

cos 
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this becomes, in quad rip] anar coordinates, 

(p (J$ q- my + 9i-2’+ sw) =■ $ 2 + wv + 9i 2 + s 2 — 2 mmi cos (y, z) — , . 

and in tetrahedral coordinates 

(te + my + nz + sw) s ZV + . . . - 2mn . . cos (y, e) - . . . , 

in both of which cos (y, 3) means the cosine of the internal angle 
between the planes y = 0 , a = 0 of the fundamental tetrahedron, 
and a, / 3 , 7, 8 are tlie areas of the faces. The equation to the 
plane at infinity is then found to be, in the quadriplanar 
system, 

-Re + Qy + Mz + = 0, 

where P s = 1, -cos (y, z), - cos (y,w) 

- cos (y, «), 1, — cos (#, w) 

- cos (y t w), — cos (z, w), 1 

It is convenient to call P the sine of the solid angle yzw (M. 
Paul Serret). If we write A t B, G, D for the solid angles of the 
tetrahedron, then 

sin A _ sin B _ sin G __ sin D 

“ ' j3 T“~ s 1 

and the equation to the plane at infinity, in tetrahedral coordi- 
nates, is 

$78 sin A (x + y + z + w) — 0. 

Fundamental Propositions . 

19 , The following propositions may be proved by Cartesian 
coordinates, 

A, If a plane touch the imaginary circle at infinity, 

(a) Every area measured on the plane is zero. 

(b) Every perpendicular distance from it is infinite. 

(c) Of every angle on the plane, the sine is zero and tlio 
cosine unity, . 

id) Of every angle made with the plane, the sine and cosine 
are infinite. 
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B, If a straight lino meet tlie imaginary circle at infinity, 

(а) Every length measured on tlie line is zero. 

(б) Every perpendicular distance from it is infinite. 

(c) Of the angle between any two planes through it, the 
sine is zero and the cosine unity. 

{d) Of every angle made with it, the sine and cosine are 
infinite. 

G. If a point bo at infinity, 

(a) Its perpendicular distance from any plane or straight 
lino not passing through it is infinite, 

(b) The vein mo of the tetrahedron which it forms with 
any other tlueo points not in the same plane with it is infinite. 

(c) Tlio area of the triangle which it forms with any other 
two points, not such that the plane of the triangle touches the 
absolute (see prop. A, a), is infinite. 

(d) Its distance from any other point, not at infinity, is 
infinite. 


Formula) of Adaptation . 

20. Those aro to be deduced from the propositions' just 
stated precisely in the same way as the corresponding formulas 
in Piano Geometry wore proved. I postpone for the present 
the consideration ot formuho relating to straight lines. 

Tho volume contained by four points a, b, c, d is 
J (abed) 

a oo . b co . o co . d co 

If the points aro given as tlie intersections of four planes, 
A, B, 0, J), tlie expression becomes 

( JfjlBCtyY __ 

J7jJGJTvT)7J ( CD A co' ) . J {DAB co ).J {ABG oo ) 1 

Tho avoa contained by three points a, b, o is 

*/(/> ( abc) 
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.1 now juovii <’(>rlitin known (.Ik'ihvihh of ilolonninuulH, 
which mu inrlul in lit in mu) > jcn <f . 

( -ill iMit|(T live plmit'.t .-I, n , (I, f) t h\ whom. <H|uidu>ii« tiro 

/, »• I w,// i o,;; •(• ,yn ; I), 


/,.<• )• jii >/ | hj: | ,v.»i (}. 

\\ f «' know llmf, ri m o mioli bn t'Xjitvs:u>i| in (oiiiim of llm 

oi ltoi' lour, llmio non. I. if*t. union i«|<<nf ten! mlnlimi 

v m i <jn i /»( 1 j avj i V7«; o, 

Ainl lit'i’itioio lliiii i;i hiit> fur nil uf wo iiiiinI, Jiuvo 

/7, | ^ /»7 ( \ ,S/ i | T/_. i 0, 

♦Vo, ,Vo. 


I'Vttin llit'.it* 
(imi 


iivt' i i|Oiitinii j wo oun oliuiinulo J'QHAV, ami wo 


I /v\./(.l/W f A);.0 
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./ (A l'(W) . ,/ (HOtW) \A {imni) . J (tWh'A) 

I ,/ (Vb'lill) . ,/ (/JAV J 70 h A {1 trail) . ,/ (AM 7W0 
I J(KMlt) ,J (A!WI>)^{\ (5), 


Milking // iilonlionl with A*, u ml tinimpowing , l wo havo 
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Again, let E be the plane to — 0 of the fundamental tetrahe- 
dron ; and write (1, 2, 3, 4, 5, 6) for the traces on this plane of 
the planes (A, B ) G, D, F> Q) respectively j then we get the 
theorem in plane geometry 

J (123) ,J (456) 5 J (156) . J (234) + /(1 64) . J (235) 

■f J (145) . J (236). 

If we make the lines 1, 2 identical, and write co for each, this 
becomes the theorem referred to in Art. 6. 


Spheres, 


23. To find the equation to the sphere whose diameter is the 
line joining the point (A, B, G ), to the point {D, E, F), 

The sphere may be defined as the locus of the foot of a 
perpendicular from the point (A, B, O) on a variable plane 
passing through the point ( D , E , F), Now the equations to a 
line through (A, B y 0) perpendicular to a piano L are 

A B _ Q 1 

t (A, L) f [BfiL) ~ f ( G ; L) = l * SU PP OSO - 

dfculai W vF > then at tllG foot of the perpcn- 


(A, B) + fity (A, E) + v\jo (A, F) - hA - 0, 

( B , B) (B, E) + v'f (B, F) ~hB = 0, 

(G, D) ( 0 ; E ) + vyjr (G, F) ~ 7cG = 0, 

V7 > 4 - fxE + V J? _.() 


u eliminate \ V) h, and wo got for 


fAD, \JsAE, yjr AF , ; A 
fBB, fBE y <\rBF, B 
fOB, fOE y fOF, G 
B E F 0 
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nl'thn Vnlni.m tl l.y tin. j.imlu. t » I tlm WrA -> M j { 

7 . Two Iiml.' Urn -h 1 1 ', iiu i ini « .| .m f!,.r 

Iliu*, UVn nnitl In lm hnrmuuh'itlh) '.i’fti.jf*. svln n 

lit . I 'a' i Ut\ I 4 ;; fi i 

""'I will’ll llliH ii if , lv „ 

''.v i"“ii»"'i if- it, r -tt, ii „.„, M , „„ 

H“* <|'""l'i. » /' I ul„. l, „ mv 


Him ""iHlimi ii"linilii,,{ Iiml, ii t |„, 

\<f \' n\\ nr 


□ «>/' j ,*n, 

<1,,m ,lm rM,,n}, i * »l' "f */<* in tin- rximn.-ii.it viuikh..*. 
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ihoio in a nuinlnr relation hotwoon two nngloa having a, 
common vortex; wlmn thin relation holdo, I nay that I, ho two 
oovoiiionl anglea nro harmonically mlunlo. I nlao apeak of an 
harmonic pair ot angles, or of an harmonic pair of iinito linon, 
oHengMin; moaning in t !tm nmo cover lieal anglea, or mllinear 
lengths. 

-S. Thin lining no, il. in known Mini two hmgl,||M{| nmi tho 
wonl (ninth lo ilonolo a pair of poiuln), anyhow placed in a piano, 
<lnlni miim a conic passing through I, heir ends, which conic is 
n "’ which Urn long! ha subtend harmonically, 

Hint in, in a pair of harmonic angle:). 1 call Huh the harmonic 
conic of Iho two Ion, .||ia. Thin (with tho cmrelntivo propositions) 
cnmplot.cn the theory of liiirimmies in mm dimension, ami its 
application to two dimensions. I, nmv conic to consider har- 
monica in ( wo itinicniiimiM. 

!>. If (ho harnmnic conic of two lengths 11', 1 divides 
hin inoiiii ’ally a thiol length MU', then Iho relation between tho 
three lengtha is aymumli ind, ami I nay (hat tlm three lengths 
me huniuuiinilhf nitwit, t in tin, plane. 'Die following relation 
Hidmisls among their distances, vie., 

I tilt. IT/.T I l’:!M. ITT I ITil.rgT I j | ’T,*) ts <,. 

Ami il each length, or point pair, lie considered ns a degenerate 
I'mihvio that l lie t glial ions to the three point .-pairs are {?, \\ IF 
" n * w * h,, ‘ I** 1 ' ( h»ce lengths are harmonically situate, 

there in an invariant relation commuting the ipmdrfei U t F, H r , 
whirh may la* denoted by 

U(ir» r, n->o, 

I I ( t » 1 1 H ) denoting the oiellieient of A/m in (|»o expannion of 
I tiwiiminnhl of (X If p /t / 'g. p IF), 

[t. et obvious flint a similar relation may subsist, among throo 
auglea in a phmo, three pairs of linon through a point in upturn, 
or throe paint of plunex through a point in spaco. 

10* Throo lengths anyhow placed in space determine a 
rptmlrio fimta pausing through their ends, which aurlheo is Dm 
lomjR of point, a which tho ltmgllm fmhtond havromiienlly, that, in, 

er.tr. H 
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in a triad of harmonic angles, I call this tho harmonic quadric 
of tho three lengths. 

11. If tho harmonic quadric of throo lengths 11/, 22', 3T 
divides harmonically a fourth length 44/, tit on tho rolatiott 
between the four lengths is symmetrical, and I say that the 
four lengths are harmonically situate in space. Tho following 
relation subsists among their distances, viz., 

t . 1234 . 1W « 0 (eight torms). 

And if each length, or point-pair, bo considered as a degenerate 
quadric, so that tho equations to tho four point-pairs are U — 0, 
F~0, W — 0, T~ 0, then, when tho four lengths are har- 
monically situate, there is an invariant relation connecting the 
quadrics U, V, W, T\ which may ho denoted by 
D(U, F, W y T)~0; 

□ (?7, Vy IF, 'J. 1 ) denoting tho cooflicient of \y,vp in tho ex- 
pansion of 

Discriminant of (X XJ-\- y V-Y v 1 FT p T), 

It is obvious that a similar relation may subsist among four 
pairs of planes. 

12. It only remains to explain the meaning of tho con- 
ditions 

nmr>w)mQ, 

n{u,v } Wy T) - o, 

whon tho quadrics do not break up into factors. Two conies 
IT, V determine an harmonic conic h\ locus of points which limy 
subtend in a pair of harmonic angles. If a triangle solf-con- 
jugato of F can be inscribed in IF, then tho relation between 
UVW is symmetrical, and □(IT, V, W) — 0. Tho conics may 
then bo spoken of as throe mutually harmonic conics; a similar 
rolation may hold between throo eovortical cones. Thus, in 
fact, throo quadric surfaces TJ \ V, W dotormino an harmonic 
quadric F, locus of points which they subtend in throo har- 
monic conos. If a tetrahedron sclf-conjugato of F can bo 
inscribed in T, then the relation between U } V, TF, T is sym- 
metrical, and □ (U, Vy W, T) = 0. 



ON A GENERALIZATION OF THE THEORY OF 
TOLARS*. 


(The present Note establishes the idea of the polar curve of 
a curve of given class in respect of a curve of given order, the 
class being less than the order; and of the polar curve of a 
curve of given order in respect of a curve of given class, the 
order beino; less than the class. It also deals with a certain 
invariant of two curves, such that the order of one is equal to 
the class of the other; and with certain other invariants and 
contravariants arising out of the theory of polars. I desire to 
present these ideas by themselves to the Society, because they 
seem likely to be useful for other purposes than that to which I 
propose to apply them subsequently, viz., the extension of 
Grassmann’s Geometric Analysis.) 


1. Let B n be a curve of the nth order, and c m a curve of the 
mth class. Let the equations of the curves be 

B n =(A, B, 0,2) I**#)" 

o m = (a, b s c, d. K) m 

in point and line coordinates respectively. 


S S S 

In o m write ^ in place of £, y, £ respectively, and 

operate on B n with the symbol thus formed. I denote the re- 
sult by merely writing c m as an operator before B n \ thus 



•I 


1 A AY 

dx' dy ' dzj 




■$*» y> *)"» 


* [Prom tho Proceedings of the London Mathematical Society, Yol. n. No. 16, 
pp. 110—118.] 
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no! cinn/>liUiW)i(iirif t Tlmn it in Hear I, lint all (ha curvvu com - 
Ulniu'uhn'if In o tfirm rorve ore harmonic of its polar, Thin limy 
Im regarded it: t a I'onoializsilion of Ilia theorem: .All the points 
niujii''iilti to a fixed ptiinl, in iv<'md In a oonir, Ho on tho polar 

of t int lixt tl point . 

r«. ( !(Mi!>iti< r u (‘in yit nf cvrii order ll Vtl , Them in an inva- 
riant of the order *| (/i I I ) (/» I ~) ill lint rueHieienhi, wliielt 
vunit.liMM wlii'ii tlin /fth (lilVniviiliulti are in imululiuii; I li in in* 
val iant. i:< a :iy iiiniol i ioul < I o( 01 iniimiil, Iti evertnnl, in u emilia* 
variant, nf (lie order V,u in tlm vmiuhleti, and Jj (« B | Ila) in 1 1m 
roellieieulM, whieh limy l«* railed /»., , The eurvea // „. ft urn an 
related that if A„ he the jmlnr of rf H in rts/utt of /' Vl1 , thru the t/ H 
v< tlo' /ml or of ,\\ in rvs/irrl of h^. That, in to ray, if .V„ r.; / i’ u tt , 

then .,V,/i Vit '■■■ / .//„ where / in the invariant, jimt. delinnl. loir 
example, if we eoiimder a aeriea of rouieu e a and t heir judura (f 
in regard to a jpvrn i|iuut iiumrvn (J v (hen llioro exists a euive 
*/, of the I’tiiiith eheia, atieh that in reiijieel. to it, the eotiien r y urn 
the jHilara of f a . 

0. Two eurvea wlmae order mid rhe>n are diUeront, may lie 
made iimerpl ihle of the hunilotiie relation by taking eimh a 
proper nnndiei of t iinei, Tima, eurvea If, r n have an invariant 
(If |* (e o T,ol the eider in the eonlth jeiipi of //„ and of the order 

:i in lit e ltieioiil<i of r H *. It in to he ohiseived that, tin* eipiu* 

limi ■ • ), i-i (In* nui'd. peie-ml relation of the nth order 

that ran liuhu-d ainoinj th Ilieient‘i of e M . 

7. The following mnuoka relate to Iheoiriiin in Or Henriei'a 
paper "(In rerfidn formula' roueeinimf the Theory of |)i<;entiii* 
mint 

* Tliic. Vi*.' nee, Imvh mi iioiniint v» l*i » It itUiinln >« v.Jn a a •'Hive In fml niimin 
(,i lli,< If. J.. I r„ |li» rmvr, it „ iM >r"ii'lefiil t lin e f",pC Pi lie* luv.otimt in 
•lie nll»ii, hi a y.e\o >.f it, Km a r>mlr, it in On* ilicJ'iiiMiiuml ; f**r a i mi Me, tin* 
iiiVrtiiiviil 7'i.f »li" •:ii,ili ei,t> r. lii-e Ualitimi'rt .Ifyffiot, I *=t t -I. , imU' (*i 

J'. V , 

If the (-tltie ( lull H‘t lie .I**, tin* i !«>;-« - N. ««■! On* invariant h 

MA** t;. f< lotto ‘.. r f'.. Iiiiu it n< il<- .J, (Fm jt.nl nf On* n>'ij'r(iqal, tuel 

On iiioniintl ia i(f „>*• Oiiej.a limy ti>' j-imit iily iti all wllh. 

1 | /'( i.V r, f (((;(» »f I HI f »*i Af.ll 'll S'h'ifl’J, Wl, II. Net, I A, III.) 
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II’ I III’ jlHllir til’ I’,, jll I * ’ .}!(>? .1 < j,* | s ,, 

lllnllir Ill’ll Fill VO **l nl*|*'l l)ii (>} M ||‘. ], Jll f |, m ,, ,• 

Fiirvo W'K In lai’l win n < U a ]■ ato 1 1 ’. . u ; hj.o ; j},, j. 

in on llirnirvo *S' r> ; rhU i > Hi ll. nuii' - 1 i. *•,.;. M( . 

Ill "I'lH’llll, -1 a :.h. »!;.*!. P i.fi- !i 0 

i»li'iil it'll 1 1 v» i* u n«n|r fin ill- dill *4 '• j.j >t 

litxln mi I Im //if h jioiui nj' In j| (! : "V" ; }; _ ,, u j 

! ,; ' | 1 MV rtmirf lismim in- !«-■-; n? 7 - ■! i 1 - M’.n! - 4 * 

111 I Im* li’lnliuM 

/V'K,, “ 


writo (j’ l i>.f I'tir .1 nml 7 1 ,‘,'y r,, ( y_ Tin-: 
|n *?ii llj( (S.r mill nr/ |<i In- j.niut , >>n Ho* } -,n 
riirvt’il iV M| iK‘ "> w liit'li in n lli, j ,4 ( 1 -,. 
Tlum wn linvn 

(fii j/n.r | nxltfi ,1 


i > • jfUH flit In 1 1 1 * 

V -a,.i y |>. t|„. 
J‘ ■ 5 5 >*■ • !. •' :J- • In.rU . 


njiiTuIn 1*11 tli in with y; n,- tins* 

a n \7 , ./"t/' /(, , , . ■■■•■ * 1. 

it litlltiwn 1 1 ml 


. ,r M y‘/I B „ »♦. 

Hint, in to my, llm tunf«, lit af .1 f„ J; . jf*,- 
rrn)li*H of I In* (in I )f )i jmlat ,.| iV . Tin , 

I ifiirici’n tlu'oinimi, | jmvn mM* -j Mu - in,*,. 

I.IlO Willi will*'), 

tfirli iiivralit-ittio,,!?. 


lOl* J' 'I'.-l, >4 • J ]|| 
Mtfjj.vi ,.J |,| 

5 ? 4 ?j ft Si'- \Si | vju *#j 

i<-n T ..-)j t., 


* ill*':.* m<* sltn !■<,!,« ( .f 1 - 1 1 . , 1 . ]*,•' *'.? el j, ; . j „ .. 

1,11,1 til!* ItMoo lit*. Hi V {,. lit*' es|!. ,4 Vi , ?1I . £., ^ \ hf 

ill*' Hill* ,*•//, ft*J III I) IlHOKHtjo j > u* ii. 
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I ao 

powers of their distanees from on arbitrary lino should ratif 
a linear honwi/enoous relation; (he number ,V brim/ i/irru /* 
tho formula 

i\ f tu(n } :i) l l (// j l ) \it * 

where a is the ipodind am! (■} (ho remaituler .7 ' (hp 1 Heisimi of ( 
by n, sit that /1 an I f t, mot /i n. 


Theorem |j, /» o ether (hut it system i>f X p -irJ:, in a/» *,7 

should oil (to ml it surface of order n, 7 M : *j'; C . «e.>7 //,.{/ ^ / t | 
/> (lowers of then' ilvihlin'c.'i Jtom tin «f» 7 nj»M >•{/ shouty 

satis/)/ a linear homoi/rueous relation; the nt.;i;Mer A 
//ii'flit /»/ Me formula 

M (Ol (» v | <i/| ) I i } I 1 l/i j 1 •. (/I ) ;•) v 7 | ;{i ( 

mi before 

p to J /(, // » }», 
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m 

lion., lor example, in Dm lira I, fable opposite the word (Du hie 
tntd under Dio power d wo Hod the mimhnr Id ; Din theornm 
eorreiipoiidiiif^ In I Id:; in . 

II lo poiuln me Mieli llm I, eveiy ipiinlio fhrnuj'h 14 of them 
pimie.'t DikmijDi llm ivmuininj. one, nil these points must lio on 
U etlliie eitl Ve, 

Now il we tidto lo pi nnl m m Idl rni ily mi a ruhio eurvo, if. in 
uol. in J'mienil fine that Die lilDi powers of I, heir dishmee;t from 
mi arhilrmy lino nulinly a linear ImmooeueouM relation. Thill. 
Diin limy lie Die ease, Die Id point t mtlsl he inlersei't iotei of (he 
euldo with n iptiulie; it in 1 these me uol, arhilrmy poiut’i, hut 
If oj 1 1 lent lieiu;. pivon, Die Inlll in determined, Ity a theorem 
ofilmold mid t'lilekrr, ’l lm lliemem immediately derived IVoin 
llm I ill ili', llieii, limtil I to eoiupleled Ity lliin nlalnnmnf ; Dm 
point m me nol, only nil on a etilde, lint Duty urn inteivieofiomi of 
a eulde ami a tpiinl ie. 

1 1 i:t lo lie understood iilan Dial if wo take a liuiuhor jY of 
pointa Ivin*, lief ween imy two adjueent. numbers in llm name 
verfieiil rohniiit o| llm luhle, l lien Dm same theorem is I, rue 
about ,\ Dial in fine alioitf llm {‘tenter of liman numbers, Tims 
\vn mu informed hy Die limf (able lliuf a nyzy.ay mnmi^ llm -M It 
powern of llm dial am ’mi of Id points makes them lie on a etilde, 
and flmf it nimilai' nyr.yjjy for Id point:! make.** fiieiu lie on a 
«(imi!ie; lliin lutler llieoiem in true for (lie inlermediule uum- 
Item Id mid I t. It, in uol, however all flmf in fnm in oillmr of 
He ! ko eii'ien; Die I t points me points of iuterseelioii of I, wo 
iptarlieM, mu! Dm id points are (I Itelievo) poinlti on a euhie 
mieli Dial, no twelve of them ere internet-lions of Die euhie with 
a » 1 1 in rt h*. I wish purfieiilurly to draw alleiiliou to tlmne inter** 
mediate neiea, where it appeal.*! Dial, more la true Ilian cult he 
proved hy the method lo lie presently explained. 

Mrllmtl »»/’ lU'tnonuti'ntiun. Lei, the tangential ei[UHlioii of 
u point, lie 

0 «/; I (h) l yH ’ )>. nay) 

and let Die npmtmn of a eurvo of Dm order he 

11 (*0>, '/, *)" ( ' /»„ nay) 
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tlien I say that 

g g g 

(*%£ > Si) ’ + ft* 1 ' f vQ* ^ (*$>. ii 7 )" | » ; 

that is to say, ?/ we operate with B„ on the n M power of p, in r 
shall obtain the result of suhtitulimj the coordinates of ji for 
x, } r , z in II . .11, tlien, this result vanishes, tho point p is on 

the curvo ,B t} , 

I will now provo that if the 12th powers of Mm nil facta in 
tho tangential equations of 411 points are connected by a linear 
H 3 ,z 3 r &35 the ^'*1 points are on a qnartio curve. Wn ran draw a 
quartio J9 4 through H< of tho points; operate with ti i on Mm 
s 3 ri! 3'£yj then these 14 points are cleared away, and there 
remains a syzygy between tho Nth powers of the remaining 2t) 
points. Wo have therefore now to prove that these 21) points 
are on a quartio. Draw a curve 6' through H of them, and 
operate on tho new syzygy with U v This clears away Id 
more points, and wo are left with a syzygy among fJio If h 
powers of 15 points. But then by Herrot’s theorem those 
lio on a quartio, Hence, any 15 of the original 1M points 
aro on tho same quartio; therefore ail the dll are on Mm 
samo quartio, 

lo provo that if tho cubes of 111 points in apaen are - 

neoted by a s yzygy they lie on a quadric smlaeo, operate 
with tho piano through throe of them; we are Mum left with a 

****** among tho squares of 10 points, ami Serrel/a theorem 
again applies. 


The application of this method to the 
row bo easy. 


remaining cases will 



*xv. 


ON NV/.VOKTU? ilKI.ATIONrt roN N K< *TI NU 
PuWKItM nl*’ l.INKAII <. * 1 1 A NT I I'M, 

1 THINK llm ln.il I Veill limlll. of f I tin nllitjorf ift to lit) liilllld ill 
Mourn vt'iy inh'ii'iii in;{ uilielm of M, I ’mil SoiivIti; i\'ninrlh':s 
. I I. IV. (I Milo), pji, l-W, I !••*!, and IN.'I. M. Smvl’ti 
ul I I'hi it>u win roitiitit'tl to llm sifitutrs > *i linear (|iiautieH ; mid 
in reMnid {ti liman lin enlablinlma nimli prupnailiona in I In* lolluw- 
iii”': 'll’ llm liijimrni of {lie rliunml.iTiMtie.~i of llm ri|imlioiia ul 
iii\ liiuvi jtiil i;-l v it ay/.yiieim relation, the nix. linen loimli it eonie 
fieri ion. Tim t In fo I'M y, if /*< : 0, l\ A ’ll, ... /*,’ 0 urn flu* 
njiialiMin of {In- liiuvi, uml if wo have mi ideiifii’al roluliou 

x,/? t mv ' mv i w+mv i 

or, in In* liud i it eoiiveiiieut lu wiilo 

wlioro tin* Ait mo iiiiiuoiiral cneltieirntM, tin'll llm liima /', / * w ... 
/‘ tl toiu'li t I m* miiiiio i*ojii*\ Aiiol Imr ul liia pinpoint ionn in that it 
oij-lit jiluiion /’, ... /'„ jinlinly un iilonlioiil mlatinii 

a/' 1 * o, 

llit'ii I In* rijdil jilaiiniaru nnrli (hut any i|imdrie miiTani Intteliiiij' 
novon of i lieiu toiirhoa aliiii llm rip.litli. TIm'mo pinponilionM mo 
arrived at by a aoiimwlial, eireiiiluiia Jialli. tliuiij*h llm mI.o|jm 
M- vomlly are elopmil. Kroin llio laltei* M. Sol lot olilatua a very 
1 ii tii 1 1 il n I Mild itniiiodiillo proof oi l{l , ;.:ii» , !l theorem lllilf two 
l< lialtodia noil coiijupalo to I In* niiiiin ijiiadrio are liiieli that 
i-voiv ipiiidiio (oiieliino jit *v oil of lltoir lueo'i loiieliesi ulna llm 
rij-ldli. NmiiioIv, I lu* oi|I|mI ioii of flu' lira I. iptadtie limy bo 
wiilloh in ejtlior ul I In* Inrum 

A ,/y I A,/'. 1 I MV I A,/'.’ II. MS’ I A I A I A„/V .<•. 

Mini llio io two lniiio idoiil jeiil in ii !uo| i »r piv.f, Wo Imvo 11 ny/.y 
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rclitlinn mimiijr lilt- ris'lit ;:i|i};n < vUiifli |, v (],,, 

M< '‘‘ 01 "! '»nim Mmvn r|„' I !i, in } t ,. n iU 

follouu 

llavifijr, l*v nil uji|tlir.’i! i*m „j‘ IS.-i, Kyh. ,,,, . 
mi'liitxi nf mnlntv.u Tmf . I i I IV - » . nii , ,|, ,| , . , s 

(Ih-MO |>IO|i..:iiti..nn In liijjln-r jt.-v.. !ilt ,| ft * 

rillVi’M i! HI I Mil |mva ».|* i»(,y >«| tlt'l , I ;i l!t ,,. !lk f n } :!ll H u | f 

llml hvtl l|. Ill'll il llt'hlh n| (|„> ’ ; » 1 1 1 < in iu Miir.i III ill 

rtiliir urn mir)t I Imf t-vriy t in v.< « .f rli.- j Snol , I : >- ■> 

• •i llii’ir (litlrfi {itiirlii 'i ul'iM i In' t'lj-io Si M. uliUsi! ,.s ? } , » , 
niliult, i riiiniimiiii !i(. i| if f . , |}„i M.o S.., m tf u -.1 ; *, < , v< 

Mllirii'(|ltt!iil |y inli'i lutfl l.y Mi <*,,(». »*H f] s ,( i) t „ *’» 

l-urlt .•no.-. Thu »> I (.» ,J.M 

itim lytic llirmi-m, • ,1 f 1.- n.l«-, r u )xl . M , jt)i , 

(lyzvj'rli.*. fltn cijimr.m , ( | tmy >m. ll(ll !:W > 

«r llii’i l.y ■■••i.fn.YaiMhf am, ,, nfMO-.n ej,',, ,, hU :nn:ni 

<»1 It (ii't’ii'ti III' tltiu|iif*i.||'i njl> . l(u; , , , 5 f , j v t. j , ( 


II in llm t > it f in I n|iiiiti..u . m;,.> 

«V '($. >b If- •» 

W(. wiilu 

d d d 

it, .i - 

m»l ojiomlr 1 1 ] H in 

(A«‘ S sny I 

*" " lwl1 f 1 1/ 1 i',v Hi- ..ii ..f . „ 

I'll (/, j, ll) (' (i J (llitf i i I,) ,jj|4 y 

/ d d t ( f 

W.r ' </,/* */,. ) * ( / - r { »' l .V » «i i*. (J. c. n .y 

Ffi* iiliniTitiviu, ilt’ii'ih, (/.,• j )#iy , j . , 

tiMI lllllrtrlilial >>r 

(<> >1 •/ ,* 

l ^ ... 
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Till*, 1'u\vi:mi OF MNKAH qimntk.u 

Snjjjiutn now {lial. dmro urn anvornl liuoii anil 

ill'll- tln'in if) an itinnl inil rotation, 

>kV,/ , \.:0, 

nimnvlln } .{ flit' /» ,h pownia of dm <|uaiilitimi Q. Imf, also c ho 
a I’lirvn ult hut, min nl ilm limm, j t ,i dial, din o|)urut,or 

'V r*'< In zi’i'o all Iml mm ul’ dm <|uanlitiu!i If. Tim ux 
himi lining iil<‘0( H'iilly zoro, Ilm rosiill, ot u|it*i'alinjf ujimi il, 

with n t inii'il. l»n Knm, or wu Imvn 

H\t\,(f 0 . 

Hut of Ilm (unmi Sfjff ... wo know 1 1ml, all vanish 

hut min; il lolhiwa dial 1 1 1 in hint, mm also vtiuislma, or dm mirvo 
*V toMolma dm lunmiiiiitif linn. NN*o may dmro lorn niiuiittial.it 
dm | »**t| n mi ( t,ii i : If titan’ uni n (inn; i} { , if, ... ( v > i( ; 0, uml if 
(ht »v i.7 tin ithitfinil nltiliun 

y. t n \(f u, 

(hru n'l’vif <7 if tv t* ( , u/ i '/if 77 (i wlur/i (ntu'ltrtt n -» I if tin } lines will 
if/.vo futtrh tin' n'\ 

I I will hn ■mU'mii-ul nmivly to cmnmial.u dm obviously i'uito- 

!i|n>iiiliutj |Mo|n.ral (Mil in duvn : < 

If (ha re uta it jtlntwn if, if, ... 1^0, uml if then) is tin 
it lent it i it trfntinti 

a, 

than nrry ntiyfitta o $i n( t hiss (t wlttrh ftturhes ll I o/ tin l plttitCR 
null tihin (uut h tin- ii**. 

III Miliil j^'oiimfiv’, limvnvur. a i mmal, dm amthmy hinimhuii 
oil into (Wo ilmliml iliiiTliima, ami vru urn lm| to uunniilrr a 
)i >l»|nvvh it tiillhli’iit dinuiv, 

li’ l dm lomilini oi ‘ tiaij'hl liimvi whinli nan ho ilrawn through 
a livu»| |i *int iunl in a li\m| }>lntm to toimli a j*ivmi Mirfacn ho 
nullml dm nuiti «*i dm Miilann (viz, this is Imdi dm dans of a 
}*« Hi ia| |i1aim uni lion and dm oulnr of a fy iu ral luin'oiil Coim), 
du n that. lulutmn hrlwurii dm nix rnoiiliimO -i of a lino whinli 
a dmt dm liim t-'Oulm j (ho mnlaon will ho ni u i1o*»ivn 
n.jtml It* dm lank of dm aml’ano. I dmll ilonuto dm nxjnvHshtii 
oipiati tl to /mo in thin m|imfioii hy a thvok lodur whoso nuIHx 
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ON SYZYGETIC RELATIONS CONNECTING 


indicates the rank ; thus, for example, /? 9 = 0 is the rank- 
equation* of a quadric surface. 

The six coordinates being a, b, c,f g, h, where elf +bg + ch— 0, 
it is very easy to prove that if in an expression of the n lh degreo 
in these coordinates, we substitute for a, b, c, f g, h respectively 
d d d d d d 
Jf* Tg * dfi’ da* db’ Tc’ 

we shall get an invariant symbol of operation. I shall use /3 n 
to mean not only the function of the coordinates, but also this 
operator obtained by the substitution just defined. This being 
so, if we call the condition that the line (abofgh) shall meet a 
given line cr or ( Imnpqr ), the equation of the line cr (namely the 
equation is 

a ~ pa 4 -qb-b rc + lf+ mg -i- nh — 0), 
then the condition that a shall touch the surface /3 (l is 

/V l =°. 

From this it follows that 

If there are n straight lines cr aj , ar {t)t ... <r in) , and if there is an 
identical relation 

• ' t; la" m 0, 

then every surface /3 P of rank p which touches n - 1 of the lines 
will also touch the n'\ 

II. 

At this point I digress somewhat to consider the interpreta- 
tion of what I have elsewhere called the harmonic invariant 
of two curves or surfaces, the order of one being equal to tho 
class of the other. First, in the case of two conics, the point- 
equation of the first being — 0, and the line- equation of tho 
second c 3 = 0, the harmonic invariant is c a Z? 2 , which is commonly 
called the invariant ©. Suppose that this vanishes; then if ]\ 
can he written in the form 

A' 2 + + 

[TIig expression “ line-equation " would liavo beon tlio inoro natural one, 
but a confusion might ariso between this line-equation of a surfaco, and tho 
liuc-oquation of a plane curve. — 0.] 



TIII4 VOW HUH OF T.INHAU (JUANTIOH. 


Y27 


(mo l.liul. llm liimu ,.V Y/t form a nc'l i’-oonj u^al o Inimtfln), muon tint 
operator <•., reduooit lliin to zero wo mm that it tho conic. f» u touch 
twtt i*l' lint liiuvi it must touch ulao the third. Similarly, il 
mil bn writ! mi in tlm form 

..v* i- y 3 •!- y* 'V ir # 

(;;u that .V Y/AV form a m*lf eonjnoate ([umlrilMtcral), if <\ 
toiiclim linen of dm limvi it muat loimlt a|:io tlm fniirlh, Iloiico 
,» /> < ! 0 in llitt condition bolli (!) that c,, shall bo imtcrihril in an 
inlinilc number of Irhuit/lru noil ■cuitjnjjiil.o to /f,, mid (~) dial. c u 
ahull bo iunoribcil in uii inliiiihi number of tfttmlriltihTtth self" 
nmjupnto l«i /», These uro lumwn interpretations; tho hitter, 
ji'ivnu liml. I tli i ii k by lh‘ Salmon under a nl ii(h Ily diltoroul. ham 
(f-iui/iw, | :ty.» |), \vii:i roilmvd to Ihi'i nmro simple and natural 
hIim|i<< by I'rofoMiior I treuionu (lulittutfiowd VYuaw, Reprint) 
Next, in (In' caao of two ipunlrie surfaces (*„• 0 ami ; S), il 

cjij I), and // run bo expressed in oitlmr of tlm forum 
v i i*y v ft V'J V ft V y 

wo m*o at onoo I bill if r. t t.ouoli all but ono of tlm phmoK A it 
must. touch aim* dial, ollmr. Ilouco is dm c<tmlition dial e., 
h |,all bo iimci ibt tl (I) in an infinity of Irlnihnlnt sol boon juj.'Htn 
1 1 j (’•) in mi inliuily ol jtvtihthvih'ti noil conjugal o to li a , 
(ll) in an inliuily of /nvWm/m uelf eonjuj'nlo to /J a . Tlm levins 
/uMo/it t/cioi, n*»» jnt/tth jmihiln th'nn, uro ini rmluccd by 
M. Scl'ict, itinl HCI'IO lilifly It! bo of oolieidoiublo UMO. 

l'a *inf! m<w hi dm ranh oipml ions of l lm I wo ipiitdries, 
which I ahull wiilu// a h. 7 W I observe llm! if //„ can bo 
tliiiiwii in!" I ho l“i m 

Iboii do- <; lim i o arc aiicli ! hat onolt in oonjuoute to all llm 
lo .l ; Ol lilt! lilies am die elites of U Hell' coll jll^nl o tetrahedron. 
It I lien (bo buiiuoiiie invariant 7j/f, (Hr Salmons invariant 7 ") 
Vanoibeii, and 7, han la a live of (In io lines, it will loimh llm 
.nislb; or 7 a can touch (bo I'dj-mt of an iuliuile number of hdra- 
liotiia trll e..ujit;.;ale to /h We Imvo imt. yet studied the pro- 
j.clie i reladve hi of a system ><f lines aueb that /i, 4 may bo 
e\pie»i ;t d in llm ham when 71 is j'leater than ti ; yet if in 

* p T. Wl, iv. j>. lull; V.-l. iv. yi*. IV.!, VI . ) 
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olivioiiM Mml, mil'll nyatrniH will jjivi< nov inOt j.|. hOnm , ,*f jJh< 
inviuimil T, 

Tlio /'riit'ial «'\li’ii>.ii*n til (lii i nii'tluMl <4 ii»i< i |»i* j-, 

now JH'lt'crlly I'fl'iY. If H„ «'.••• n nn re if u 1 ' ni ,l,:y hit > ■nnotto ,,f‘ 
i’ lt (/ tutm I t if M n fill S'!, mill if U„ ran l‘i- wntfrn tr. the fin m 
X", thru if i* (l fotii'lt Ji • I of (ho li) >f.. \ if trif! (■iti-'h ,{fut (ho 

SiiiiiluiJy Im m f . » !um - an. I Tlir 

i , on\M , rut' j)i'H|iu:.ilitm in 

Tlir otiny nf tnnftrC \" • 0 t\ hm m. k: ■’ <<(' o\n ( :n iy> 
SUiftlCO I' 0 of (ltd 11° rA/.v.y tr/uVA (ntiehc-! all (ho imt „r \, 

I rnvlii'iir III lllnlt- f}|«' in m I'i'lal iv* ! arn-u-. ill Villi* 1$ Ihu, 

mid I'lmiri nin ir|ilii‘ttl l»y jmini 


ill, 

Iil'l HU li'hllll Im (Ilf! m| tt’ Ui:tl «JH* - :?*.<*» 

Jj dorr is tin ntt iitirn! tebtf i>>n 

o 

hrturrn (ho cubes of the M (me , sc i^ti.hsfi* * 1‘. f.Anv vtusH . l,‘ MU 

uldltu’iil echtfom livtit’ii n (ho nt h i>v *» nf M>' * .• s. . 

I' or IV. 1 !uiu\v that w*< rim Inal a luu kj « * i • * 1 1 * * t » 

whicli aim)] roihirn imy tv... ..i t) 4 ,< .jwai.f u-t e.. )v. M 

h 1(0 flit' paiul. ,.r iu(i'|';;*n'l i*ij) M |' t»u: Ijiict /’, /«. 4 l (liU tts; , », (J 

nmnliiinli'ii ti, It, C, [lu ll tl„. M|,. laO.t 


' H, i"K '^’luili il l.y h, tti* ImvM A/*., ( M. hi* , -■ M; R .„ 

WH «ifli h "it (|,M K ivrtt cwvjfy V..v , All:, in 

/•,/•* 0 4 

U Hyy.y^y I'llimirlill^ till* >«|<mtr i f| |i»«v /' /’ /« 

■if Hm iff tin u/r„(io,t( rofudm) 

lii'/wmi till! /mill />„„■, ;■«,/ thr II )•, a,,,, 

«/«. for <111 him tii’iil ninth,,, I , ti „y 


Tin: rnwi ii'i nr usi.au |«» 

|,(.| rim lla* r*uii*‘ Hart inn lain him; flu* Ova lima }* m i* t|ll ; 

1 hi ll cJ’J U, ... **. H than wa njii-mh' with r B on Urn 

jjrjwn ny/.VjtV w*» ahull *»hui» 

I ,V, SI”. I" II. 

n j>V/ Vf! V rl inj-j flu 1 i!i|iimv!i '*1 lli»' tpi.’iht ir;4 /| ||t ... ,/’ w| ; 

pjovitlfti nil flu* r../* 3 il«* imi vnui’tti. If hu\vuvui‘ all tlii-sio 
vimi'h. all ih** limn t**mh flu- imitr r 5 , and tlmii? in a^aiu a 
nyi'.Vjf.v » muh« . I la* i-.«jiiar»> i *•) any ti af fla>m. I hum; I liana 
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{UN Til K TUKnilV <M' hlMTANtM-::! ( 

|1*IM I.1MIN aky*. j 

I KXt'l.AlN ill till’ licit (Tim til” in't iif ii-li * (I, v.ltiih 1,1 

mi i'xtiiiiuiuu ol llii* l !»■* *n M ! 1 1 1 1 ' • * 

| »!ai mi I liy liiin in tin’ " A i» iilfliunnjiT Its*’ ;*n»l m l A. )}■ ‘ , 
.lomiml, n n« l liinuilnil in |>i»U mi <i »< w nl> nt !,■ 

(illANSMANN > * 1 1 1 j *! 1 1 y -t MM|: I* t hii^r l> • I* i ”, n * .1, U, f . t<‘i*|*ti 
Hi’iil .’it liinMi in n phiim, unit Miij'ln Mints! I» 1 **i =i. iv-. u l, * , * *» 
Jinililn, Win n Iwm lillf't’ Irfb I I I Mu > . ;* I ,!/*, 

Mill IMlIutiun ill tllkl n Id lltrUlt til* 1 |’"inf ••l mb 1 < I !»■ Is i.J f}* 

lint’ii A, II. Hu wlit'ii twti mimll * **in*- f » >,■/ - - 1 f ; . i, so h/<. Mu* 

nnhtlimi in tnlicji lu nnuu flu* li»u’ j«*iiun,j; flu* pmi'Ci <f, h, Tlm 

iM|Uii(init vl />’(' ll innjuu fimf Mn Hi»« ” , l f " m m joint ; 

lllH 1'ipmt inti din' 0, Mint fin' Jmint > it, A, r In in <t inn - ; uh*) f!i»i 
i'<(Unliiiii nil nr 1'it ft, Mm! Mm jminl « In o * n fin 1 hn< /<* 

Kij.’liilii'iilinu i?t j'ivcH l*i tlm t; }> mib 1 nw*tl*'iT.> M /,'!*, >*£< , nil, 
except mm njimtril l<i imm, Tin* 'muni » } liiv nj-plt 

tint it Ilk ul Ihi-t tiMif Ill’ll it tliuf Min *•» «!. t n! Mil i ijm.thrn In ,il(V 
loMi’i' ninljiitinil i» imnniitl l»y I It*- imnslmi ni I’lun llsn* » 

nrcitiii; m ii'intuit wliirh will lit* tnulnr » >,j ■i »n f !>,*■ 5. 

I imw nxplnin I lm n\tninT»»< t nl Mii . j 4 u! ,. 4 ?nns vJu ia I Imsm 
fiMlinl it, miivtnmuf In in;iKn, 

* (Tht’ /'iv'llllilKlry Jimfl'l l.’tllia lIlrMjUsJajwV. ( nr i»I, , I'a- # S i V ... ; t: • . i 

li.V tin- Aiiltitir Hi Uii* l!iifl«ti Mi >s» !)*«• y , .< »# l<;< ■ i >, ,, j * 

It'M'lf Tl'. lilt Ifri). *litll*<l|l II BJ'JwnV.n ):«.<■■ |v, ,*$;(», „ j, r .,l- < i . 1]^, , 

Till! Hit" ! ImVi! uivi’ll ft* |ti" bn< * !•.«<» n , j 

1 >rt)nr J’rt'f, <1)1 It' m A mnl «i tlm- nUnn ntn'ShM?, «m 1 4 !» i.. n fc . 5 , f, !; , 
t'»W Ijt, Jill), t Imv" i i Im irj.icn iA \ ) | 
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"j r""" 'I,vm ; Ilm I, „| ll,..„ 

• M th*< f liVi'M ijMiin! ii'!;, 

U-l."'. » I, , I„.|„„. n | 111W r,||„, 

,„;l:il,M" n, , nil,-,, |„ ,|„. (f, l/i'f I i„ /, 

‘ V ’* V ‘'r JlniM imlinilrtl on 
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values of (xyz) or or the coefficients of a quantic are not 
given, but only their ratios ; and consequently that the symbols 
defined above can have no special value but aero. If however 
we form a fraction such that every letter mentioned occurs an 
equal number of times in the numerator and denominator, tins 
will have a definite numerical value, being a function of the 
known ratios aforesaid; and may accordingly represent a geome- 
trical magnitude. This theory of characteristics is duo to Prof. 
Sylvester. 

It is further to be observed that the metric properties of 
figures in plane geometry depend upon the circular points at 
infinity, which I denote by i,j; and those of figures in spherical 
geometry upon the imaginary circle at infinity, which I denote 
by 0 2 or o 3 according as it is given by points or tangents. Tho 
points i,j in the one case, and the circle 0 a in the other, havo re- 
ceived the name of "the Absolute” from Prof, CAYLEY, to whom 
this theory is due * 


Formulas for a Plane Conic. 

Expressions are obtained below for the distance of a point 
from a conic given tangentially, and for the distance of a lino 
from a conic given by its points. Two different geometrical 
definitions are obtained for each of these; their ratio is a 
quantity which I have called the distance of the curve from tho 
absolute, 

The asymptotes of the conic are denoted by P, Q ; a pair 
of foci, viz. either the two real or the two imaginary foci, are 
denoted by p, q ; the conic is called C a or c r 


Distance of the point a from c a . 

Let any straight line B be drawn through tho point «, 
meeting the conic in l, m ; let also tho tangents from a to tho'* 
conic be Z, M, 

* J>b=di8tftnco between points a and b, joining a and fr.] 
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is met by the liue ij. The equation to tho pair of tangent: 
at the points where a line X meets the conic (7 a must bo o 
the form 

63 - \X* = 0 . 

Equating to zero the discriminant of this, we find that 

C a c 2 -3\X\ = 0, 

whence the equation to the tangents is 

%0^x%-.x\q a = 0 . 

Substituting herein for X tlie line ij, we obtain for tho 
asymptotes the expression 

P. Gp r 

n Thus tlie Product P. Q is of the third order in tho co- 
efficients of the conic, whether it is given by its point- or by its 
line-equation. 


To deteimme the angle between the asymptotes, wg observe 
that the point PQ is the centre of tho conic, which is tho pole 
of the line ij, and is therefore represented by ijo 2 . Con- 
sequently PQij must be proportional to some’ power of 
If we regard C 2 as initially given, wo shall in fact 

have 

{PQij)*~ it (ij\) s , 

each side being of the sixth order in tho coefficients. If how. 
e'er c, is initially given, the formula becomes 

= 0 A . 

Next to And by direct substitution 
■H. Qi = 3r G f a , ij \ 

and therefore ^ <ti~VO,.,? Cr 
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V\ = ?G,.fO,~ 
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pq\p'f=tc 


(3) when ij\ - 0 ; and it is easy to see that it cannot vanish 
in any other case. Consequently we must have 

pqt'Pgj • p'qi-v'q'j = K (** •/ 0 «)* (ij\Y> 

where a comparison of dimensions gives us the equations 
4 >x + y = Q, 2x + 2 t/=6 , /» = !, y = 2, 

We have also by direct substitution 

vi) • ff y • p'v • ff'y = ?? b • <7 • *>' • <?') = - f (?yV> 

and hence the following expression for the product of the squaron 
of the distances pq, p'q’ } 

Af O.-fp^(v\Y 

wo,y 

Since ptf+p'q* — 0, this product is the same thing as — qrf. 
But we get another equation between as and y by supposing 
the conic c a to break up into two points u, v, which are then 
themselves the foci. In that case —4 i(7 a = ?w a , — uij >vij, 

and the expression for the fourth power of the distance is 
^4 = ^ (uvi . uvj 'f = 

■■(«»?. wjy - '(W * 

whence as = 1, y - 2, and the general formula is 

1 ®V * 

In this it is clear that o Q is primarily given ; if CJ a is givoiij 
the process of calculating it hack from the cooilficionts of o 2 in- 
troduces the factor Gp v and wo have 

®V ' 

With the aid of this formula and tho anglo botween tho 
asymptotes we may now determine the axes of tho conic. 

If h and k be tho axes, we have 




14 2 ON THE THEORY OF DISTANCES. 

The denominator may be expressed by direct operation 
on LM ; we should find in fact # 

Li. Lj. Mi , Mj = {^G 2 . %“ G a — (xi0 2 ) 7 } [x 6 a .j 0 2 — (xj0 2 ) } 

= xi\ . srj\, 

and thus finally , ( 

,x*C 2 .(xijf.C£ 
am *LM=k — --- — • 
xi % . «•/ e 2 

But the denominator may be put into another form which 
is more useful. Let us assume that the absolute values of tho 
coefficients of p, q, /, q are so chosen that pi =pi, qi-tfi, 
pj — q'j, qq " pj. We have by direct substitution 

pix . (fix , p'ix . qix = — %ij \ . («a 2 c a ) a > 
or (pix . qixf = - f ij\ (xi\Y> 

Hence we have 

xpi . xqi . ayij . ccqj = — f tfc 2 . ah a c 2 . aj 3 c a , 

and consequently, since 

— 2 — 2 x pi > °° r P ■ X 3V • ««zj 

** •** =K -mw-j(jY ' 

and (p»J • wT = - 3 (vT,)', 

it follows that 




>2 „_/9 


xn ,xq A — K , — ccw . . 

(®W) (»A) 

Combining these two results, we find 
V . at/ 2 . sin 2 Li)f - *" 

a result which may be further simplified by liolp of tho formula 
for the distance between the foci. Namely, wo have 

xjf.zq ' 2 , sinWiF a 2 C 

2^2* ~ (iMtVCj t0 a faCt01 ' F ’ tS * 

We shall call this quantity tlio distance * of the point from tho 
conic ; it vanishes when the point is on the conic, and is infinito 
if either the point or the conic lias contact with tho absolute. 
* [Second distance j cf, p. 108.] 
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jl. iii In lin mill'd thill, tlu* conic in pi von mi a nnrvn of llm nocond 
mdor, in llio limn ( ' u ; if if wore pivou in t.lio limn v u , ilio formula 
preeodinp would liornmn 
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ttiou hoi'omoa four limoa llio inpmved nron wliieli l liry ineludn 
with llio pivou jioinl. Tim forntor oxpivraion, limvovor, in 
wliioli llio i -i mil' ia pivou na of llio iiooond on lor, admits of a 
further iuloi pveliil inn, lo which wo umv proceed.’ 

Tluoiipli llio point, .<* (lip. I.’l) lei, a lino X ho drawn, 

meolinp tin in /, m. I'***r llio product. of llm aeptncnls 

til, .nn wo Inivo llm formula 

. ,t'l j , //iii, inn}) 

. ,nn n ,, ... ' . 

(•' !/) • 'll ■ 1,1 U 

Tho numetalor of (Ida expression clearly vanishes ii w ia on 
llm mine, wlion olio of llio linen .(7, inn. hoeoinon indeleiininalc ; 
ellieiwiae each of llm-ie lifion ia simply llm lino X Wo hkihL 
have lln ietoio 
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tfd'.Xi.Xj 
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The denominator of this will clearly vanish if X is parallel 
to one or other of the asymptotes P, Q, or if XPy . XQij~ 0. 
Let us, therefore, now seek the product of the distances of A 

from the asymptotes. 

We have , r7 ;.. vn" 

„ „ XPij . A Qij 

-4 sin XP . sin XQ- JxIJTj) V(. Pi . Pj . Q* • Qj) ' 

But we find hy operating with (Auy) 2 upon P . Q that 

XPij . ZQv = 3 A^ 2 0 , . f c 3 , 

and moreover _ 

Pi . Pj.Qi. Qj = Si’C, • / 0,. {ifotf. 

Hence we have v 

-4, sin XP . sm A <3 - g Xi, Xj */(i‘C,.j‘O t ) 

Multiplying tl.is by ibc line A disappears from the 

result and we find 


d . com . sin A TP . sin XQ = 




7 -. to a factor. 


(nPjfp (f J C' 2 ./C'J 

But the expression on the right is the same that we previously 
obtained for the distance of the point from the conic. Hence 
the quantity ml . asm . sin XP sin XQ must he proportional to 

the quantity sin *LM. To determine the constant factor, 

suppose the conic to break up into a pair of points ; these may 
he taken to be the points p, q> and the asymptotes will both 
coincide with the line pq (fig. 14). Hero it is clear that 
cbL wii.smAPsmA r Q~aP.sin a XP ^squared distance of a: from line 

. w u;i P X V » o:( l s ^ n P xr l „ = distance of x from 

VI > wn d e pq pq 

pq. Thus the factor is unity, and we have always 

ccl . asm , sin XP . sin XQ — ^ p(f~ s ^ nS 

There is no difficulty in investigating the correlative for- 
mula First to find the length of the chord cut off a line X 
* fSocond distance, p. 183.] 
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}, Y tin' nmi«; lot l»t bo tbo points of inl.ovsuotion, Hum 

wo Im Vt* . 

y I InnJmj 

" .< (>»ar ' 

•y\ w mtui vii i lioliro it* tbo lino X \vm thr«*U|'1i oillior of 
j|„, j „,int m if, nr if I, m n'!in ii|r, tbtil. in to tiny, if A Um\i tlio 
,. yi „r if I Iim I’Mi.ir break up into it pair of points. Moreover, 

tjilH’C WO llUVO 

I . in A‘V ; . c v • (A c.jV, 

I |,o oNprowinii (Imif lull; I bo "f <-l«» lourtli ortb'V bi < ’°" 
otlioionla nf ,V ami i’f tl.o . Miiio, ami therefore 

(/«»/)“ - (Aiy.A'V^jVjo li flirt nr. 

Aj'itin, wo liitvo by iliioet MibalilutiMW 

tij . mij A* V, . i/V, (A* iji\Y X 

ami llmni o r , 

/. .« . , ^ 1 * 4 V/ ' * < w ’ 'A* to a factor. 

l-Vy^y 

Hut, wo luivo already loimil l bat 

A ij>(\ 

,.in.Y/’ hii.VV • xi.XjW<'W< ! ,Y 

mniioiiuoiitlv 

, S\.t's 9 

I , I /«.“ . I ii» v A‘ /* , I'm* A V ! A • ,\ 

Lastly, r # being primarily given, we l,,tV0 

j'/V f ■ a 

"'W ri 

ami no „ 

. , 101 .’ A7‘.iW Af.J A 

M A'l.Aj.yX 

Hot now bo a variable point on the line A (lig- ^Oi a '" 1 
,lmw I bo tangents /,. M lV.nn I" «he mine. Then 
, A*/.//. XMij 

i*‘>‘ A* A . mu A A/ - v • y • ^i t i r f,j . Mi . A//> * 

* .ii f oio- *.f Jim* .V foilii (’‘ itlo # a 1 *'f. !'• t* 1 ' ! 
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ON THE THEORY OY DISTANCES. 


In this fraction the numerator vanishes when X touches the 
conic, and when x is on the lino ij. It must be of the first order 
in the coefficients of o 3 and of the second in those of co. Hence 
we have, to a factor prfa, 

XLij . XMij = X\ . {ooijf. 


Moreover by a jnevious formula 

Li . Lj , Mi . Mj — xi\ . ccj\. 


Thus 


sin XL . sin XM = 


X\.(xijf 


Xi . Xj V (xi \ . a j\) 


But, also by a previous formula, 


therefore 

[iii] xp . ccq sin XL sin XM ■ 


*I(m\ , aj\) 
(cp.atq = -± --rritr" '> 


il ('« 


Xi . Xj . ij \ 


_ s in a XP . sin E XQ . 
sin a FQ '• 


To verify this, suppose the conic to break up into two linos 
•P, Q (fig. 16), which are themselves the asymptotes; tho two 
foci will then coincide at the point PQ, and the tangents LM 
will pass through the same point, Then xp . ccq . sin XL . sin XM 
— xp 1 sin 2 XL ~ squared perpendicular from FQ on X. And 


Im 

sin PQ 


. sin XF sin XQ ~ Ip . mp 


Im sin XF 
* siu FQ ’ lq> 


sin XQ 
mp 


Ip . mp , sin PQ _ 2 area Imp 
Im Ivi 


— perpendicular from FQ on X. 


This quantity*}*, of which three expressions are given in our 
last equation, may be called tlie distance, of tho line X from tlm 
conic c 2 . 

* [Second diatauoo of lino X from Conio c,.] 
t [i.o. iii. Biiprii.] 
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IV. 

We now consider a curve G n of the n lh order, which may 
also be given as a curve c,,^ of class n (« - 1). To this number 
n (» — I) there are no reductions in virtue of any singularities 
that G n may have ; its nodes will enter as double factors and its 
cusps as triple factors in j,. This being so, we may write 

Diaet. * (» + Xy)’'C„ = jlLj— ^ 

Conversely, if we are given a curve c m of class in, this is also a 
curve G vl{vl _ v of order m (m — 1) ; but each double tangent is 
now a double factor and each stationary tangent a triple factor 
hi G ml We may gain shortness without introducing confu- 
sion, if when G n is primarily given, we denote n (n - 1) by in ; 
and if when c m is primarily given, we denote m(m- 1) by n. 
Thus in the latter case we shall have 

Disct. x (X + \ Y) m c m = • % Y'% 

The curve o m has w 2 foci, which are the intersections of the 
m tangents from the point i with the m tangents fx*om the 
pointy. But for every tangent from i there is one tangent from 
j which meets it in a real point; thus there are m real foci. 
The foci may bo arranged in various ways into m sets, such that 
no two points of the same set are collinear with i or j. By 
joining the points of any one set with i and j we obtain all the 
tangents. The real foci constitute a set; and from them we 
may pass to any other set by successively substituting for each 
pair pq their antipoints pq, that is to say, the remaining inter- 
sections of pi, pj with qi s qj. Now for every such substitution 
the following equations hold good : 

p'f = -pq\ 
cep' . xq ~ xp . xq, 

where co is any point in the plane. Hence if we form the pro- 
duct Tlpcf of the squared distances of the real foci from one 

10—2 



148 


ON THE THEORY OP DISTANCES. 


another, this product can differ only in sign from a similar 
product formed with any other set; and the same is true of 
ILtp. , The number of possible sets is clearly the same ns the 
number of terms in a determinant of the m th order, viz. : |»j. Jf 
we then raise Uptf to the power |m, we must have some power 
of IIIIpj 3 , the product of the squared distances of all pairs of 
foci from one another, excepting of course those pairs which arc 
collinear with i or j, But there are nr (m - l) a such pairs; 
thus if h is the power in question 

|m . m (m — 1) ~ km 9 (m ~ I) 5 , 


or 


/j = 


I m 


m (ni — 1) 


whence 


(UpqT""-" = HIT 2 )q\ 


In a similar way wo find 

(ih'i)) i!i = nn, ? , 

Now 


mw-nn [t0 faBtor 

PV • Pf (IT 1 1 J 

To obtain the equation of the foci we may proceed as follows. 
The equation of the tangents from i > j to c w is I m ~ 0, J m ~ 0, 

whoro o;"4=^"c m , cc”J = &'<w 


and if we then form the equation of the points of intersection of 
L> (which may he written ( XIJ) mm = 0) it is of tho order m 
in each of them and must contain tho equation of tlio foci. But 
also^it must contain the factor and this to the degree 

??i — 1 ; for the factor is involved as the condition that I m 
should pass through a double point of J m . Thus the equa- 
tion of tho foci is of the order 2?>? — m — 1 — m -f X in o m ami 
m ~ m ( m — 1) = m in^i aud j. In fact ono term in it is a 
numerical multiple of ij m c m . (cj m . 


As in the case of the conic, the product YlTlpqi.pqj will 
vanish when i n O n = 0, or when j" O n = 0, or when — 0, 

Thus n upqi , pqj = K . j n G,y {ij’xy. 



<>N THH TMKOIIY OF .DtSTANfJES, 


HO 


Now Mm left- bund aido is of order i> (m - l) u in tho foci and 
besides t.r order in ■/ and /; tlmt is, of order 

I D ( ,,r * ) u ‘ 1 1 (! im nml "in {in •— I )’ J - 1 A W(w,~ I ) 0 =jl ?«(-;», -|-4) ( M ,_ | 

in t anti ,/. Kiivil, regard a m no given ; then 0 H is of order 2(m~l) 
in Mm roellieienl, of <•„„ and wn Imvo 

(>» I I) (ill - - iy J f.-i d'.i : (m I) -|. y t 

■t 1,1 ( n > d d)(m i)' ‘.tin (■ iu. — |) *|. •»,//, 

" r 1 ‘ • I ). // : ^ (m — I)‘\ and eoii.sequeiiMy 

1 1 1 I/a// , /a// ■ . a: (/!"(/ 

Non I wo Im vo 

n I l/iyr. I.o a factor, 

and Minrofnrn 


lml. 

llmmfom 


mi,,,/.,: (w.-foyt 

(1111 (ii’\J’^ ’ 

(i i/V)' in i/V; 


II/V 


; vi'twr-i) ■ 


(i/X) 


Wo now jnorooil In dolmnimi Huyi, wlmro «; is any point in 
flu' piano. Wo Imvo 

luinr.--, M,, V.-'V!/ J«^; 1 n/xv' l (/r.g 8 

/ x n. > r i t . o,j , ... U , 


and Mmiofoio 


III !(,.;/)< 

Ox/rd'/xr' 


ll-'V 


.« . . . .*/ X, 

(•'iV) 1 ’' ({TO"’ 


r rim enrvo f has ?? nsymploloH, whieh nro the tangents at 
Mm points whom if hi mol, by Min lino ij, If a point n> lie on 
ono of Mm nsyiHploloM, i(s first polar (e() H must moot 0 H on flio 
lino ij, Tim oomlifitiii for lliis is of the order « in xO H , n — 1 
in (- H , uml n (n — I ) in ij ; flint is, of tho order n in w, 2u ~ I 
in O nt mid « (n - i) in ij. It must also bo of Mio form 
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since the n asymptotes form a curve of the n lh order 
touching O n where it is met by ij. If A vanishes, the line 
ij becomes a double factor ; now this can only happon when 
if"c k — 0, and a comparison of dimensions shews that A differs 
from this only by a numerical factor. We may therefore write 
for the equation of the asymptotes 

We may now find the product of the sines oi the angles 
between them, H sin PQ, and of the angles they moko with a 
line X, II sin AT. Namely, we have 

II sin 2 PQ = [ t0 factor PM 


Now 


and therefore 


IIsiii s PQ-77r- 


(n PQiff=(ij~c„r', 


V °*«* 

^n Ain \»T-i ‘ 


dxr (* a a. ./ar •?o , «) 

In the next place 


II sin 2 XP = 


n (XFij) 


_ ICM3L 


(M.WASPi . n pj (Xi . xjr ;rc\.r a , • 


Let us now suppose a variable lino X to bo drawn through 
the fixed point x, meeting the curve G n in tho points l, m, n,... 
then 

Uxli.Uxlj _ (x n O n )\(Xi)\(X jY 
~ {xijr fi (lijy (xijr . i( W ’ 

_ «?o, .( X i .x p 

01 ( *vr.(xiffo„ ■ 


Hence 


1I&Z . II sin AT = 





this product is therefore independent of tho position of tho 
line X, and may be called the distance of the point x from tho 


curve G n . 
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Y. 


The elliptic geometry of two dimensions as Dr Klein calls it, 
or, which is the same tiling, geometry on the sphere in which 
two opposite points are regarded as identical, differs from plane 
geometry in that instead of the two points ij we have the 
proper conic 0 2 or o 2 . Lines touching this conic, and points 
lying on it, are at an infinite distance from all other lines and 
points; distances measured on thorn are zero. Using the 
ordinary co-ordinates we may write 

On = A', 2 4- &‘ 2 2 + 

~ + i>n> 

a = a A + a A + a A, 

a! A x x x A ~j- A gft.’jj , 

and then 


sin 


♦ 2 „7 )= Ah " aXY + Ah -a l b , / + {a A ~g 9 b t )' 1 ' 
^ A' + af + aMK' + bf + b*) 

= Jo 2 ,b*0 2 t when sivcu ^ 

s A jd _ (AA~A n B q y + (A n B t - A,B o y + (A t B a - A 

___ (A + A + A) (A + A + A) 

_ 2AB*O z 
A\,B\ 


The distance of a point a from a lino B may bo derived 
from these two as follows (fig. 17) : through a draw a variable 
line A meeting B in b ; then wo have 


sin* ab=m\ 9 aAB- 


2(aB,\ A\ 
u?0 2 . AB 2 0 2 ‘ 


sin 4 AB — 


2 AB 9 0, 


sin 4 a6. sin 4 yii? = 


4 (any 
d J 0 2 . B\ ’ 


and 
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it ic uiil, iuiln)»>inli!iil. t»l' the position of I, ho lino A, which w lion 
/I in at, right angles t,o // becomes si i » u u />. 


A cmie (>[ or e y Imu with tliu absolute (\ or <h } four common 
points mol lour eoiimum tiuigont.H. The linon joining I, ho com- 
mon | )« i i 1 1 1 i form three pairs of common chonhi, ; P\ (/ ; 

/*", (,)" ; lint inlvmccfitiuii of (tin ooinmoii tiingenls form throe 
puns of fori, j>, tf ; i>\ if ; j>" , i The theories ol I. ho loci ami flu; 
common flu, r, 1:5 Itro ithml icol, ami if will ho suflieienl, to con- 
iiitlrr one , if I hem ; wo nlmll choose for this purpose the foci. 


Wo ohluiti a pair of foci hy dolonniimig X ho that 
i\ I* X«> 2 

ulmll hivatc up into luotorn; flic oomlition for t hin is 

0 i , (I I )ituif, (,\ I- Xo u ) ■ •• (J/. 9 i- IWOfa -I- -I- 

tuul tmlislitufing hero for X,~\ wo obtain the equation of tho 
throe {mini of foci : - 

it i ! r , ■ - :>< V. • ; ' I! A • u . • ■ <■ 

,f l Xu, ltri'iilt up into liu-.Wra fi, if, Hfi reciprocal will bo 

| i„f t Time we have 

■■ |/*v' J ax 

wlono (,*o) # in iho locint of points at which o 9 Hubloiula ft right 
angle. foimr<|ucnlly 

, ( l l)ifU5t ' OVb Xo »)* 

Moreover 

- „/ 1, b Ml,", : ' V 1 ,ilwU h 1 ' 

i , hi ifo, . <,'0,~U¥K? " in'", ■ °a. 

lo IO C 

I s . :i (.-/». • MW- *(<>, 

:if,d,” ■ ■ •HV'.' a J‘,~ -K ( K- *’ h a’ 

:l (r t >’ - < V>, (< •! ' " Xr , °t x ’ f V', 1 ( Vv 
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To simplify those formula), lot un write 

(j iJlSoii, (t? u -|- Xo a ) ■'/ *?■: (f \‘ 1 >)• H6JV 11 |' .'lr,Y )• il 

;i f),\ / « <« ““ «X" ■ t 26\ 1-0 

>/ ' '• il (/»"*•■■ ms) '“fMr; 

thou whenever IV 1ms a value which umlnvi f vanish, .-to |hui 
0,iTA<> u breaks up into the factum }>, ij, wo nmol, Imvu 


- -I ri\ : : •'*. 

Wo hIkiII now prove that if .q .r ,r ;| me I ho vnluc.i of u,„| 
values of y t corresponding (o (lie ihive vuhioti nf ,\ 
given by/sO, thou 

lV i !/i SAi, \if/a *' 5 ^ l /i iho disrriiniimut of j\ 


Wo got an equation lor determining ,r by riinijimtifiq \ 
between /«* 0 and p A /- «*,(). Mimu-ly, tln< ivaullaul of tl.L, 
two equations is 


a 36 Ho r/ 

• a t 16 Ho (/ 

a 26 o ~ m . 

. a 26 o™a; , 

. . a 26 (f-.r 


•0 V !■ ,'i (6' J » • ueju.r* f a 

' *\y) f 


which vanishes if 




tliiHo.nioti.nl in llior.ir.ini Ini,. r..r „f ||,„ 

Ill Vl.ll.OH of a mi, I y. Kill,. sl.il, uli,,,; IJ.i- . |,, i . v „| lh , , . 

hftvo . 

( «v • p'o, . ./«, ™ (pij\y . . fu, 

v"'<V 

Now JJ/ iH 1,1.0 OSO„l„„|, „( II, 11,1,1 is. ||,„ i, , 

Wll0 f vanishing ih the condition tlmt the two runic » *1, ,|| 
touch, 



ON THE THEORY OP DISTANCES. 


155 


It follows further from tlio cubic equation for x that the 


produet of its three values is l -- . Hence we have 


v</' 3 ^ • P ( i\ • vW \ 8=8 “ 64 . 


Rial therefore 


Mr 


v n< K-<r<K-v"%-<ro^ - i 

whence by division 

. tt , , . 9 „ „ . 1 SP[*] , t ,, n * 

iinr p/, nurjf> 7 . mn 7? 7 « -| > 1 — -|- [Odd,* 

since Hin” /></:-" when o a is given. 

11 p'Ot.t/O' 0 

I'Yinu the mime equation we learn tluit the sum of the 
rori premia of flat m is zero. New 

- ™ v t] “ l> 2 a A ] («in m )" 3 ; 

*V iv 

til ere It ire 

(sin pi/) ^ T (sin pf/)^ -I- (si \\p"</')-^ — 0. 

[ Also (sin />r/) a I (sin /A/V-l- (sin p " ( /')“ 3 = ij.]* 

We have thus two equations connecting the quantities 
iiiu pi/, sin /m/', niu />"»/", l\Y which when one is given the othe: 
two nniy be determined. 

Now let .« be nny point of the plane (or sphere). Then 
we have 


. . S’/I'O . tvi/ e u 




'f<W 3 
(I 


( lut. tlm numerator of this Inietion i« clearly the result of 
opeial iiiji with .»;* on tlm common tangents of pi( and o a , that 
is of <* |- An, and o ul a result which is clearly independent of A. 
lloiiee we have 

IV},\ . ,n/\ '• ,rp\ . *» w'X • 

Moreover, since 

* print fiislttr, (if. |*. 1IW, hrintfii Uio rmillii into acctmlunco willi 

Cnvlrv's mmilt'iiH. Hi tt No|» to IM" !*• tM) (11).] 



( in Tin: TiiKoftY ok iustani t:h, 


it, follow!! dint, 

■ 4 , / /f/'’" . O o H /o ( ( h'S 

»■>( r 'n a ..,«J ' ,><■. 

mill ! , nu!:i , i|nnil ly 

Hill 4*7* . Ml* .*■*/ jin .f ,‘io .1 </’ sio.iyi , 

(MO Otill// ./"/ 5 

\Vi'yHi, , .» y J t< s I t h M , : * 

■' H V hi v^’iy /.v 

I ,( * | i 'f 1 1 f f I > i _ ; 

s/Miyll -» <» JS / /»%• 

Tim I In ip « ijO!ili«»n-i wlorh v.i’ Imvo jii'ii jnovr.l 
I ho I In ory i»i llnvo jiuii s nt ;iiit i|i< »inf i *nt u tyilnonj 
llnvi* of inf inii'i »i|' I"* <m* hmio-nl’i f • * tin' 

Tlii'V IiiKm (Im jil iu'k n| tin 1 (tr , » wliii'li 

lilli’ll'ly hiiril ill li'/*i»l'l In lln’ l*«vn of ititlijMii 

pliuio ; imim’l v, 

l"t i'H \ 

tt Hi t ,ryi .uf ii’ . 1 '/ , 

Wo ll‘OV ]»!'|||'*II’|| |o 1151 ' tlmlM in i'ohhiu tj»,i| v. itli ti 

n|‘ do* tuiuio iv, 

* 

I 1 loll! fllO Jioilll, i*‘ lot dio tuMj'i l*! t /.. M !'»• illilU 
ri'ino ; (Im’ii 

, , , , /, mui ;i’n ,.r 

»iiu JI>M ( V,| . , u ;’ -■* • • ho luo|..r 111 

wht'jo joy mo nny i:ol »>| furi, Ho I 


tiih* uy» 


Ay* , ton' ,» y I I | u y r'» > .y /n ^ 


ni<i| diiO< 


? V f vV /*v 4 


mh*-> 7 ' iin ? ,y 

. , 1 *.-n»* A M 


(»*»•* /•'// * 


I ,hr;. fHo V£I V J 

Vf# 
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Again, if wo draw through w a variahlo lino X } mooting tho 
emtio in i, m, wu shall havo 

. . . . . (<v*O v )\(X\y 

{#'(),)*. m,, w a u a a ' 1 ((/(.;) 4 

‘ I ,A7"0 U . A^m, (0/) e )* " 

, A/ w 0 u .;\7/f),.(0,/g5 

”‘ ,,r (A 3 ,g^/iih, ’ 

whom /i‘/,*sigiufms tho osculant of O t and O a ; {O u o 2 ) 9 .ttf. 

Thoruforo 


, mri\\ r /\aii. 4 Xg 
and _ , „ 4 


. . . sin X/’sin A'O 

HlllW.HtllCTl- . a 


(sin /\>)3 


1 

7I2 11 .4- 




[Tim MH, hern unilii iihniplly. It) l-ho remillii nf Urn Iniit two pnffotl I luivo 
Introihmml n low mldilmiiii, nil, or nearly nil, of which nniisu with rumiUn 
uliUiimnl l*y 1’iof. Hemiei, who moot kiinlly ijiivtmio Itin valunhlo help in roviuiua 

Uni proof nhcetu. 

The miliji iit of V. Imfi 1 11*01) iri’nlcil from it diifernnt point of view hy IVof. 
Cayley, who him itllmvol Jim to nppoud the ti>llowiii|t note. 

Tim ronnUM ohliiiimd in No. V, of Urn pnper On the Theory nf 1 tiahumcH may 

I mi vvor Imil out iii mi'll ter dot ail , mul in iioiuo nii'imuvo in n more eomplcto fotin. 

thiini; liim'i’iioiilititili'Ui \vn hit Vo ,i: v t »/ J I i; -J 0, Iho conin (mill’ll tho ahuohltn j 

II I'liniii (.1, h, c, /, n, li 0,-, y, d' J ' <>. which will 1m (lulled niinply Iho coiiio ; mnl 

ii point (,•■) Um i’i|iiitlloit of ‘.v I ih 'li in lr i ni;f t 0. Tim common tnnitonln of 
Um I'oiiin mul Um uhiinhito Intenuml ill pumi in nix )u>intn p, </ : y\ </' : t", 

which me the fuel of tho lie; or if wo vi'Hiinl Um four liutiii uiniply an uny four 

tiiiii'ontii of tim uhuolntc, Um nix |mini:i um n iiyotem of foci ; mul wo ohtuin 

in lli" Jlinl lii.ilinii’e foimulin n luttiijt to niioh u i.yolcin, nloim or in <!ni mention 
will, the point ,*• : iifli’ivviirilo, tuliini! (hem to he Iho foci of Dm conic, wo im tlior 
ri , n :, the two tuni{eiil!i /,, M from Um point (.>0 to thn imiiln; mul nn urhilrnry 
him ,Y thnni|!h the pninl (.<•). 

1. Ttm cooriliiiiiteii of u liintteiit of tho ithenliilo urn (.t ( , 2,), where tllC'Hi} 

,n,. uny vu 1 1 mu mmh Unit x, a ) >/,“ I s, a 0 ; mnl wn lom-idor Um four tmijiimle 
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ON THE THEORY OF DISTANCES. 


G. Taking now (x lt y v Zj), &e,, ns fclio common tangents of the absoluto and 
the conic, or say ns the roots of the equations 

a: 2 +y 2 +z 2 ~0, (a, b, c, f, g, ftjos, y, z) 2 =0, 

the expression on the right hand side, quit symmetrical function, homogeneous 
of the degree zero in the roots, and also homogeneous of the dogreo zero in the 
coefficients l, in, n, will ho expressible ns an absoluto invariant of the two 
quadric functions and of the linear function hs+my + nsi and I say that tho 
value is 

= - 4-3 . P . fH (i 2 + in 2 + « 2 ) -2 , 

□ being tbo Resultant of the threo functions, and 0 tho Tactinvaviant of tho two 
quadric functions, as presently appearing. It is to bo obsorved that i a -|-m a + tt 2 
is in fact tho Rociprocnnt of lx+viy+m and x z + y" + z 2 , viz. the Rociprocant of 
(a,... y, 2) 3 and lx+my+nz is 

(be -/ 2 , ca - ah - h\ gh - of, hf~ bg, fg - m, u) 3 . 

and for tho quadrio function ar-t-)/ 2 + z 3 this bocomos = i 2 + m B -Hi 2 

7 , Considering the threo functions 

* s 'i-J/ 3 +s 3 i 

(u, b, c,f, g, li^x, y , z) 3 , 
lx -|- »»y.+ nr., 

it will bo sufficient as regards the resultant to writo down thoso terms which 
are independent of/, g, h\ these are at once obtained by writing/, g, li cach=0, 
and tho resultant then presents itself as the norm oUjb~c-\-mJc-a + n Ja-b ; 
and wo thus obtain (attending only to tho tonns in question) 

p = l* (b - c) 2 + m 4 (c - a) 3 + n 4 {<* - ?>) 3 

“2w 3 rt 3 (c - a) (a - b) - 2 a 2 t 3 (a ~b) (b~c)~ 2 i%t 3 ( b - c) (c - a). 

Tho Resultant is at onco expressed in terms of tho roots (x v y h Zj), & 0., by tho 
formula 

P = G (lx Y + ?»y, + uzj) (l«2 + « iy 2 + «z 3 ) ( f» 3 -I- my 3 + h*s) ( lx i + w Ji + nz i)> 
or according to tho foregoing notation 

□ = ( 7 , 01 ■ 02 , 03 . 0 'i, 

where, and in what follows , 0 is written to denote an essentially indeterminate 
constant, having (it may bo) different Vftluofl in (Moroni equations. 

8. Moreover writing as usual 

K =abc - ap - b/f - cli 2 -i- 2 fgh, 

0 = be -/ 2 + ca - g 8 + a b - h 3 , 

0'=a + 6 + c, 

K'~l, 
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lliu TrtoUm'fuIunl in taken to bo 

« 2?K' J K'M- lKO’ 3 'IK’O* - 18KICOO'- 0 ! 0' 3 
(wliloh for/, (f, h cuolmO, rodueou llnclf to 

11 •••:- (6 -o)» (0-11)9 («-&)»). 

Tho TiioUnvariaiil vuninhoa if, and only if, a pair of roots (aj^ y,, i { ), 
(• r «) !h> “#) Ihhioiih* identical, nay a:, : j/, : 2, : y a : 2 But wc have (y^- Iftfi)* 

IV 1 V) O/^i-V) ■ • if ■'V , ’tti ?/i?/9 - i ,c i !! 3~ 0 » 49 12=0; 

mttl nimliuily .0, and if 13^=0. Anil wo aro thus 

It'll to (tin ot|iittlloit 

o= 'f/.nu n.u. a», 21. 01. 

0. Tim combination C l ’’ll" 1 nonlulna tho roofs homogonooufdy in tho dogroo 
Kero, ami it will therefore have a dolovininuto valuo, which is in fact found by 
tho l'l'ootiim which I pmiont an a verification. 'l'lto rOHlilt is 

I l fl U » > -0.1 (01 .03.011.0 l) a (ljUH.M.aA.31.84)- 1 . 

In vcHllotillun, tabu tho fiutoliou («,,,, Q;k, ,y, 2 ) a to l)0s3, , K a *|-wy 1 -(-M 9 2 a , w (in 
Imaginary ouho mot of unity : tho root a may ho taken to bo (1, w 9 , «), (1, 

(I, ■ «), <./). Attending only (0 tho tonus in l, wo have 

n- .-iiM; 11 1!?; IU.fl!1.0ft.(M>:<P ; I \1IU '1.98.21. 1-1 
(in a product of fncloni mieh an l.» w-t- wV*> - 2w, and is) = -fll; or tho equation 
Imuoimm ( ■ ■ 1 1/ 4 ) 11 (37) ' 1 < 1 -• 0 ll' J (il l)" 1 , whioh In right, IVo havo thus 

- -il l 11 "!r. (01.02. 03.01) (13.11U'1.2H.2-i.B'i)-i 
mul hence tho foregoing valuo of nin°#p iilnVtf aiivS pq : nay 

nin 9 .171 nln®iv<7 siu"5 j vja* (f # -l-wi 1lt l-n 1 )" J . * 

10, From tho point (.r) wo draw to tho conio tangents L, If : taking their 
coordinated to ho (,r„ y v r,), (,v,, y„ f„), those aro tho roots 0/ 

It; -I- 

(“• ••■$/! y, *)®»0, 

and wo Imvo 

v, >i*+ 

11, Wo Imvo (*V i- i/,» i-jr, e *'»0, or Vt.VtV^- 0 . m Hio condition in order 
that tho rcanllunt 1 1 may vaiiinh, and (mnmiqmmtly 

tl ■■ ’<! (V'l- V'l'V) (VT^-I-V)- 

H in wmy In tm that tlm fimnllnn in tho numerator will vanish if f s +m®-|-tt s =0, 
or if tint 1 too I procant (fat Jf, »U «)* 4 >f fl » lcUon (".-$*• *» *>' ftnA 
lx 1 my t- nr in 0 ; or calling this vooiprocant F wo havo • 

(F \ nr * ll") /•'. » V ( -I- ft® I- 2,“) (,V .V T ?«*) - (*i*y + VlVi + }• 

The values of V in thoao two cijualionH have a dolorminato ratio, and wo find 
[s* 1 .V i-.*, 3 } (V i; .v»* * dtZ\t±^±^) . 


Of. IF. 


11 
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find by ten non hereof Uio foregoing numorntor booomofl 
V ( Ft® - 2<r 1 «r a r) -I- <Tj Vj 9 , => (Vr - 

Wo tliun ltftvo 


din “AT. . irin^Y/Vra 


(Vr-wY 
V'M '* 


| (a 9 •l/) 9 l y 9 ) (*iayl-*WM - - («*, •l-'y-i) («yl- ftr t +?> ,))* 

(«“-i ^•i-7 a ) a ‘ 


H. f J'ho nuinpratov-fimotion 

(a* T /J 2 I- 7 9 ) (#|!P tt -I- ?/,y. 4 -l-e,c,) - («*i Tft/i *1- Y*i) («®a 
In f. i - 7,V|) (/^„ - 7>/ # ) •(• (7->-i - «?|) (y-'a - ns 9 ) -I- («y, - ftxft ( a fa ~ft x »)< 
which vanlnheii if « : ft: y- : »/, :«j or £«.r B :y # : jr 9 , Hint in if $a, /J, y) 9 =0, 

Moreover olincrviiig Hint / : m ; n - 71/] ! 7.%-ni'i s «>/i -^0 -^2 "7!/j : 
7.v„- «»/a • - /h' # , it uIho yuiiIhIich if »' J --0 ; ami wo honco lmvo 

(/ ((«« /J« .|. 7“) •!• ?/ u V fi T V«) - («i», -I - ftfa 'I* T'l) («% + ftfa + ?*»)} 

w(l # +?»“+«*) . («,...$«» ft< 7)* 

(via, Iliin oqtmllnn in lino whon l(H- Mt/lTiiy'-O: it ia a particular casoof amoro 
{{eucral formula whoro a. ft, 7 nro (irbitrnry, ami thoro aro on tbo light hand 
nitio lotniH containing tbo factor fa-i-wi/H-wy). Ami wo haYo n« boforo 

Hqnarlnft ouch able of Urn ilrut equation, and dividing by tho two didos of tbo 
lieofimt eijunlion, wo obtain a dalormiimlo roault wbioh in 

|(a“ )■ ft ' 1 t 7“) (ay y •)•?/,?/,) -i-bjBb) - («*i i-ft'/i 'I'y-i) faXj+ft ih+v hW 
T .V T £j 4 ) (*n“ •!• Vt ^a 9 ) 

(J 9 m“- 1- )»“)“{{«,... ^a, ft, y) D P , 

” iT” 5 

vjjj t if (,) verify wo nnmtmo an before Ijs+wy+wiMiu-B; K V , z )’ 
1 i tjy“ | uV : eomieqmmtly 

7 . it ami («, . . . J a, ft, 7) 3 “ « 9 •!• “ft * + u9 « 9 > ra - w ( ft!1 “ F ) : 
ftbto (x„ ;/„ fx), to. V* *«M J » J » x )» 0. -1» 1 ). n “ 0w, » 

then the equation heeomoa 

|*Ju ,J T /I 1 ■ ' («a T ft) (3« - f»)l 9 rj 4 l^ 9 “ ft9 )J 9 
y Ow* * 

wbioh in right. 


lft. Wo bunco bnvo 

-yOO • rj-> * 

and thence »1«<> 

h j„«AT. rinU’M elnV/* idn'jg alirtp? 

... 4 J«,ftT)«) , .n'-i.(«’+^ + V)-‘. * 

vrhlcll h tho M0l|«ro«l ot (MITor.l'« Cormnlo, ]>■ Wl. ] 

,1 



ON THE THEORY OF DISTANCES*. 


This communication relates to the following two theoiems on 
the foci and asymptotes of curves. 


Theorem i. L, M t J\ r , ... are the m tangents from a point a 
to a curve G m of the w tl1 class ; B is any line through a, meeting 
the curve in m {m- 1) points; l, in, n, ... P, Q, R, ... are the 
m (in - 1) asymptotes of the curve, and p, q, r, ... are a set ot m 
foci. 


siv? LM. sin 8 LPf . sin 2 MIT . . . (ay 2 . aq . ar . . -a 


al . am .an ... sin BP . sin BQ . sin BR . . . 


-~pq .qr . 2 )r 


Theorem ii. I, m, n, ... are the n intersections of a line A 
with a curve G n of the ?t th order; b is any point on A from 
which are drawn the n(n - 1 ) tangents ; L, M, Pf, ... p, q, ... 
are a set of n (n-1) foci, and P, Q, R, ... are the n asymptotes. 

lm . in . mn . . . (siu 3 AP . sin 2 A Q . sin 2 AR . . . ) n '~ 1 

sin AL . sin AM , sin AM ...Ip ,lq ,lr ... 

— sin 2 PQ , sin 2 QR . sin 2 PR . . . 

The numerator and denominator of the fraction on the left- 
hand side of the Equation in Theorem i. are quantities either of 
which I call the distance of the point a from the curve G m . The 
corresponding quantities in Theorem ii. I call the Distance of 
the line A from the curve G'„. The reason of this is in the 
similarity of the analytical expressions for the distance of two 
geometrical forms in all cases, viz. the distance vanishes when 
the two forms have contact, and is infinite when either of them 
has contact with the “absolute,” The ‘'absolute” in plane 
geometry (so called by Professor Cayley) is the two circular 
points at infinity. 

I also consider the modifications undergone by those theo- 
rems in the case of spherical curves. The method of investiga- 
tion employed is an extension of the •' geometric analysis ” of 
Grassmann, itself a development of a remark of Leibnitz. 

* [Notices anti Abstracts,,, from Report of the thirty -ninth meeting of the 
British Association for the Advancement of Science, hold at Exeter, August, 
1S09, p. 9.] 
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ON A CASE OF EVAPORATION IN THE ORDER OF 
A RESULTANT*. 

A I'AHTMWr.Alt oiujo of tho following Thoorom was required 
in Uni uoitr.su of rny proof that every rational equation has 
a rootf ; hut I have thought that the theorem itsolf (though 
indeed a mere ohvimi.s remark) wan worthy of being placed 
mi record, because of the extremely small number of results 
of this kind that have yet been arrived at, and of tlioir great 
importance in analysis. 

Tlunnr.m. Let it bo required to eliminate co between two 
equations homogeneous in at and certain other variables ?/, 

~ in which equations, however, m only occurs in virtue of 

the occurrence of a quantity 

in ■ •“ io n i/ 1 R , 

where a -I- ft T 7 “ f l I 

let also ?m, n hn tho orders of tho equations, and h, k tho 
remainders after division of m } n respectively by (x\ then tho 
order of the resultant is 

win — hk 

rra * ♦ 

p 

Ihmmshvlwn. Snpjio.se that p, q arc tho quotients of tho 
division of m, n respectively l>y ft ; that is to say, lot 
m ~ p/t -I - h, n qp T h 

» ( j.'nmi (Ini rroctnlinti* of the London Mathematical Society, Vol. m. 

Nun. a», an. it* wi H *tl 

1 [Hue p, aa, tmpriv, 1 



1G6 EVAPORATION IN THE ORDER OP A RESULTANT. 

then the two equations may he written 

a m + . w + a*. v . w 1 + ct h w* = 0, 

K + • w’ + + M' 5 = °> 

where the suffixes of the several coefficients indicate their orders 

in the variables y,z, Instead of directly eliminating «? 

from these equations, we may eliminate w\ and the result 
of this may be written down at once by Professor Sylvester’s 
dialytie method. It is in fact 

‘ • * 

. 


... 6 ,... 

• • • ^ k 

where in the principal diagonal of the determinant the con- 
stituent a M occurs q times, and the constituent b k occurs 
p times. The order of the resulting term (a m ) q . (b K ) v is 
mq + kp, and this therefore (since the determinant must be 
homogeneous) is the order of the resultant itself. If we had 
written the b coefficients before the a coefficients, we should 
have obtained np + hq as the value of the same quantity, 
These two values are identical, since by hypothesis 
$ (m ~ h) ~ p (n - Jc) = pqp, 
and therefore qm -\-ph~pn + qh = r , suppose. 

Now mn = (pfj> 4- h) (qp + Jc) 

— pqp? + Jiqp + hie 

— pr + Jilc ; 

mn — hk 

r- , 

/* 

"s was to be proved, 

The following extension is brought to light by a different 
method of proving the original theorem, 

Let it he required to eliminate Jc — 1 variables w, y, ... from 
Jc equations, homogeneous in these, and certain other vari- 
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tiblos, in which equations, however, x t y, ... only occur in virtue 
ol the oeouiToneo of h -1 quantities u, v, ... all of tlio same 
onlur /i ; lot also m 0 m, it ... m,. bo tho ordors of tho equa- 
tions, and 

Wi-pi hi < fo ; 

then tlio order of tho resultant is 


if pV~+i>Y 

ifor tho equations may bo written 

(«» «» •■•)'’ "I* 0a hu , (u, v, . . -h ... + 0»a Hm = 0, 

where tho //, ^> arc to bo affected successively with tho suffixes 

1, 2, ... h t and 0 may be considered — 1. Now these equations 

may he regarded as having cooflicionts of the constant order h t 

hut the weight of ovary oooflioiont of 0'' equal to v/m. This 

being so, tlio degree of the resultant in tho uncliminated 

variables will bo tlio sum of its ordor and weight calculated 

1 

on thoso suppositions. But its ordor is hj\2 } or ~ ffp, 


h 


Vi 


due to tho cooflieients of tho first equation, lip duo to tho 

enollieionls of tho Hocoml, and so on; while its weight is pVlp, 
j fence tlio entire ordor of tlio resultant is 


Hj>(S £ + /*), 


as slated above. 



XVIII. 


ON A THEOREM RELATING TO POLY HE DR A, ANALO- 
GOUS TO MR COTTE RILL'S THEOREM ON PLANE 
POLYGONS*. 


Mr Cotterill’s theorem, presented last year to the Society, 
is as follows : For every plane polygon of n vertices there is a 
curve of class n — 3 touching all the diagonals ; tlie number of 
diagonals is such as to exactly determine this curve and no 
more ; and when the curve touches the line at infinity, the area 
of the polygon is zero. 

The proof of this depends essentially upon the fact that if 
we join the vertices of the polygon to any point in its piano, tlio 
area of the polygon is equal to the sum of the triangles so 
formed, talcen of course with their proper signs according to the 
rule of Mobius, 

The analogous theorem in space should therefore apply in 
the first instance to those solids whose volume can bo expressed 
as the sum of tetrahedra, having one vertex at an arbitrary 
point of space, and the other three at three vertices of tho figure ; 
that is to say, it should apply to solids having triangular faces. 

For such solids I find accordingly that tho analogy is very 
complete and exact. It is convenient to define a plane contain- 
ing three vertices but not being a face, as a diagonal plane ; and 

* [From the Proceedings of the London Mathematical Society , Vol. iv, No. Cl, 
pp. 178—185, Mr Cotterill’s paper is given, in part, in Yol. iv, No. 19.] 
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ON A THKOllKM Hlil.ATINU TO I’OLYIIKDRA, 

a lino joining two vorbicoR but not being an cdgo, as a diagonal 
lino. This being ho, the theorems which I shall prove arc tho 
following : 

Vor every fmlyhedron of n summits having only triangular 
fa aw (iVfuvvd u-aeron ( Iayt.ky) there is a surface of class n — 4 
touching all the diagonal planes. 

This surface contains all the diagonal lines, 

Thu diagonal planes and lines are so situated , however , that 
the conditions of touching the planes and containing the lines are 
precisely sufficient to determine a, surface of class u — 4. 

When this surface touches the plane at infinity, the volume of 
the solid is zero. 

To apply liman propositions |:n polyhodra having other than 
triangular lucea, wo numb consider auch polygonal faces aa singu- 
larities, Kimh of them, in fact, may hy a small deformation of 
Elio polyhedron las roaolved into a curtain numhor of triangles ; 
ami wo may lima regard a ipnuhungulav face, for example, aa 
tho apeeinl ease of two mljacimt triangular faces being in ono 
plane, Tlnm the ipunlrangular laeo abed [fig. 18] may ho re- 
garded ti a produced hy ooplniiarity of tho triangles ubd, chd, 
The I'lVoet of tliia ia alao to unito together tho two diagonal 
planea ahe, ade, mid to make the diagonal lino ae lie in the face. 
Tima tlm surface of elaaa n 4 most touch the faoo abed ) hut it 
dona not in general contain the linea ae,bd, ft touohoa tho face 
at their point, of ini mwe lion. And, in general, it ia not noces- 
miry In consider the diagminla of a polygonal face aa diagonals of 
the polyhedron, and limy do not in fact lie upon the surface 
d n 4 . Hut a polygonal face with m vertices is a multiple tangent 
plane of taster m "* «l, ami the curve oj contact is .il/i Golteidls 
curve appertaining to (he polygon . 

U ia interesting to consider from this point of view tho cor- 
relative propositions, dual aa wo have regarded a solid with ft 
given number of aummila, or polyaeron, aa having normally oi 
in the must general enao only triangular laces, while polygonal 
faces present themaelvcH aa singularities, and polyacm possessing 
thorn ns degonomlo forms ; ho wo must regard a polyhedron , or 
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a, h, e , ... vi'lul ively Lo the piano A r , but absolutely indopondont of 
tbo position of p, If, thou, wo make tho equation integral, by 
multiplying; both nidus into pX, IX. 2X. 3A r , 4A\ II .fx’vo 
non that I, ho expression 


v 

**v 


1 1 ,fX 
f ,\. . </ A . hX 


muol, bo divisible by/>.V; beeuuso i In equivalent on tho other 
nido in no divisible, uml tho equation in un identity no far an p is 
eoiiooninl. r l'ho result of tho division in of the order n - 4 in A; 
or, which in tho imiiiu thing, if X bo regarded as a variable 
piano, the tuputlion 


n./.v 

pX ,/X , i/ X . hX 
represents a surface of class u - 4. 


( 2 ) 


Two fliingii urn now elour from our provious equation and 
from the form of l bin one, 


I", if tho equation in satisfied when X is the piano at 
infinity, Hum l‘ (I ; or, if tho surface (2) touch tho pkmo at 
i aft nit if, the volume if the solid is zero, 

ti", Tim equation (2) in satisfied if IX 0, mX^O, nX ~ 0, 
whore /, in, n urn any three vertices not. in tho .same face. There- 
fore the surface (11) touches till tho diagonal pianos. 


'flu* investigation, no far, is a mere reproduction of that of 
Mr (Mtterill, with (lie addition of tut extra letter to apply it to 
three dimensions instead of two. I Hindi take the liberty of 
♦•ailing tbo mniitee lima arrived at the indcx-surfaco of tho }»oly- 
aeroii, and ahull denote it by the symbol v n .. v 

The index surface contains all tho diapered- linos. For lot ab 
bo a diagonal line, and o any other summit of the solid ; then 
ubo ia a diagonal plane, For if it were a face, ab would bo an 
edge, contrary to the supposition. Oonsoqmmtly n~ 2 diagonal 
planes ran bo drawn through every diagonal lino; now all those 
are tniiebed by tbo index-surface. .Hut if more than « — 4 tan- 
gent planes ran be drawn through a straight lino to a surface of 
elans u - 4, the lino must lie altogether in the surfaco, 
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Through an edge of the solid, on the other hand, two faces 
and n- 4 diagonal planes can he drawn; which latter are, of 
course, the tangent planes from it to tho surface. 

There are certain diagonal planes which it is convenient to 
consider separately. They are those which contain three edges 
of the solid; and I shall call them single plcmes. A diagonal 
plane may, of course, contain three diagonal lines, or two, or one, 
or none; but if it contains any diagonal line, the condition of 
touching it is already involved in the condition of containing 
that line. So that the facts we know about the index-surface 
may be summed up in saying that it passes through all the 
diagonal lines and touches all the single planes. 

I now go on to prove that in general these conditions are 
precisely sufficient to determine a surface of class »- 4, In 
order to do this, it will he necessary to make use of the researches 
of Prof Cayley upon the A-faeed polyacra, contained m the 1st 
volume of the 3rd series of the Manchester Memoirs , p. 248; 
particularly of the following passage . 

« An n-aeron has n summits, 3 n - 6 edges, 2n — 4 faces ; and 
it is easy to see that there are the following three cases only, 

viz. : 

1 The polyacron has at least one tripleural summit. 

2. The polyacron, having no tripleural summit, has at least 

one tetrapleural summit. 

3. The polyacron, having no tripleural or tetrapleural sum- 

mit, has at least twelve pentipleural summits. 

In fact, if the polyacron has c tripleural summits, d tetrapleuial 
summits, e pentipleural summits, and so on, then wo have 

n — o + d + c +/+ g^h + &c., 

6u - 12 « 3c + U + 5e + G/+ *7g + 8 h + &o. 
and therefore 12 = 3c + e + Q f~ g — %h — See,, 

0 r 3c 4- 2<i + e = 12 + <? + 2/i + &c, ; 

whence, if c — 0 and d — 0, then e = 1 2 at least. 
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Upon t.hia theorem Plot’ (Jayley founds a method of deriving 
nit polynem with n i l munmihi from these. with n Hinrimita. If 
wo remove IV* iiit it. | ml yin Ton u tri pleural minimi t, ns a in the 
figure | tig. PJ|, wo may derive Irmii it n now polymu'on with one 
mmnnil less hy regarding l.lio diagonal plane bed as a face of the 
now solid. ( tmveisrly, wo may mhl ono tminmit to any poly- 
iirron liy crowning any ono of its laces with a tri pleural Miimmit, 
mol I Im'ii r* <! « u i -i I i i »j.«; this face na a diagonal piano, Thin process 
in mlli'il hy Prof. Cayley the Pi rat. Pvecesa. In a simihu’ .manner, 
l.lio nliow ipnidrihilond heed | lip'. 20) formed hy two adjacent 
fun-:; limy ho crowned hy a lofrapleiirid summit a, with (ho 
edges ah, i/e, i/e, ad, Iho liioi’fi led, edu brooming diagonal planes 
of I In* now iioliil ; (his is called 1 1 in Second Process, Again, Iho 
likow pool iipoii hrfed | lip. | formod liy f I iron adjacent faces 
nniy ho nowm-il hy a pent iplenral imnnnif a, with the edges ab, 
ne t a f\ no, ad, dm faooa bed, (’(/(', ref heroin ing diagonal pianos; 
thin ia mllod the Third Process, And if appears IVom the 
tin Miivin ijinili d idinve, that every (m f l)-uomn can he made out 
of on it in’iiiii by one or oilier oi those. processes, according ns it 
hehmgs lo (Im first., nerond, or third man of the theorem. 


1 ahull now alniw, then, that, if iho conditions of containing 
tli,. diagonal lines and lunching flm single planes are precisely 
unllieii'tii to del e no iue iho indrx-smTaeo of an ai-aeron, then tho 
wilin' | hi ng will l-e Imo Ihr any (a ) l)oienm derived from it by 
eil her of I here processes. Thin will prove that the theorem ia 
Into |i,r all A-liovd polyuria, provided we can allow that it is 
tree for nil pei.laom. Now I here ia only one pentaenm, the 
jj,.),,,, n,,ed of I wo lelrahodra with aomninnii face, a hade. (fig, 
p<»| 'I’lii.i lij'iii" 1 1 on iho diagonal line no and 111" single plane 
bed \ jiinl iho indr-v am liiee ia I lie point v, which in pu.a.uaely 
delta mined us tin* inleiSt-ctinlt oi (hear. 


lo d. teromiiog l he nmnlier of condit ions involved in pnasnig 
I hi’oiijdi a ayalein of lim a, we mind, remember tlml. every infer- 
i..„ ,.|- iwi. liii.M Mu' Iiumlu'i- liy mm, tixroifl 

,|„ ... Hi.. uni in mu' I'li '“ IV « ""'y ln d< ‘. 

uii i, ,i„. Mu.... liu.-i ill "ii" H'« ••«•«»"» «1 c01ldl - 

(I,. I, ,..,l,iunl l.y ti.'u I"|' tliii tlin-ii ii.timKclnina- 
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First Process , — Let D be the number of diagonal lines of the 
n-acron ; then when we pass to the (n + l)-acron, the following 
is the increase in the number of conditions : 

The XMines are on a surface of class n — 3 

instead of n — 4 ; this makes an increase + D 

There are n — 3 new diagonals joining the 
new summit a to all the old summits 

except b, c, d 4- (n — 2) (n — 3) 

One or other of these, however, meets each 
of the old ones at least once ; which is 
all that need be counted, because if any 
old diagonal meets two new ones a 

triangle is formed -P 

The new diagonals all meet in a point, count- 
ing as | (n - 3) (n - 4) intersections — | (n~ 3) (n - 4) 

There is a new single plane bed +1 

The total increase is therefore \ (n 1) (n — 2), 

which is the difference between the number' of conditions re- 
quired to determine a surface of class n — 3 and the number 
required for class n — 4, 

Second Process , — Let D bo the number of old diagonal lines 
less be ; then we have the following increase : 

The D lines on surface of higher class + B 

There are n - 4 new diagonals 4* (n — 2) (n — 4) 

One or other of these, however, meets each 
of the D lines at least once; and, as 
before, this is all that need be counted. . , — D 

The new diagonals all meet in a point, count- 
ing as ^ ( n — 4) (n - 5) intersections — ^ («, — 4) (n — 5) 

The edge cd becomes a diagonal line + (n — 2) 

If, however, we join this edge to the n — 4 
summits different from bede, there is a 
reduction 1 in the case of each; for 
either the plane was a single plane, or 

it contained one or two diagonals — ( n — 4) 

The diagonal be is on surface of higher class -b I 

Total, as before — 1) (n - 2). 
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J Invd Process. — Lot ./) ho the number of old diagonal lines, 
less d/,JI>, bn\ I! urn wo luivo the following incrcaso: — 


I ho ]) linos on Hurfaeo of higher elans -1-7) 

There are n - - fi now diagonals (n — 2) (n— 5) 

Inl.eniorl.ionM of these with /) lines >—]) 

Now diagonals meet in n poitii. ~ — 5) (u — G) 

The edges (ul, ce. heroine diagonal lines -|-2(w — 2) 

.11 we join Ulnae In the n 5 auunmls differ- 

ent'. fnnn Imhf (.here in a reduction J. for 

earh plane — 2(n — 5) 

Tim diagonals dj' t fl>, be on surface of higher 

eluss -|. J) 

Their intersections with oil, co, and of those 
willi one another 

To Ini, mm hefom J (a — 1) (n- 2). 


Vanning now In Urn consideration of polygonal Paeon, I remark 
Ural, that., hy direol. application of Mr (loth ‘rill’s theorem, wo 
have an expression for the volume of the pyramid standing on a 
plane polygon. For let p he Urn vertex of the pyramid, q any 
point in the plane of the polygon; then we have 

v . 0"/"M it 02«+) 

" pX.qX.oX .hX IX.'iX.WXAX 1 

in whieh V ia Urn ralio of the volume id' the pyramid to that of 
the fundamental tetrahedron, and 'XJ refers to a Humiliation 
going round the m aides of the polygon in order. From thin it 
appears that the expression 

y \~S' ((/•'/■</<) . 1 !' . cX) 

(in whieh U'.e.Y means a produet involving all tlio vortieoH of 
the polygon except a and h) in integral, independent of q and of 
the order m -* H in .,Y. If we equal u it to zero, wo in fae.t 
ohtaiu the eipialion of Mr OultorillVi curve belonging to the 
polygon. 
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UN A Till'll 1 1 KM IU*tiATINM Tu i’ul.YII KhllA. 


Nmv it' thin polygon fiiriu a fan' /* ut' a pi-lynnimi, wo nltluin, 
nfi 1)i*tV>rn, ilia fullnvvinjf i*xpiv»!iinii fur tin* volutin* « ►! fin* ?a >t i« I ; 

v , v C ) 

' i>,\. . </ A , <t A . hX ' /i A . f X . if X . ft X 

< t :!:m> 

1 I A . : ' A . M A , I X ‘ 

TIiiim llm I'lpialiou nl* ilia iiiili'\ • Tin i juft* may lit* \viifl"ii 

' ~ {{ii ' i " l ‘ h " ,v i 1 ■ - io/W') H • "-M •». 

Ill'll* II .«.V muni ill a wry i':i:!t* r.tuljiin m lnnli*|!i al |t<a 
ln*lu|i)'ili;( lu jminl'i mi | Itu pinna /* ; ur il valuin' in fin* > ■ i < I < i 
w ■ 4 i! wlian lla* niunliimlt’!i n| /’ mu mil* ■! if iit*>l in il, Tin* 

lanii X vailiiiliaM ua wa Iwvo liaali in fin* nhlri' ill II in fit*' !niii<’ 
<’ii:ia. Tima /* i:i a niullipli* fmi^mif |ihtn<* i*l imlm m li, uml 
thaaiirva nl’aniipinl i;i ili |t-i iiiinail by liu< hum IT; flmf in f.» 
Hiiy, il' ia .Mr lA*ltoi ill'll nmvo Iialoin'in^ f.** fin* p->lv.u;**u, 





(■ hOM KTI{ Y ON AN KOVIlkSOTl)*, 


iiilihil'v 'T"; M !" )' i"' 1 ""'wU circle M 

J- xlmll Umniloru, by miMiimin;; U,„ , !S i.ston«i of 



'• T'» n-pivHn.l I, In. ellipsoid on a plane wo require also two 

' Nn |,n " ,l 1 M 1 ' 1 ;/1 ,lm of Urn ellipsoid nro then 

!i y (U 11 iicu through these points, and the generating 
. m " ! ! »» tl.n.,. K |, them. In faofc, if wo take a 

hxed pnmt n on the ellipsoid h' v and draw a lino through a and 
u vimahle point ;« on the ellipsoid, this line will moot a piano l 
1,1 '” M1 • ,/l ,I|<1 representative of a:; tin* points i, j 

. l,,m h r(, »emtors through a . If wo take the 

rn.ls vjto he the absolute of the plane L, then all the piano 
ceetnms will he represented hy eirolos, the lines through i will 

u,, ° ,,r K0i«.-nain tf lines, and I, ho lines through 

j Hie ether. We at mil have then, in addition, to consider the 
h-ur ponds „ ; and the geometry <,1* the ellipsoid will he merely 
the geometry n( the plane emisidered in relation to these four 
points, which are coneyelie. 

* W,! hnmv - «•'«' oatipoints of the a Ho upon 

U.rcn new cm les. nrtl.elomie of each other and of the first. 

'I hese cot respond to the principal sections of the ellipsoid. The 
itnl ipoints t lieiuiielvea represent umhiliei, four of which are real; 

1 1 onn i ho Vfi’CfftUwjt it/ Or* l.tuuim Mtit/inmiiral fioe.iati/, Vol. iv. No fit 
m». ai.’i Miy.j ’ 


178 


geometry on an ellipsoid. 

I call these « t , %, « 4 , and we may now take the poi 

o«r absolute instead of the points o. 

3 What now are the directions of the lines of curv 
any point 0 of the ellipsoid ? First, the indicatrix at a? i 
sented by the point-circle at its corresponding point y, 
conjugate directions at 0 correspond to rectangular diret 
y. Next, the tangent plane at x meets the plane at in 
a line, say / 3 . Through the points 0 can be drawn tw 
to touch / 3 , say at p, q. The lines xp, osq are tangent: 
lines of curvature at x, since the points p, q are conjuga 
of the section of the ellipsoid at infinity and of the in 
circle. But now let o/> 2 and o 8 o 4 meet /3 m r, s rosp 
Then the involution made by rs and the points where , 
the imaginary circle have p, q for double points. ^ The 1 
tation of this on the plane is, that the directions til 
corresponding to xp, xq make equal angles with tin 
yoA> W' Hence— 

The lines of curvature of the ellipsoid are rcprest 
confocal anallagmatics having the u for foci. 

Sections made by two conjugate planes of the elli] 
represented by orthotoraic circles. 

4. A straight line 7 in space may be denoted by 
points Cj, c 2 , where it meets the ellipsoid. The sectior 
through this line will be represented by the series 0 
circles through c,, c a . The sections through 8 , the po 
will therefore be represented by the series of coax* 
through d lt d it the antipoints of c v c 2 . Thus, a stra 
being represented by a pair of points, its polar is 1 oj 
by their antipoints, as is otherwise obvious. 

I denote further the principal sections and the 
infinity by X YZU, which notation will serve also for tl 
which represent them. Now, in general, a section of h 
through a fixed point of space is represented by a circ 
tomic of a fixed circle. In particular, the points o l 
0,0^0^ op o x o v c a o e> correspond in this way to th 
XYZ. I want now to find the interpretation on t.be 
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tl.o roctangulavity of tho line, 7 and 8 . Tito planes joining 
flicm In 11 , „ point „ A are harmonic of tho linos , 0 „ 
tin, arena «,o X, d,d,X arc harmonic of tho circles ^al 
Wit . tl.om and passing through respectively. This is 

to ho true tvlion A’ and Y aro interchanged : tho conditions 
may lumlly ho written 

.‘W V;f _ °,«M 0,0 A 7 


hjf/j i'/t (IjlJtX 


d,(LX Y ' 


If now for o', ,7, wo may substitute e„ o', whom o' is indofi- 
mtoly near to e, tn oay rfimKioit, o A represents tho normal 

/. t 10 *} " rt ( !“’ 1 tKmi<! nf ^ roprosonts a diainotral soc- 
; ! J tl "'' «<*«'"> hocallml p is ft point at 

!"; y ' , W " '“ lmv i( - i« nl'my* posslhlo to f,ml another 

I’. 'l‘ a wl ' Wl i» oouiogato to p with respect hotli to 

>-r' /" 0<« "'“Weary circle. Wo may then 

Hloavonr to nul tho eirolo Q, of which ,, i„ the polo, lather, 

. , X ’ /l ; lm , wu throngh p, ,j rospootivoly, which am at 

U ’ 1 ' "’"S '*' " ml ,lls " polars of tho ellipsoid To 

represent them, wo most lind a pair of points on V which have 
then anti points on Q, Thoso circles out orthogonally ; <m each 
them, l.lion, thorn is a singly infinite number of point-naira 
representing axes of tho ipnnlrio, vfc, the point-,, aim .Inter, nine, 1 
by diameters of tho other circle. That is to say, any circle V 
oilhoto",,,, ,,| U lining given, there can always ho found a point 
?,»"ch that tlm linos through ,/ dutoruiino on 2' point-pairs 
rojiroKimlnitf iixoh of tlm qunclrio. 

. ?’ ,u ' ,, ‘. !|nn "in'i , i° n of V” tlopoinl« on Mm position of tho pro- 

!"K imiiit «. 'J’liti ^nomtoi-H through a moot tlm dinmotml 

”! ,t!Uon 1,1 two l ,oil,,H I tlm remaining generators through 
tlioso intcmmct on tho roprosontalivo of (j°, 

0, I now pvoeood to oouHtruct Q when P is given. In tho 
, i ,lAR0 * Q lmH to lie ortliotomio of P and U Next if wo 
tlraw through P n»d Q two now circles, ono of which 1ms a o 
for harmonics, and tho other c, n 4 , tlmso must bo harmonics' »f 

1 2—2 
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p atl d 0. But a circle ortliotomic of U and having o, o., for 
harmonics, must have them for inverse points, and therefore 
have its centre on o, o s . Hence the line joining the centres of 
P and Q is cut harmonically by the lines o fiv o B o, ' 

it is cut harmonically by 0 , 0 ,, o A , and by o A , o o Hence .the 
centres of P and <3 are polar opposites in regard to the quad- 
rangle o, o , o, o, They are therefore conjugate points m regaid 

to the circle U, 

7, Intersections of the ellipsoid by spheres are represented 
by anallagniatics passing through the four points o,, o„ o„ o. 
There are two systems of real circles passing tlnoug 1 pans o 
them ; these represent the circular sections, Spbero-comcs i are 
represented hy such of these anallagmat.es as have XI AU 
focal cireles. To find the axes of any circle F of the V system 
we must then draw two sucl. anallagmatics having doub c 
contact with P ; the point of contact in pairs will represent the 
axes of the corresponding section. 
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XMtKTJiM 1 NA11Y SKETCH 01? HIQXJATE11NI0NS*. 

:r. 

Tuk motors of Hamilton aro quantities having magnitude) 
ami direction, hilt no particular position ; the vector AB being 
regarded an identical with the vector CD when AB is equal and 
parallel to CD and in (lie name sense. The translation of a 
rigid body in an example of such a quantity; for since all 
particles of the body move through equal distances along 
parallel straight lines in the same sense, the motion is entirely 
specified hy a straight line of the given length and direction 
drawn through any point whatever. A couple, again, may ho 
adequately represented hy a vector ; since the axis of a couplo 
is any line of length proportional to its moment drawn perpen- 
dicular from a given face of its plane. 

I'W many purposes, however, it is necessary to consider 
quantities which have not only magnitude and direction, but 
pwiilioit also. The ret alioim! velocity of a rigid hotly is about a 
certain definite axis, and equal rotations about two parallel axes 
aro not equivalent to one another. A lorco acting upon a solid 
Ims a definite line of action, and equal forces acting along 
parallel lines differ hy a certain couplo, The difference between 
the two kinds of quant ities is (dearly seen when wo consider tlio 
geometric calculus which is used for the study of eacli. In 

* [Prom the Vtocfallnyt nf the London Mathematical Society, Yol. w 
How. flt, M, j»jt. UH1 — iiy/S.J 
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1* ilKI. IMIS All V 


,K l |< II »>l l>n*i 'l 


olu.lyiliK tim l.iMli.-irn.f u yMU.l' -V <h“ 

Uni only i’on!>li notion 11 ^ 

tool till! llirt'vy invi'lv ‘I • - ,5 * a _' Ul ' ' 

in tlm litiitif or Uim-nmM'* '- 1 v, ‘ “ 

musl motion of tli * 1 i ' , “ 1 (, ‘"’ 

|,huiti'V of ti" ! involui i"i‘ -t li«*' ’ 1U • “ 1 

(•(iinplox, 

'('In* imino virinr limy I’” * ' • 5 * ' ' 1,41 
volnrily of /rtMoAifion, »■“ ; ,, 5 t< 5 ? 'l‘ 

hy it. Ill aiub'iry 1 V*^ 

Sitin' (hill'll tol' I’fiOWiO } l"« Id* *t* ii ij’ v.nU* , 5 

(liriTliou. nti'l |" , 'iti"". "I ■s» i M 

0 t’,VM/ 0 » ulmitl H t'rlluui V 1 " " " J J k 

Vl’IU'l'fll'Htnl t.V » l' OlMll |U*'|»"lt 0 'IOil V> ' f' . 
U|nm it '• usi:i m u f'liMH* I;1 " 3 '" 

with f !lf it tin v m» 111 tii"' ■■■= .-.‘M 

loiij'lh, nml in tli" n*io*-' ; i i! 5 *' *'=• ' 

pamllol to ItM’ll, hut <i ' *•» : « s, • 


’Vim Ill/|/|V|MM o| Vi i'll |<V : 2 h;« tth'* 

tho rniu|nn*itiun *>l !»<*« <* > oml It.j- 

(fOllIM Up' HI H Yrl V ilo|'->*rl.'.Oii hr-* I’M '-‘ !l 

rot cirri mnl vorloi.i, Whit" tic :, '3 ot-v 

filwiiyn a vn t'ii 1 , il will »-u?y i. i|-|" in ■ 

mini ul’ u nuiiihi’Y of iol*-ii? * » u *'••*"» ho - V *■ 

of I, WO luiVlill wllMiit 111!' I of Ur *.l ''M »!•» li'-’t 
rotutioH'-Vi'l'il ifli •' *h< hi- “ ill*"' ■? "■ : - \ ; 

liytilHtl of loivi'ii oil Mo- oOo huoiS, ms. ■! ?h>< ■■■’*. , 

of ii iif'i‘l ItHily on tlo-> ul ‘ihr, lf iVjii'l t . » 
til*fl lillVO llOOH ot *l«ii» <}, »ioi lh” thi-JV i-i tlr: -it 
plDiitiiiU I'njiiplotolv Wo5»i« ‘i »u»t A toj t o li st! 

A hyntom of !»►! **-u luuy h.v ^ »■,! 

flllVO /*, tuul U l ouplo ft wiowi-' Oi H •’-.3 p"' 

lino of notion of ilt»* or or-^fvil I 1 

till? nyntl’lil of loiVi-if iitf a h in ti ■*■ 
of tin* wrow iming ilo* «v.utr»4 ***««, »*»«■ \ 

0 

j'litio j, of tlio m*\>k to tlio Honiilai-iy s 



l-' o. ,/ Hot. 

t « j «• ! '•«' V. i' • !? -.r. 
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i«a 

i ij'iil body limy bn mpmnnhlnl in “tin way only im u rntalion- 
vitliirilv f«* ill •< » ii l< a rmluin its iu mnubim’il with il l.mimlaliun- 
Vi liu'il v v uluiiK I lull. I>r Hull nponlm nf I lib; volueily im a 

twlM vi’lm itv iilmul. n rmlnin m-mw ; llm nxia of llm tirmw boiu}( 

Him nxi i of rotation, iiml ibt pitrh tlm ratio of tin* I mindul ion 

fo ||jo lolalioii. A wTnc in boii- a p»'ono't i inil bum ivsultm^ 
lii iiit llto combination of an n,nu or ntrniphl lino pi von in poni* 
(ion wit It a jtif>h wbioli in a Itimur nmpnitudo. A wmicli in tlm 

if, uii’iaf inn with I bin pomnot rmnl Imm of a mupiiiludo whom 

ilintoii liou i am f lio:io of a fojvo ; a bntV vloriiy Hm iation 

of a noo'itii o- lo wlo»M- « 1 i moimiouit tiro tin- o o( an angular v’olo- 
,.jj V. I’li' 1 oxtmiuo «oi»vonioino o| thin noinoia’lntum in "''ll 
omuiphlbd in Ibn lomarbablo nioinoir abovo ml.-md h*. 

,lu t | a * a voolor (Into ilati<»n Vol-ioity «>r '"Mpb*) in ina'-nitiulo 

a- oi jal-il wifli dim-lion, and n> a loh-r (rotation vol.-city or 

fo,.o) i . nmjtnihnlo uvmrmlcd with an axii; mi llii-i now *pmu • 
lily, whi>h ia fbo rami of two or niniv mloi a (t wi-A v.-ba iiy or 
womb], in imipuilM.lo a-'mi-ial oil wtlb a ncmw. l-ollouina up 
ll,,. uiotloMV limit iu'lifiilo*!, I piopon* t-i rail thi- ipmhtily « 

tin- fiiupl' it typo of i« h-mp H.-' K-umal »ioli..n of a 

ti-pd body. And wo ahull ray (bat in jp i.oial fin* mini ol mbmi 
i t a nioloi . Im» I luil. in pmhculai taa t it may d. ;p n-jato into a 
jofoy or U Vector. 


11 

A ytm/tWon in fbo latmof two Via-t-.m.m llm oja-inlmn m ,aa- 
K;*ry io main* on** into I bo otbor. to-l fbo vc.joia !**• flip. n-b : -I N 
and .If', a, they may b-fb b- mad. to In! Imm auv mbit. my 
pomf ,1 ‘lion .1 /* i. ma-lo inf-* .’I* * by Ininm;- if o-nod an 
a vn Ibo-mdi .1 p. ip-min nlm to tl.« piano HA f * until iu dim- - 
ip.,, .•-.uoid-a v. tilt I bat. -I .H*. ami iWi. immmHm- m dmun 
if ttnttl if if* -I I bo .vaoo- b liplli a -I*’ <! lo' fall- ol lim 

Va-.-f,».i a lion *••-* i b*- r>«mbmafmn <<1 an «»idsm»»y »afm 

y.»f.b a -ii ; m. a t lUmdJ-n .-*].* H. a .jU-Vi'mi-n »« 

tb,« po*,|m f .-S' a l- n o uu-l a v.-m-.v - v m*a- ho- l"’ mt ^ 
pi tb> llv mbit to y. I bm mlatvm if u*-l nb-ni n A»hwU- n-m- 
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numerical ratio with a hoist. This twist is associated with a 
perfectly definite sennv, him! in only M[x;ri fiml when its angular 
magnitude and the screw (involving direction, position, ami 
pitch) arc given. Wo may nay also that just as tho rotation 
(veraor) involved in a quaternion is tho ratio of two directions, 
no the twist involved in tho ratio of two rotors is really tho 
ratio of their axes. 

1 1 ere again a. remark must he made about the range of this 
operation. Using the expression laosor-hoist to menu the ratio 
of two rotors (which is in fnet a twist multiplied by a tensor), 
we may say that a tensor-twist can operate upon any rotor 
which meets its axis at right angles, Lot l denoto the opera- 

tv I) 

lion whieh converts Alt into (77). so that and 

A Ji 

l , A It f-~ (JO ; then if ICO ho any other rotor which meets A (I at 
right angles, the expression t,K If' will have a definite moaning, 
viz., it will mean a rotor obtained by sliding Kb' along a dis- 
tance (spud to A ( turning if about AO as axis through an 
angle equal to HA if , and altering its length in the ratio 
A it ; 00. Ihit il' Ob' be a re fur nut. meeting AO,, or mooting it 
at. any other limn a right angle, the expression L. J’Jb' will have 
no meaning whatever, 

We have now defined the. ratio of two rotors, ami shown 
that like a quaternion it has a restricted range of operation. 
The question naturally arises, What now is the operation which 
eon veils one m«hu‘ into another V We can answer this question 
very easily in the case in whieh the two motors have tho sumo 
pilch ; for in this ease their ratio is a tensor-twist whose tensor 
is | he ratio of their magnitudes and whose twist is the ratio of 
I heir axes. We are led to this by considering each motor as 
tho •aim of two rotors whieh do not intersect. Let. a and fj ho 
t wo such rotors, ( a Imtuor -twist whose axis meets them both at 
right angles; then li is a rotor, nay y, ami (ft is another rotor, 
say fi. If therefore we assume the distributive law, we have 

l [m'i n(i) - my t- nfi, 



m) m:WMlNAUY HKK 1 V 1 I or mijOATUHNlnNH. 

It, irt a IIIOIV Inmnluliuii of Known Ihcnmnm to any Mini. llm 
n .xin of t nu'i't'i at, right, nm<tr>, tin* uv, of tin- umho, m l «/* 

ami 11.7 .|.»8, iiihI U«tl. «m» i:i r,u,v "’ l,,, l i " ,, “ ,lm 

other hy tl.o tmnm fwiat that nmlma t* into 7 or jl into 

M’lm nolutioti ol' (lim pmhlnm in tin- i *il ra-to in whirh 

\\w pitchon urn ililVmvnt, in not. m rwA\ In do' hml |>hmo, wn 

in Util, rrlimmlmr llnU nvrry motor coini-H <>i u l ,:l ' 1 ,m ' 1 H 

vwlur part, mu! tlml. tin pilrh m dHmmim-d h.v tin- ratio „f 

Llu»Hi> I, wo part a. Uv * » anihO»l»’ vector with a motor, 

therefore, wo may" i.mKo llm piM, ol il uuyilnno wo like, 
without altering llm rotor part. Now h-l if In- 1-., mi.nl In Imil 

t.1,0 operation whirl, will cuveil a A in'" n m-lm' It, 

T,ut. H' ho a motor having tint niiiin' iof.*r pmt at It, uml llm 
MUiui piti'h an .1 ; ami U // It' I ,% «ho,o ft i« u vector 

‘ , . It //' ft /r 

pamlh-1 to llm usin of //. Thou llm mtm y , I , ; hut 
in a loimor-twinl, ray /, uml wo may write 

i* 


l I 


whom il, now only mmainu to llinl an oporatiou whirl, will con-* 
verL a motor il into a vector jl. 

In rmh-v to ,1a thin, wo mm.t introduce a nvtnM whomj 
nature iuuI oporatiou will at Hint right appear e.nnplelely a, hi. 
trnry, hut will ho pctitied in llm »o«pml, 77m mjnM w, n/yi/iVrt 
to am/ 700/0, ■, vlunujm it int „ a vrrtor paialhl to it> mil nm’i 
pro/iadioual 1" //<*! rotor pud of it. That in to r.av* it ' hnugcj 
rotation ahmit. any a\in into trumdution pnudh I to that axis 
mill a I’uroit into a oouph- in a plaim pe, pi-udii nine to it o lino 0 
action, lint, il' the rotation in mvonipahted hy hainiUtioi, or lie 
.force hy a couple, llm aymhul lake;, no account. whatever 0 
Uioho accompaniment n ; im«l ii’ made to opoiafe dir* oily ot, 
vector, redueea it, to zero, It, 1**1 Iowa h'oiii thin that il it, h 
made to npomlu twice upon u motor, it ivdueea it, t*» zero; c 
RSI 0 alwuya. Tim portion of any o\p,o» *ii,„ w hioh involvi 
<t) muni therefore 1m treated rut an iuHnitciiuml fit' tlm tin 
order; all higher ordora being uniformly neglected. 



1’UKMMINA U\ r HKHTIW 01' HIQUATKHN10NH. 


187 


Si i mo (lion mA ■ > <x, a vector, and the ratio ^ is a quaternion 
q mo llml. ipx tv [■}, wo may write MUceoHsivoly 

(■} (fx tn tjfo A, 



ami thou ^ — l I- <}<>), 

or (ho ratio of (too viators may he expressed us the sum of two 
purls, one of mhtoh is <t tonsor-twistf uud the oilier is m ■multiplied 
by a 1 / tut torn ion, 

Tito sumo ratio may ho expressed in another form, .hot an 
arbitrary point () ho assumed as the origin; then every motor 
may ho expressed in one way as the sum of a rotor passing 
through O and n vector. Now the theory of rotors passing 
through a fixed point is exactly the name an that of Yoctois in 
general, and the ratio of any two of thorn is ft tensor-twist 
whose pilelt in zero, or what is the name thing, a quaternion 
whoso axis is constrained to pass through the fixed point, If 
wo use ruruivo < hvek letters (as a, /:!) in general to represent 
toll mi llm.ugh the origin, wo may distinguish vectors from them 
hy prefixing the symhnl a.; thus wa denotes ft vector parallel 

and proportional to the rotor a. Thu rating will then ho a 

uioii 7 . wliirli in Iilw. Urn rolio *. Tim 8««orol oxproit- 
u ,, tiiolor i» llit’ii a l I-H il i«"W !»' r«U«i»»l 1“ «»<l 

t ho ratio of two motors alWh 7’h^J or ^ U) vu ' u0 ol L m 

7 I- ra<S 

expression 

iMi nt , lot, 7 i. ■■ i / ; then q { f x rs /if) =• • 7 -I- q<*ft “ 7 T M, I& 

The uvmh.d ip‘1 has at present no geomolneal meaning; for 
in general the rotors a, 0, 7 w»» ,iml mmoi 

* Il f.ill.mn fii.nl llliH Ulftl *’ r 


w in onmmitulivn with fjiirileniinnH. 


IKH 


I'M KJ,I M IN’ A UY Mil Till lH'jrA l 


llmii'fdld lit* iijii*ruld»l «>N 1'V lid’ ’’ ‘*‘1" * | ' 1 */■ li li'HVi' Vi'i 1 

(ii*i in llm ( 'nlriilii’i nl l^miis'i iii«>n\> wv »“U ml'i hU fin ijimu* 
| if inn )ii vii i| in loiiiii nj il»iv<» i< < ? *u>.*ii!.a unit 

lliinupli (In* «»j i»*iu 4 ^ will lm :i jn t !y *1* Inutd ijimfi'i- 

tlinll l\ Tlir i*<|| 

»■-! •' •• »"* ■- - */< t 

i/i, likd tin* n|iiiili<>n »/ (m } <»*//.* 7 1 

lit jminlv litninl uu<l tlnVndl ><j Mm.mssm, \ if" (x> in*i, t 

lll'lilHj till* |Hn|i. |lti l *»| flm tiyuilutl nl) V,n dfJ -1 j.l fust' t flm (it if. 
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» 1 • 1 .71 1 . 1 't , . . 
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1 i it*/ I 1 

wliirlf d\ jitrifiinii fuiiy 1 <>m > nwnH v 1"/ ^ fni n*. mu *, 

Tim filial i'i|i|!if Imw a ■ i, n m>-! *m-!- ■■ p* "I i j<u f i» i.*n 

ill llm Hjliim in* i» : n* m i f lin 7 1 j l it" * tpi* mu 
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ni tivn itinl'ii (i in mmIv j >i I »,v u •••iviul* 4 m; lie- ..«nni *.«l ivm 
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nr. 

That geometry of throo-dinmnshnml space which assumes 
I -1 h ' Knelidiiiu postulates lum lim'U called hy Dr Klein the ywm- 
bulic geometry of space, to distinguish il. from I, wo other varie- 
ties, which assume uniform positive and negative curvature 
respectively, and which 1m rails Urn elliptic, and Iti/perbolio 
{'ctnuetry of spare. Tim investigations wliieli follow involve the 
I a m(.ti Irtl < 04 of elliptic {'eon miry. .An, liowover, Um postulate of 
uniform positive curvature in tint. sullicient to delinn thin, il; 
may l»n worth while In ilovolo a short, spam l,o an explanation 
of its imf mo. 

Spam of three dimensions is that 1,1m points of wliirh may 
lio iiHsorialed wil.li systems of values of three varialdes v/, a. 

It, is iml, in general possible, however, so i,o make lids associa- 
tion Ihat to every system of values there shall correspond in 
general mm point,, and to every point in general one system of 
values. When this is the rase, 1,1m spare is railed itnicnmil. 
An ttlffcln’tiio space is one in which the position el a point may 
lie nniipiely defined hy a, set ol values ol periodic ulgehruie 
integrals, without, exee pli mis which form a part of the space. 
Thus, uiiicuvsul spaces are a particular case ol algehraio. .At- 
tending now le iiniemnal aparea only, we uniat ehserve that 
there are in general exceptions lo the unhpm correspondence ef 
p,, inis and value systems ; namely, there are certain points to. 
each of which correspond an infinite imiuher of values of the 
coordinates satisfying a cerium ispml ion or equations ; and there 
are certain value systems to which correspond, not points, lint 
loci in the apace. The assignment ol these point equations and 
l.u’i values and of I loir relations with mm another serves to 
determine llm ^o'e/cr/iVe-ciou/rc/tos ol (lie space j ami vhcn once 
these are known, tin* whole ol its projective geometry may hu 
worked out. The point equations mid locrA allies may m may 
not. involve imaginary values ot llm variables or their coelli- 
(dents ; Imfiii all cases they must, ho taken into account, l ho 

pcatroi nmy lm maq.t.x. As 0»> w,.r.l i t Item n*» 1*»wr ivimU-l is K» "U 

lih‘ iiiiiigi 1 li’iVrt htd'lit lutM l k t il^* in d M*'*v hut’, 
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lxiitilH wliii'U <-"rr<'ii|M>> ,| l •" •*’■>* A 1 '' 1 ’ 1 ' 

jH.inlx ; thiwi wlii. li ' "'""t ;"" 1 ^ ^ 

n... .i-iiy -r T;v: , , 

tn t.lml ..1' ihiv "I ' l“ " • ” 

milto (*1 l ln’ l"i in*’*'. 

l,i iri vltirli lno',„ * T : V ,V»\ ' 

(•onhliimlcii umy hi 1*“ 1 **” 

lion tttinrs; H«i" » il “ }" 'V , ' i l 4 vhr f"' 5 - '"" l ' 

urn not mviwmilv jht j»luii*’-» »“'* f 

mumti, I'ninlH, li'i'-S u “ 4 *' 

t’hmvutx, 

»*• i*«- , «m‘ hy **i !; j‘ »* "* ? ! " ' ■ ' 

roliitiun-nif ion 1^**1 i:' ,|,1, ' rl ' 1 ' ' 4 1 v '"' ''' ' 

litnlrinil **» '*1 *' n s- v. . , >< ' 

nljftiliini'' innii" tfitli »H nii.r^- 1 1 { '■•- ■• 

will hi' r\ jiUin ,, 'l m* i‘»U’ 1‘ ;4 * 5 '- 11 ^ 11 '• 

wliilt* ii iui»y In’ i ititl fliiji il**- a*-- (i%» ■■! s "jf a-i- - - ■*- >• >.• ■’’■'■■ 

uht'duUt) nn* j-'ivrM vvln n limn'* S" ,!! " "• 

plmu ’i a«f lit** uI»*"1mH\ **» *!■■»>' * ^ h u ‘" • v " 

llml, lln* j»»iw«'i‘ cl hu * U ni- ii» »-i ••'*• ' " i,a ' iu 

tuliiliaiv m mioisN;,: ls» Vlk ' -i " 1 

H#oni>ml r«jH!il nl Hi* 1 ' ^ l y: " sw f • 

(•ni)l'ilillUl|Hl |r»i|»ri I Hrly, 

A unii'm itl iln* *4 •n.ui c ■’•y - 

nnii(n«-lv liy vult»* ? -ny *»!«■»>*! *>t s^ ,:r * ^ 1 '• '■■ r- ; ■ 

oXiv|iti"U uf m»y s-ijn-.t'S'-JiT fs *»'*'•>■*. ; : =' - 

HjiHiio, Tlii-i i‘‘ m* n ly n i*« ••;*/ ^ I 

(ll, t i*lul'\ :>4 «;!.• !?.: ,: '' : 

'Vli**r»* i's n ul:ii -= *!>■• •' ! - 

lillHU' vvl*i* i» j>? »sl( tlo< uMn‘K*5 ‘ s -' r 

wliij'h llm jii'iul'i » 'l Mo* •■'■I -a 1 ,f “j !? v 

muTiii’i-, wliili* !.1 »h Hm>-n nu-i « -f eI«i- A •>«•«• ei* 

whil'lt t* 'Mi’ll llli« fulfil****’ * ill n 3 'is K5.<1 Hi ..St 


i, 1 !-.. tm i; • t- 


-Ns*:* >«*..- 


**.*^r^ e 

;•'! .• *!}■«: H.IU 


I Tlliu lllWU'J 1 l»l Ittf-lllr* jr 6.* wf Vi -■ J # :■>, a 

QilfthMi'w/' I'M T*at«jf , 
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i I ,p tl | 1!fl .luin m<> ol’ lilt' iwm’oih] Timm mo tl»mu inmn* 

<u l, r n.n mi. iv.l, :m hoin;' ilio only imifl ol' which ohsnrvml Hpmm 

cum I«»t iii iv part : * 

(I) Kllijtiio |*ciUMcl ry ; nil t ho olomonlu of tho iilmnlulo inn 

iiiiiu(iimi v, 

(•V) Hiiiirrhuln t poumelry; I ho tihrinlulo ooiiluinu no mil 

Hlmipht linos, inul tamoMiulu uu. In Ihia <’»■«', voul 
|mini i hil nuln on Iho other unio ni tho Mnlncu iuo 
cnllfil ulnit, 

fll) /’mw/iii/iV pcontoliy; tho surface .hn'onoriites into im 
iumpinmv conic in it mil p'nno, Tho points ol (To 
nlcnlulc iiro points in tin' (vent) piano ol thin conic ; 
tho lines mnl pianos urn tho inmpiumy linos uml 
phu, i, it which inert. uml touch Iho conic respectively. 

‘The tint "T these Mippocit ionu will ho nimlo in wlml, lollowa. 

It inuv he well hero to ic-t ilown in what it. wiminK 

(1) The space to ho Coini.leivil ill nurlt that thorn in olio 
peint of It lot "V.'iy not. ot vnhioa of tho cn.mliimles »/. uml 
not values In every p-iut, will any oscepln.n wlml* 

nve, 

> e \ *11.-10 \ „ c.ii ( siiii ipUnliir MUil'uco, culled iho lih'iolulo, 

all whose point ' met Im.orut plums me imucinmy. tl' ihn lino 
joininu two points u. /• me t the uhnolnio in ». /, the ‘pmnhty 

of* tl , 

. of*, 

^/(||| , *(/ /o . O/J 

(which m U lute lion ot m.lmuooi.ic lutec, mol then loro mi 
invmim.U i<i ■ n!h ,1 tho ,*.*>•* »• mI fho ,h .». h in u ^u\ to ...»» 

aa.ulor, t either .». r^unl to tl Iho thnhuuv ot 

two point s is Mil Ullpjo 0 such tlmt, 

( in t) ••• o/». 

ftmiliulv. 1 C t! l. It- I' "i.M. 0 .-. 1 -U'M '< 

,1,1.11. II... iM. K .-..t >'"• ul " ,h ""' 

.lir 1 

•u., .set > o. is It IB- f -scle* • f 


• Me |t.i a ttO i s 
1 :< ‘i i.. -rl. *>»; 1 *• 


..n ti e l ’I Id’ *o, 
i..., lot «, 
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V( J/, . 1 ./. /»7 . trj) 

lllld Mm JlUjJfle lid Wren tlietll i’i jilt t/i meh Mint 

stiii »/» , I /**, 


puiiil arc minute m» il * pnluy H Ml*' j l» I • ; 1 4 
ami every plan*' fhimieh ic mt i tlii i p-4 u pi s; 
Kvei'V line lifi'i a p..lm litii’ in i. pml «... sit.' „ 
every puiiil, mi fin* p.<ln lint- i * ili .s.nts ;t .ps 
piitnl ell flic line ; an. I every hie* w ln* U »:> 5 

fit her iiircf'f tln> Mllier. Tlnmieh nn .mi-ifi 
general In* linixvn mx 1 line p.rp.ieis' him f- 


the ptslar Ill’ll iji Veil line ran hnlimwi mm e» 1 
dienlar In the line; imntrlv, the lim* 
ineel i llie pivmi line tun l if 1 J > ] : i | n 
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ifn't'l) It turn I it mi »!•;>/ (Hi rut M 

tinulhrr, tine line umv [hrnlme |,, t , , r ,»v, w 
l‘nl ill inn tilinlll |\VM pnl.n fur * Tie ie „ v> ! , 
the lille.'l wliieli meet (he fw„ p, v , n 
wn travel enttiimmUf.ly nlnni; eue ,,j ih, (; 


IC Mien lliefte live file e.|iml 4 Me- line , i M e 
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absolute, I shall uso tho word parallel to demote two lines so 
situated ; and they shall lie called right parallel or left parallel 
according as 0,10 is converted into tho other by a right-handed 
or lelt-handed twist. Through an arbitrary point can be drawn 
nno right pa,mllol and one left parallel to a given lino; tho 
angle between them is twice tho distance of the point from tho 
litm. There are many points of analogy botweon tho parallels 
hole defined and those ol parabolic geometry. Tims, if a line 
meet two parallel lines, it makes equal angles with them; and 
a series of parallel lines meeting a given line constitute a ruled 
Hmfueo of zom curvature. The geometry of this surface is tho 
same ns that ol a Unite parallelogram whose opposite sides are 
regarded us identical. 


(0) A twist-velocity of a rigid body must be regarded ns 
having two axes. .For a motion of translation along any axis is 
tho same thing ns u rotation about the polar axis, and vice versd, 
1 hiiice a twist- velocity is compounded of rotation- velocities 
about two polar axes; say those are 0 , </>. Thou the motion 
may ho regarded cither as a twist-velocity about a screw whose 

pi leli is ^ ami whoso axis is the first axis, or about a screw 


whose pilch is 


0 

«/> 


ami whose axis is tho polar axis. 


Tn general, 


then, a motor has two axes, and is expressible in one way only 
as the sum ol two polar rotors. There is, however, one case of 
exception in which the axes of a motor are indeterminate; that, 
namely, in which Ihe magnitudes of the two polar rotors are 
<M|ual*.. II a rigid body receive at the same time a rotation 
about an axis and mi et|iud translation along it, nil the points of 
the body will deneribe parallel straight lines; and the motion of 
the body in at the same time a rotation about any one of these 
lines combined with an eipml translation along it. Such a 
motion may be udcipmlcly represented by a line of given length 
drawn through any point, whatever parallel to a given line. A 
motor id' pitch unity, or which in its own polar, may therefore 


* This million in .Itomiiliml in riin itlier coinu’iitimi hv Dm Ktnin /uni T 
Mxtli, Auntih ti, 1 til, t; it in u ini n>«f« >1 nmt l« m nf 1 lie ulwntitti’ into itself in wli 
I wo fii'iii’Hilot '* O'limin niiallnril. 


III 


« I.IF. 
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be regarded as having the nature of a vector, and shall in fututo 
be denoted by that name. For we may define a -vector as a 
motor whose axes are indeterminate ; and the case we aie now 
considering is the only case of such indetermination which 
occurs in elliptic geometry. Vectors will be called right 01 left 
according as the twist of them is right- or left-handed. 

Prop.: Every motor is the sum of a right and a loft vector . 
For let A be a motor, and A' tlie polar motor ; then wc have 
= 4 (A + A') + \{A - A'), Now A + A’ and A - A r are both 
motors of pitch unity, hut one right-handed and the other left- 
handed. 


IV. 

A fixed point being chosen as origin, let three lines perpen- 
dicular to oue another he drawn through it, and let three unit- 
rotors having these lines as axes be denoted by the symbols 
i,j, k. Then every rotor through the origin will be denoted by 
an expression of the form ix+jy + ks, where w, y, z are scalar 
quantities, or the ratios of magnitudes. The symbols i, j, k 
shall have also another meaning ; viz., each shall signify the 
rotation through a right angle about its axis of any rotor which 
meets that axis at right angles. When they are performed on 
rotors passing through the origin, these operations satisfy tho 
equations i 2 =f — k* = ijlc = — 1, by the ordinary rules of quater- 
nions; and it is easy to see that tho same equations hold good 
when the operations are performed on. rotors not passing through 
the origin. The compound symbol ix +jy+k& is also to have 
an analogous secondary meaning; viz., a rectangular rotation 
about the axis of the rotor which it previously denoted, com- 
bined with a tensor V(» 8 + y 1 + 3 8 ). It can operate only on a 
rotor which meets its axis at right angles. This being so, tho 
ratio of any two rotors through the origin is a quaternion of (ho 
form q = w + ix +jy + hz = w + p, say. The axis p of this qua- 
ternion is perpendicular to the plane of the two rotors. If a be 
a rotor through the origin and q a quaternion, the product q x 
can be formed according to the Hamiltonian rules of multipli- 
cation, and is in general a quaternion r. In this general ease 
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llm equat ion q x — r can only bo interpreted by giving to a its 
nevointari/ meaning ; ami tho translation of this statement into 
woi'ils is us lollows : — II a rotor bo capable of being successively 
operated upon by the rectangular versor a. and the quaternion q, 
tJui Inml result will be tbo same ns if it liad been originally 
operated upon by tbo quaternion r. If, bow over, tbo axes of q 
and ota.ro at. right angles, the scalar part of r will bo wanting, 
ami wo may write tbo equation tpi ~ p. This equation is now 
susceptible o| a, primary interpretation; viz., tbe quaternion q 
epemting on the rotor « produces tbe rotor p; although the 
Hmmtlarif interpretation does not eeaso to he true. 

With Milch conventions, the two sides of the equation 
0/ T r) .s — qa -p rtt 

{in which q, r, n are quaternions) have always tbe sumo meaning 
when both are iuterpretable; which is what is meant by saying 
flint the distributive law bolds good for these symbols. 

'I lie ratio of two rotors which do not meet is a twist which in 
general has perfectly definite axes. .But when the rotors are 
polars of one another, the axes of the twist tiro indeterminate; 
Ibr any line meeting both meets them at right angles, and will 
serve Ibr an axis. It is therefore always possible to lind a twist 
which shall simultaneously convert, two given rotors into their 
polara; and any two rectangular twists with pitch 1. or— I have 
a pair of common rotors on which they can operate, and which 
they convert, into one another, lienee we may consider that 

A f( nHinq/uhtr twisls of pilch 1 arc equivalent to one 
another; anti all rce/antfitlar twialc of pitch — 1 arc equivalent tv 
umt another . 

The rectangular twist of pitch I shall be denoted by the 
symbol m ; the expression mu will denote tho rotor polar to a 
and equal to it in magnitude, obtained from it by a left-handed 
twin!-, During the operation of this twist, every point of the 
rotor describes a straight lino; if therefore tho twist be con- 
tinued through two right angles, the rotor will bo replaced in 
its original position, nut reversed; wo have therefore 

I. 


Ki-y 
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Every motor can bo expressed ns tlie sum of two lotois, 0110 
passing through the origin and the other being polar to a rotor 
through the origin. The general expression for a motor is 

therefore a + 

This will represent a rotor if the two rotor constituents 
intersect, or if each is perpendicular to the polar of the other ; 


or if Si( 3 = 0 , 


Let now 

1+6) I — 03 

2 ’ ^ ~ 2 ’ 

then 

« 1 + 2 w + o 2 2+2o> 

$ ~ 4 4 


5 1 — 2(o + co q 2 — 2a) __ 

v -— 4 “' ~ 4, 

f>;= 4, 0. 


Any motor a + a >(3 can also be expressed in the form fy + rj$. 
It is clear that £7 is the right vector part of this motor, and 
that 7/S is the left vector part. If we multiply £7 + by f, 
the result is merely fy ; so the effect of multiplying a motor by f 
is merely to pick out the right vector part of it. The symbols 
f, r] are thus in a certain sense selective symbols, and are analo- 
gous to the 8 and V of quaternions. . 


Ratio of two motors. — We can find immediately now the 
operation which converts a motor £7 + ?/S into a motor f« + 7//3» 
For if we perform the operation 

(f f) (£y + V%)> 

remembering the laws of multiplication of f, 1/, wo obtain tho 


OL 8 t 

result fa + r)f 3 , If then g - r, we may write 


fa + ??/3 _ ^ a , /3 ^ , a< 


fy + 7/8 J 7 
and the latter may be written in the form 

=s + cat, 


showing that the ratio of two motors is a liquaternion, 
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Tlio motor %z -p ?//3 will be a rotor if 

& (« + /3) (« - /3) ~ 0, 

and it is ousy to hoc from this that the biquatornion gq -p qr 
Avill bo a twist, or tlio ratio of two rotors, if Tq = Tr. 


V. 


1. .Poi nl ion -Rotor of a .Point, — Tho coordinates of a point 
in regard to a qmulrantal totrabodron 1231' being x t , w, Jt x n , x v 
flm equation to tlio absolute is ~ 0, Tlio rotor from, tho 
origin (tho point 4) to tlio point x is represented by 


0 + + or <A«1, 2,3), 

•L 'L 


whom q, i v \ am rotors along the edges of tho tetrahedron 
from tho origin to the middle points of tlio edges. Tho tensor 
of this rotor is tho tangent of tho angular distanco from the 
origin to tlio point it represents. If or if 


. . .V„ . X. 

I) *»1. • ■ -I* “-1-7,, 

1 1 ,•(! J IV !>■ 

" J “',1 "'4 


X -I- X “ * |~ ,'f ^ ,“A 4 t 4 

(7 y>) 2 3 — ' 1 - ‘ “y ' "• sss tan® ox, whore o is tho origin. 

! L 


Tho angular distanco from the origin to a point has an 
infinite iminlier of values, which differ by multiples of nr, If 
thomlbm a rotor bo oonsidomd to have this angular distanco as 
its length, tho rotor of a point can only bo doiinod by such an 
equation as p r2 u (mod, 7 r„). To obviate this indotonnination, 
thorn is required a ono-valued unioursal function having tlio 
period nr ; tlio t angent of tho angular distance is hereby com- 
pletely singled out. 


2. .liquation of a fitraighi Lino , — Lot OM {jig ° 

perpendicular from the origin 0 upon tho straig 
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and let ON be a line perpendicular to OM in the plane MOP. 
Then from the triangle MOP we have 


tan Oil/ r/i d 

■ -pry, — COS MOP] 

tan UP 


or if Oil/ = a , OP — p, ON = fi, Ta— Tp cos MOP ; 

so that (j is the component of p in the direction 0M t and wo 
have p— a + fix, where x is some scalar. 

By varying x, then, we get all the points in the line MP. 
But if is any particular value of p, the equation may just as 
well be written p~a 1 + fix, 

where now a l is not necessarily perpendicular to fi. 

This form may he reduced to the preceding as follows : 

To find the perpendicular from 0, put 8 Tp = 0 ; this gi ves 
S^fi + fi^x** 0, 
and the equation becomes 

p = a 1 - (3S - fix , 


where a, - fiS ~ « of the former equation. 


3. Rotor along Straight Line whose Equation is given. 


Let OR [fig. 26] he, the rotor through the origin which lias 
right parallelism with MP. Then / NO.R — OM, Let OK ho 
perpendicular to ON and OM, and of such length that 


tan OK 
tan ON 


- tan NOR. 


Then, if y = OK, 011 = fi + y. 

Uj.fi, since y is pe 
fi, Hence y = o.fi ; and if 11 be a rotor along MP, m a scalar, 


Now ~~ — Ta, and Uy - Uj.fi, since y is perpendicular to a and 


right vector of R = %R = ml; (fi + y) - ml; (fi + afi), 
so left vector of R = gR = mg (fi — y) = mg (fi — a fi) ; 
therefore R = m (fi -b oyjfi). 
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Now il .11 1 ui vf! tho sumo length as /3, wo liavo 
(f « ie - m* (ft -i- aft) = m «y3» (1 _ a ») . 

therefore it--. $ 

■ V(i.-«V 

( Jonversely, eipiation to axis of rotor y «§ is 

$ 

'Phis r.u.lH 1.1 Hi rotor in the ease in which p ~ a -|- /3x, whore 
/■» 2 /*J 0. Hut in tho gone ml case wo have only to write the 
equation in tho form 


whence 


n 


p^Cl-ft S' 

P + »(a-pnfyfi 

V (l - ft* - (PIT a 2&/3S“j 


/M- .uFafT 
V(l -I- — 


4*. Rotor iihjoininif Points whose .Position- Rotors are a, (3. 
Tim o(|imtion of (his rotor is 

p ™ a -I- (/3 - a) ib, 
whence w 7t' :.-ti /J ->• a |- m Ka/3. 


Now if ft,, <f u , f/,; h, , h u , (> i are tlm coordinates of flic 
points, wo liavo 


(77 ft- tali' 1 ah «» 


S(«A-*hk)* .. (*-/3 M-(W 


therefore 


(^A) - 

r , /?*~« I- m K«/Sf 

lB3 l~,S’^ ‘ 


(1->W * 


( 'on. IT /> [fig. ‘27J ho tho rotor of a variable point on a 
curve, t/X a rotor along the tangent of length eipml to tho are of 
I lot curve between p and ppdp, we have 

dp m Vpdp 
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IIIIAIMIM! IM'M’IM'ISKNTATION OK THE HARMON. 10 
OOMRONKNTH OK A IMMUOIUO MOTION*. 

Kim M< I Kit's theorem n.MHnr I s ( I tut any motion having tho period 
V may ho decomposed into wimple lmrmonio motions having' 
periods J\ /, / Ac.; and assigns tho amplitudes and phases 
of t.heHo inotimiH by means of definite integrals. In fact, if 
</> (x -j- ilvr) (/> (.-/•) for all values ol’ jr ( 

then 0 (■•«) i;:r y »„ I • h t cos x d- 1> y cos 2a: . .. -I- b m cos mx *1- . . . 

| rf, sin .a -1 • «„ sin 2,v -i- ... T a m sin mx -i- , 

fin 

where 7r/> t(1 I </> (u) cos mu du, 

J 

Mir 

7 ra M ■■ ■ I </) (u) sin mu du ; 

- jf 

and this is made applicable to the general ease of periodic 
motion by putting where l, is tlm time elapsed since 

the era of reckoning. 

Tim terms />,„ com mx d- </•„, sin »»..« constitute a simple liar- 

mouic mot ion ol period ; the object o! the present oomnnmi- 
1 m 

cnliun is to represent this motion by a graphical construction. 

If a right, circular cylinder be made to revolve unilnnnly 
about, its ’axis, while a pencil in contact with its surluoo has 

" JFn.m llif /Yrirm/iiii/.’i of tin • Mnt/«'iit'itirtil timuct [/, Vol. V. Nti. I»7, 

IT. I I I I. I 
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yhiur porpimlmulm' l,u Urn axis (U\ a horizontal piano) i» 
l v ih,. riivuUr wH.i.m of llm cylinder, which is tho Ramo an 
|)lM .lion of i my ellipse l.nmod on il, If therefore wo cut 
1 )„< rylinih’i- l.y it pln.no parallel In Urn maximum piano of tho 

»•! mi tiur llm elliptic aecthm W, will have llm mum area us 

I | ruitlntu' in mnj'itiluiln mid direction. 

Tin' r.tulmir C, pons l-wino round llm cylinder; therefore its 

i. rnp'rl ion m, a plane perpendicular to the uyCw >* []w 

iwino in tho Simon direction, nml il» area w twice Ujfti 
„f ||„, in nji'H ii >n of miy ellipse. If fWforo wo cut tlm 

j , v a nlimo ninnllnl In llm maximum phuic Ul wo h1i«U Mm 

nu „ /■: whose mnii i.i half that of llm contour (>, iuu 

..m all. I i.: Similarly, llm contour 0» tf-s. m ^ n T! 

ih.. ,v!imln,-. ,m>t a plan., parallel In iUr maximum piano will 

tl.-fi'i loiitn mi 1 ‘ltipsn /•;, win .so a.va is Sh »f that of 0 m , 

N..w li. ’) IH a circle !m drawn on llm cylinder whoso height 
. , j|mi |Mt |m „f <! r On I hia circle in tho middle poml ol 

H U the component oscillations. 

N. wl.il- Ilw .■vli.i'l.'i' !' < iu U". /'.lot ll.o 

' .. . , 1V Hi, /•' ; il. will llwii l.iivo u hiiu|>!.. liurmoiiK. 

, ''wl.i,!, i...in ft"., Il'« «n* or 

' , wl.il.- 0... . Vli..'l. v «««». "> ‘'o' 

.-n-w 

i>..-''i !> "■" <1,m0 ' 

„ , . I, , v |iM*l<‘r I!-.-.. r..«M.I -.1 il. lim " V - . 1,!t 

u •'* v ‘ 1 ’ . ik.,.,, /.; - | ||i;i simple lmnmmm motion 

JM d tollow tlm •’Ihp.tl I 

j-, ll.o /.it t » component. 

r it,;, ri.-iult is very simple. Tlm values 

'I II.' il. iuoii .tr.it am ol tut-' “• 

,.f fl , ami /«„, may lm writtnii as follows: 


ijyxd (sin »«), 



iiot HARMONIC C( »Mrn\i\N*TM or H .Mm i Jo v, 

Suppiwn now llinl </>, in m-I up v.-nimlly »f /' jliy w |„. l( 

JVA r., m y f I Ill'll l/<!n»nu j*i I<'l Ill'll I I.| I M ( /in. I ,/ .j,, tnH j, 

(ho oloniiMil. nl’ r’/i'; M.tlml Iho .hi!'. noifiol, ,| lt , i nK .. Mu | 

Hif'IIH MIO IVHptrlivolv oirjilruf.t •>!' till* ill (’ill. .} v t l , ■ 4 j 

-•* IH..I ///.*'. If in I In i* u.i „ )l(l , 

K ,!nH « + f, in « m pl(M I •/* I. \V»* t III’ „| ( 

WpOltdill^ JUoji'cf imiM III' I hr rliipM. //, , ; | 

nwprrl.ivrly. Thun (ho iiivh of l pi..j r . i, ,{ f) l|( v j,| , xUi nf 

riglii. nuj'lrn in n liunvi llml i.r (In- rllip-.n f.\ , ij ;t , iUl ,1 
Um two rum'll IliiVr lilt* HHor ir,p,i | . m ,j j,, ,J 
M > I j which \vnM l.o lie | *t" 1 . 
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I I \< IlnV 


Till: i'‘*ununiiii ufian t > an h(!i mj.! (•< mjijiH < 
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I u-ji- lli* 1 f*[»t4 i -.rnl i' s*’ii m lit*- |.4 !mv 1 j3v ! . ; ‘ J.-iim 

l-iii'i'i lrt*i i ii< 1 >>n* >-l Vi linli i*i nln'liv Vij?Uji» flu- 
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ul, i>j> yy | 



206 


TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


of a conic by a parameter is determinate when we know th 
parameters of any three points. Now the four intersections c 
two conics U, V may be divided into pairs in three ways, am 
wilf so determine three involutions upon the conic U, Let om 
of these be chosen, and let the parameters 0 and co be assign™ 
to its united points. Then, if the value 1 be assigned to one o 
the intersections, ~ X will belong to another of them j and tin 
remaining two will have parameters equal in magnitude but ol 
contrary signs. Call these + k~ l , and draw the tangents as 
before ; then Jacobis theorem remains true, except that wo 
must write isn' 1 £ = sn”‘ os + su^c; the sign of sir 1 £ depending 
on the reality of the common taugents. 

The proof of it depends- on the symmetrical (2, 2) corre- 
spondence, considered by Euler, in relation to the addition of 
elliptic integrals, Given that the relation befcwcon tho points 
a* and £ is that the line ®£ touches the conic V, it is clear that 
to one position of a correspond two positions of £; and to one 
position of £, two positions of'®; or, the points have a (2, 2) 
correspondence. Hence the equation connecting the quantities 

f’ * must be of t]xe second order in each ; and it must obviously 
be symmetrical. Let the equation be 

{ax' 1 + 2 bx + c) £ 2 + 2 {bx 2 + 2Vx + c') £ + {ex 2 -|- 2 g'x + c") = 0 ; 
or, which is the same thino 1 , 


(«^ + 26£ + c ) x* + 2 (i b £ 2 + 2 J'£ + J) x + ( c £ 2 + 2o'£ .+ c ") = 0. 

The values of x which make the two corresponding values of 
£ coincide are given by the equation ' b 

X = ^ + 2hx + G ) ( c * c * + 2 o’x + c") ~ {bx 9 + 2 ?/x + oj « (), 
and similarly the values of £ which make tho two eorrosnomlin- 

original equation, we ealil/i 'find tW 

,ir ° t are okavIy tho p*— •« 

only points „„ nZ , l “ W ° 0011103 > for tl«»o are tho 

drawHo V iT ^ °f n ° id f t **»«*"'» <“ 110 

it, then, the parameters of tlieso points have 
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l""'Mi hindr roiial to 1 I i ' v , . , 

{ \ » W( ’ *' ims1, ,M ‘ rri‘|M»rluMMtl to 

' ‘ h 1111,1 ,,M ' ‘lill’i-ivnl,inl | tin linji hrroinr.s 


iib; 

no 


1 t: 


A I .-“Ml /.Vj \/( I 

W'Im-hcc, ; . i i 1 1 ■ I ■ , wln>h 0, fj r< 

! an 1 ,v [ mi" 1 r 
wliit’h in I In' llioorrm in tjnivilinn, 

" W " '' ! »l\ and ii lltiw „• to vary, (Ida 

TiT 7 M, 7 viU ti„„„ win, ir> 

' V U U ' ! ] "' 1 will dr r „d upon Lin. 

" f1 ‘ ,i /'• M ;’ Ur *'* >‘ a M'vni mm, indy wlion „• i ft 

15 1 v i'H , Mil, Wli.-n .■ in r ,ivni, 1 1nwi' arc hv.. values of Wli,. n 

f V ; "* , »■ «. <'«I.| llN'i-Hluro imiHi. 

V/,!,h ?l vanish. W|„.„ 

; , ' " ' 1 lM ; r ; ‘ l n I*" 1 ' tl, ‘ m. dm linn 0 :d : 

U ft ,m ’ 1 " Im ' iU " '•!> 'Vl.i-I, Mo,,,; to llirao, un«l whirh 

Mir, cl n»urhn, iimhiol I hr t < | im ( inn ( J ({,’ | (J . , ,| 


Thru wo iiiiinl hnvo *- s 


imi 1 


0 • a) (v ■ ( \) ‘ 
wlirir ;ii in Mil Iiiiilitrrmiuril cm ml a id. 


Nit|>)iosr. now. flml u |n •l»;i>n i-i imnihrd in (f \ ]y 
following |ir.n*rsii ; a lun,i;riif m drawn limn , r to a mnir rr 
Minding (/ lujidn in ,*•, ; limn from a* h, n n,i,i.. «•,, mmlitijr }} 
1,1 aml Ji '* "»‘i lirmllvp I'd ;i’„. , hr joiiirij f,i .r. jf r<j ' (t 
, " ,Jn ' , 0»K hi flmso r.mirs ivnj.n-livof y’ wo sliall 

lmvr 



1 nil 

‘•‘l ,!! 

ill 


nil 

' ^l* 


f nn ' 

J '' 

at 

♦ 

Ml 

'•V 



tV <\ 


A i'. 




! > n ' 

J* 

'» 1 

'it 

' „ i 

Ml 

’ , : 

will'll* 

: hv irhiilixii, w 

idi 1 1 1« >| 

H'|' 

*'liniif;i'!i • 

»f ni}»n 


» "1) ’ ,); ( >*11 

' .»• | mi 

’ I 

•, ! nn ' 


« ... ! 


■a ’ >• i i« 1 i* . i*. 
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From this equation it appears that the last side of the polygon 
will always touch the same conic of the series U+cr V, wher- 
ever the starting-point x is taken. Or, if a polygon be inscribed 
in U, and move so that all but one of its sides touch conics of 
the series U+crV, then the remaining side will also touch 
a conic of the series. This theorem of Poncolet’s is proved in 
this way by Jacobi. It is to be noticed that tho signs of tho 
quantities c depend upon which tangent is drawn from the 
corresponding point x\ the two tangents belong in a definite 
way to the two tangents from 0. The final value of c ft being 
thus determined, one of the two conics belonging to it is singled 
out by the sign given to sif 1 x , In fact, the whole series of 
conies U -fcrFis divided into three parts by the three line-pairs 
it coutaius. For two conics in the same part of the series tho 
signs of sn" 1 £ are certainly the same; for conics in different 
parts they may be different. 

And it appears that the conics mentioned in the theorem 
may belong to any part of the series if the signs be properly 
chosen in each of the equations. It is remarked by Jacobi that 
with these restrictions the position of does not depend upon, 
the order in which the conics are taken. 

Now suppose two such polygons to bo drawn with tho sumo 
system of conics, x being continuously moved to £, and at tho 
same time aq to £ 1( &c. We shall then have the equations 

+ sn" 1 x l ~ sn" 1 x + sir 1 Cj , 

+ sir 1 = sif 1 £ 4- sn' 1 Cj, 
the signs being the same in both. Consequently 
± (sn -1 x l - sir 1 = sn“ ! x — sn -1 £, 
or the lines touch the same conic of the series U -\- a V. 

Proceeding in this way, wo may show that 

± (sn' 1 x r - sn -1 £.) = sn" 1 a; - sn" 1 £ ; 

whence it appears that the lines joining corresponding vertices 
of the two polygons all touch tho same conic of the series whon 
the n conics touched by the sides belong to the samo part ; but 
f they belong to different parts, each joining lino touches ono 
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of I, wo milieu which Imrtiioi iHwiily divide tins pairs of linos 
V \ a)\ IT\ 

Attending now .mly to tho firs!, oust*, il, will l»n convenient 
to I'ooiliUn I ho (wo theorems together, ius follows: — 

Ijir puhft/on Iw iitsnrihcf in a, con in If m that all its sides 
hat oho lunch conics of the series 1 ! -|- „Y r , //or nmainhuj side will 
aha (ouch it turn ir. of the serins. -(PmmolofM Tlmorom.) 

li /o?h all these cunics ran pass eanliinioitsli/ into anti inwfhnr 
imllmut Invakiiof up info two slriui/hf, linns, flic linns joint'nij 
nnrrsjmt/int/ nr r linns of two such pul if (finis will all (ouch a conic 
of the snrins, 

hot, us now consider tin* psrficutar oust* in which all 1,1m 
fiidoM ol tin* moving polygon touch flu* fuiiao conic. Horn flm 
second Mmorcin is trim without restriction; flu* linos joining 
mrrospi aiding vertices n| fwn such polygons will always touch 
ono non in passing through flu* intorseotioiiH nf fho other two. 
In tli in caso also the vrrliees of {fin vitriol tin pofi/ium del ermine 
vjian lha conic. IT an involution of the. if’* order; flint- in to nay, if 
tin* parameters ol tin* vertices of ono polygon lit* determined hy 
an equation 0 ol the a"' order, and those of niinthcr polygon 

1'V an equation y M • : 0, (lit ‘it flm vertices of any third polygon 
will ho determined hy an equation •-//«/„ * 0, whom // in 
a variable quantify, which wo may call fho parameter of fho 
polygon. Tim volution hufwoon //, fho paraioutcr of fho poly- 
gon, and ,v, fho parameter of any ono of its vortices, is p„ : //„, 
whore p i(l if n ova rational integral functions of tin* n lh order in a*. 

Knp| mao, flu ‘ii, {ho volut ion between U and V to ho such 
(hat a polygon of u sides may ho inscrihod in U and circum- 
scribed lo r. hot ,r, .»*, ...;c tl , ho tho vertices of mieli a polygon; 
(lion, if a nit a, wo must, havo «•, r nan (n -I 7), .v; a i.-;i an (a 4 ity), 
o' n 1 mu (a !• II7) ... u’„., • 1 mu [u. {n— I) 7J, and consequently 
o' h* oil (a t ay), Tlmroloro 1/71,4 a period of t.lm elliptic func- 
tion ; and the nnmhor of conies of flu* serins //•»• o V, which cun 
lio inscribed in logons inscribed in IT is equal to tho uuinhor of 
poriodn whoso ?/"' parts aro not congruent, t hat in, for n a primo 
numhor it is a I- 1. 
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THAN.sn ill. MATH UK ri-Ul'TH* I KN’itiuv!. 


NOW lot IllHlMHT |inlvj'nH In* tlinWH Imvinn j » u| 

and lot ■}) bo ii.H jmriiiiifh-r. Thru l In- lio»» ■> !;, , ,,A.\ v. ill 

all [touch u conic II'. Ld Ihi.-i como’ )"■ In hi liu <1, mid Hm hv.* 
polyj'ono nmvnd no that llio limvi jj« *i n i h;^ » ■ »u* - >j •. *i*. I s » # v<oijr,,| 
IllwayH touch IT. '('111*11 lo rVi'iy YidiU' i.| >/ will h< l-.Mi' r 
viiIuoh of i), and non ivrsi), mol flu* (t!, '! « >■! i. -j. n*|. o. ,• [■> 
nymniolrinil. Ilcuon n xtjwinrfi h >i! (11, 1!) i <■ u. 

bdwv.m imlivitluttl irrticrs i di/i/iW a NyiismdnVnt (V!, ‘d 

n pom lam; bdwmt (hr /mhftfanu. 


.Now, tlin piirnmnlor o(' nvoiv |m)vk"H n dd.imtiod vH<. h 
wo know the jiiiniiiinfora ol' (hivo | «■ *n o Ld ih<- jrumud.-j:, 
o(' llio polygons wliioli Imvo u \r|U\ of M, 1 , mol t h>- i n , !k |„ 
(II 1 mil toll, 1 , 111 x 1 ■/) IVNpt I’livrlv ; ihii mimlHif.'* n #a»-* 

p„ t;i 0 Iuim a roof. <), y„ 0 lun a rod * , and p n ten 

a rool, I. It in dour, Him, li<*m rim iviitiui tu' >4 ?SL.-. tb.-mr, 

that y IHUfll. 111! ail mill tdnrfii.il « * | ,r. !:.i !h i! $ y n v . ,jj 

havo a root, - • 1, Tliin uintiitiif'i f*t myino Hm* gy i > ? *om1Hj.{i.' \ 
l>y a rational intoi>ral lone! ion ill'.. 9 , on.) !» n n -.AU *, h )y 

ol tho order n *■ I ) id another ml n o d inHrid inm-rh-ti ,4 * 

Thin boinjf ho, lot. | \ 1 In* llio pmone H i <>! Ho.-.n j->h. 
wliioli havo vorlimsnt llio rmmiiitii:; liv.. jmShH ot ; . (V 
ol fclin ooniiu Thou tho ijiomiifi. , 7 mol 7 mo 1 -mm ■ i*-,| hy 
Hynmiotrioal (2, 2) rnnvNjn.mlmn* m»» t* Mm* r| k .t >,j rj 


2/ ""‘On (a, X), wo in not. Imvo tf iiii ; 0 1 o_ 

count ant. 




s , 'Ho 


w lo h 

4 1 0 f » n 

; ;j| !J X 1« 

■« loolsisnj 

,1 IrJfJ.'i 

"i. id fh-, 

|h> div 

U'lWn hv 


Wo havo armiij'ml llml , t i t i nhjr l. v 
0 1,1)0 imrmuolor of llml. |i..|yj,. <( ii nhir), 
point 0, ,It HMioarN tlm.i Him u mimi 


« " I ' g rtM , if VfMH»hr •» 

Wo may w.ilo, Umr-fim.. ,, 

miicii 1/ in only inliiiilo wl„.„ ,.,1,.., 

ho products w’i n\ t tVi*„ mu ^ivm i.UnomUy n .« mu.., » j 

t|mi(lralio iunol ioiiH ol by Hut mi^dtal mpihthm nj ,2 '*i m ur 
apomumco. To ilolormino m, wo Imvo 

y ^ wHnM 8 n ( jM . 7 ) B nfH .|. u 7 ).., # IH j l< , I > » b,K 
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hut, mum ?/r- , {, wlmn us^Hnn** I, or «« K, wo lmvo also 

1 1 A'hii (A’ -I- 7) sit (AT-i- liy) ...ho {.AT -l- (n- l) 7 ], 

and tlmroforo yr* H " " m < n +v) - «» f« + (» - 1 ) -yj 
‘ Nil .A . MU ( A: >1-7).,. HU { A? I (v< ™ J ) ryj ’ 

l.ho donoiuiualor may, of uourao, lm nimpliliod, an in Jaoobi’fl 
lunmila, but for promml. purposoH it, may lm )<*!(, an it, Htanda. 
Now \ 1 in Mm valim ol ' 1/ wlmn .r * /,* *, or wlmn «« K \ iK‘, 

x .... »» A* »n ( K y) ... hi 1 | A" - | ■ (n ~ I ) 7 ) 

/,? hu (A* /A") »n (A' -| /A" -I 7 ) ... hu | A' -i- iK‘ (n ~ [) 7 j ’ 
wliioli, again, may lm ousily roduond. 

IT wo nmv HHaimm that u ■■ < JAw/, whom i/mhu^', A) ami TUT 
in a aoii.Ml.uiit, wo may dniormitm M l>y observing 1,1 ial, it is tlm 
vnlim of ,h ; y wlmn both ol tlmm aro zero, .Namely wo havo 

t )l t H " ( A ' I* 7 ) hi* (A" I 2 7 ) ... mi | A" l- (« - :i ) 7 } 

HU 7 HU 2 '/ ... Nil (a «•» l ) 7 

A lit! tli uh, with tlm oxooption of I, Ini assumption jowl, miwlo, tlm 
Mmmy of ImiiHfonimtion in OMlablnilmd by means of that of tlm 
imami-i'iiviiuumriliotl polygon. 

l*ot mi now omloavour to goimralizn Mm Mmory of Mm in-and. 
eiroumiieiihod polygon. In tlm fust plueo, wo may observe that 
ovnty involution ol tlm Muni on lor gives rino to an olliptio 
liaimloriimlion; for two hiauglos iusoiilmd in a untie am always 
airoumserilmd to Mm natim eonie*. Knr oonvoiiimmo, wo will 
now eousidor Mm involution hm dolormiimd on Mm oonin F; 
namoly, tlm triangles form group* of throo liuigonls which nro 
iu involution. And wo may now generalize our tlmorom a* 
follow* :•• • • 

l/u complete n if rum more with ite &ubx teuehiny a emtio so 

* ,:v '’«.V huI.mIUhUoh y wlimi V t V am oithio fmmUoim of ,v, lum ft „ 

llptio ilifft'ii'iulitl whl.ili it (ruiiiif'irinN. Tlm <mhio fonmi N, V nro Hint jiotnni 
t.r two jtiiliiN ill 0 'H‘Mtl lo a oi»»Hlo qmntlo form /• , ((>iiiu1«liln K ,>r l Math. Anuatm). 
lH .V *0 niv»t Um four iioIuIn wlioitd flint politra in r^nr.t to /•' lmvo n wiuaro 
faot<* r i tin’ll il.r : S /X in tlm (Uflfmmtfnl mptlml, Wo lmvo A> jl' \ {J( 

Hlmrn ll ix tlm H«h of t\ mol /, j tlm qtift.trinvnrhuU ami ttiiMimtriftiil! 
|<!f. hmmmr p. 8*41, infra.) 
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that (li<U/ form if fn ups' of n (on ./, n in ini'nh:(i,m, (hr t-.ru-i t,f ' thr 
| II (ll -■ I ) writers is 1 1 nura of vnlt > i, | 

I’nr, iMm-iitl.-r llic uimili.-r v.J,|.h th,» ) ( , , j 

nmimim willi imy turn hnij'.iif »| ih.< r.-tn.-. |f >i , t) , UiU 
imiHUfly in tin' imt.lufinn lit,, .mmuj. ..| M ; f 

IicIujij'm, mill run )mv«* MM nil.,., |>,-tt,i ll,,, (>t j Jl(l<|(!i . ( . 

tiona I'XH'j.l IIimni! »• I in v, !>),•!, ,i i,,. , t „ ( 

llUIgWlH nl'llli;! ''I'liUjl. T||*.|. Inin S, 

!(\ in a nirro ,«/' nr, l, #■ „ |. »> { ’, t t 

complain upnim iWium’ .7 ,.// . 

In iitsanha n snnilii infituta nomlnr oml (!•■■; 

(no vnmo an iimtlnliim of' (ha ,.3 ;/, ;■ 

lit'l. .*1, It, (■,,,, A II In. I l.n t •JMialli.-ii ;• . | || ii; /,;,{> > *,|f f5, 4t 

complulo n j;nmi, (lirn 1 Im ni f { t „ ,„ lW , IaMV |, 1T 


<( 1 # * 1 . V J’ 

I h 

*1 1 ! r ' ' 5 


h 


whiTiw/, A 7 ... f im* •■■•uMiu.N 15 ., I * *< ,1 i, « m r|,„ 

t'onii*, i(ti (>t|tiulinii muv l»i» wiiitvi, i., i ),<- \ « } * V/--!, 

wlmnt a in tlm iminm-m, „l i| M « l, , m .j \ V, J: Hu.-,* 
fim! liim>,. Tim n.mliii..,, r., v n k . J It , r ,', ‘ 

j, hint, in 

^ ’ ' I I* ft n' ••• ((/ ,{•. } (fi ■ v\ j\ ,p ^ 

1» //, //■ . 

: i, r p > I 

whom f, y, x? mo llmir f ,,| ,,, u,,. \„ u «j lis? 

(,h0 ' vl, " !iu IUM ..r, <; Slt ,, 5 ' 

(l)lH 

« // , 

(ll --«!)(„ ,,, t I f ln ;/i II .,(11 . 

t>r, wliinl, iti ( j ,, 1 Mu,,,, 


ri ' ■■ 


n p 


!."ii “M'l »i... « ,1,., ,, 1U „ i( 

lulluwn tlinfM will im*,,! nli t n ■ ,f - 

rtunu,^ « " , , "v -• 
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n — I in »\ liy u nlij*ht rhonjo' »>t in<ti»t hoi, l> f fin* ?j 1«? 

mill'd .i‘, , ;r s »•„, mol 1*4 H„ (y •«*> in* oi 

i'v • r,'! i'ty .r ... ’/ 

Tilt'll wn lmv<! 


>0 [l « 1 *0 * Ml J 

uml lliiTi'itnn 



'I I M (y ■ II,, ill <*> i M l„ ‘7 it I y, i i V " 1 / 

Mlllli|»l vill|L( l"}'l’lllt'l I IV << -Mi'll * V‘| m|>? 

11,0/ -.I). II ... 

1 1 , {»/ 0) . 1 1 „ I • «■) I 

’1 l„ I*/ ’"**.) • II v I j! if} ■ \ t i V *4* 1 A I ; ..j 

I 0/ tl) . II,' tl ■■ , l\ } \>j ■ * % i - ; •.:( 1 


Now, 

il Wo i-\iilnm<’ thn 

»• > j» j •tf t-l 

»:.U tUnl tins? flnt 

Ml limit 1 

liK ioh i i-< ,1 ll t ‘ 

A , V. In- ;r J 

- »« /( >1 !S J.' 

tJn< 

lit m whit'h mol*- h|» tl 

P ,; ti ;'5 .tin 1> r\, U 

t.i tin- j.-.kfe .i ■ 

inolnr 0 ; 

1 lit* lii‘<t l» t m i*u tli^ 

i ) iv A fit*. 

■ ,V .... 

lor (h U 

, iiihI tin* lout t'-iiii 

i:> Ipy / . 

1 4 H 

, n ■ ;.‘t :i«t» {ill 

0 l 'W t wliifh hill f||«' linn 

M mi it. 't’h-un 

fu-.yv VMsV. Hu-. 

otjiiiM inn 





1U* 1 U 

i r 2 t\ t V ll.’’ . 

1*4 ? 


Hiiii it. niily ivmuiini !m linl at,,-. , }\ ,4 i| jt , 

H ,h onli*r, Wn umy ft«m ii.« 


0 W 11 , 0 / O f II , fc- 

«.l p' * (,V 

■, y tt ?! < 

: ■: .11 


tlmt. ll puH*it'"i (hintt^h f It*- j< 

..siaf-n *«t' 4 . -j 

•,? * f>n:. 4 .. 

■ill 1 ! h is < 4 * s :: 

r -* 1 

lioJIM mI tho o •! II 

.1 ; Ofrl *h 

rj* t*' fr .* 

;. •! !.- , II -1 \i ■ L! .j Lj ? 

Ant 

mviiiiih'Iiv, tlmt it immi j>rtN,jj 


!i-a 


ill 4 

all flat intti|iiiLi imns ».j ih< 

••• »;! ■;. 

II t’ lu 

■■if. JH ih-lj-V f 

ihv. 

Himjtli'iil way i?t l*» » nn o>h t 

th> f *• 

■jHv *.f Hi> 

i <•. -ItLISl, II 

.1 . 

wliirh wo kiittw miO't 

t *4 lh'" f!. 

,«■>• A 4 wn * 

o.s.. ii s* t .v !■" 



(if llllt TII'hImH ( ill. IS Ws* *1*41 If:*',.*-* 

nivi.n^ k*>: 4 

to A fftftlttr prfo t mill tills |*Hrs *,* M J*t «t till;.' stair J-*o; • 
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Wo may now aluln f lu? fallowing propiwitiniiii :• •• 

tiinni miif fwi i iti iniil ciiTiuu.'ii'riht'd u if runts II X and l!/i, 
(here r.i ists ahnnifs a i'n mi l‘„ of' order u which pit . sum throuifh, 
their u (it ■ 1) vert ire# mid (heir 2n jaunts oj routed with the 
wane. 

The etfinititni of mi if other n ijnuit wo if he written in the, form 

0 1 1 A | \l\, I VWZ. 

The relation between the /wru meter of the n ifi'itw, and 
x (he jitinnneter of one of tin miles, in 

(I hr • X) (if ■ • n’J 1 1 I l«f . >!*« \ 
mid, X is the fired net- of the roots of this nfuntion. 

I havo lino Ink mi li.Y, (.Y t A', ... A’,,) Ini’ dm iii.il.n-gmin, 
on ri';i|»imUnj* In X 0, inalmtl ol 11.1, rniTnai mi tiling to X : I In 
n 0 0. 

Wo may allow, ronvorioly, dial, if llto nivolojio ol 
0 /'| A(J I \*ll, 

wliol'o /*' ll, (J U, / 1* (I an’ I In oo nu'vri of llio a " 1 oiilor, 
i:i 1 / 7 / (/ II. < ■ l i»’iii|j of oolor u 1 ; Mini /‘ami //urn 

otuli mi ) i' i : a • 1 1 1 1 ilaj'o 1*1 il aliaij^lll lilioa. l*'»r llio olCIAo /’ llu l 
la ii Ion on all iln inlonsoi'l inm willi (■, ninm W// (f \ hj 
dial i?i, Jj/I (a I) io iik vi, Ito dial, it muni ooii-.i .l of n Miuiphl 
liiioii. 

JTki-i jiniisf of vinw innm ilialoly mi^oMsi l!»o oxlnoani nf 
dio wliolo tlmoiy (o nimMik' aui'luron, If dm nivnlojm of 
T \ 0 f J I ifli \ IhfiS in /’.S' • (til AV' 8 , whno /’, (J, 1 1, .S' urn 
of oiilor n, mul (’ of onlor ■ I, oaoh ol do* Mufam'i (f It, *S 
will mot dm i pm* It in A‘ a in two mirv«*M of dm n ,: ‘ oi<ki’, mol 
I In iofoio will Ituvo ,|j a i oonl aolfi widi if ; ainl Miiiilolly will liiooL 
(* t jit Iwo oUlVivi o| Oiilor /i |»i * • I), whirl I ill! oifioi'f ill 
| ,d (ii l ) poiiila; llo r mo not mnluofi, hut iooIon on Mm 
iiiilfaoo /’, \Yo lima pol a I lioniy of fan faroa of oiilor n, having 
mil or fa widi a tjiiuMi'in imiluoo, ami I) multi on 

a lixi il mnl’aro of niln* o I. (l upp'ora dial » mini ho ovnn, 

mol of roman dm viiriuMo amfurn ia aulijorf, lo ollmr romlitjon*, 
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Thus, in fho mho of n onm* iI.iiiMv langi nf r, ( i h. < ijuuiliii^ nn>l 
having i la vm lox mi a lixml |iluin\ if lum u l i> ■ r > * |, r , - k j|, 
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only ri)pnu|iu*i>n |.|n* 1 1 nj'thr jilmir i . <tio j 
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0 ■ II A f .» /*, fVIIA'. 
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!', »/ 

‘Hi IhUi 

rill Vr VV»‘ 

Isliwll Imi*! 
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** (t l ' J') (h 
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or, what in thn aanio Ihiiu.f, 
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II • ,1' 


V " 

it <• i iy ' 


^'lioro urn ihn jmiami’tom of tl.o „ K , Ii f.4ho, » 

w hofons Hmt a tangly infii.ilo nu.uhm ..|’ K r..«|., of h. vuiw * » 

r '» Mm? 01UVM (7); i, H „„, P U> mj M ; ,u v 

nitmtod whon all Iho iuUwitiimm „f any tw,» „ ,.f 

group aro on I ho uurvo. 


>Sti fur wo luivo .Wit, only will. t.,|«||y inw.il, *, I , 

and, fin thin c„„h r , | „ n | v |, v ,|| t . 

oim-0 of inaoiiplion i. n ronio, it mi K ht worn tl,»i U„ r „ 
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bo more general theorems corresponding to the inscription of 
polygons of a greater number of sides in a conic. But, in fact, 
the case of total inscription is the general case, and all others, 
are cases of decomposition, of the curve G n _ v Consider, for 
example, a hexagon inscribed in a conic. If we produce all the 
sides, we shall get nine more intersections ; three of these lie on 
a straight line, and the other six on a conic which circumscribes 
two triangles. These two conics and the straight line make up 
the curve G b of the fifth order. Again, let eight lines A, B } G, D, 
F, G, Jf y IC (fig. 30) touch a conic, and let the twelve points 
marked o in the figure touch a cubic ; then the octagram may 
he moved round the conic so as to keep these twelve points on 
tlio cubic. The points marked x will lie on a fixed straight 
line, and a second cubic will pass through the intersections 
of A, IS, G, D among themselves, and of F, G, FT, K among 
themselves. These two cubics and the straight line make up 
the curve G 1 of the seventh order; and it is easy to see that 
there is an analogous case for any even number of lines. In 
order that a porismatic polygon may he inscribed in a curve, it 
is necessary that either the order or the curve or the number of 
sides should be even. 



NOT KM ON Til I'! H)MM UNH’ATIt.iN KNTITIi;H "t»>; 
Till-; Til A NSKOH.M ATION Ol- KM. 1 1’ I’M ' ITN’i 44HNiV** 


So.MK of lint following Uolr'i’l* Wolthl Into it im n pmutnl 
ill i.ho j mj ini' hy f lu? |Uiuv;i!i of ii-vi •** In l||.> |»i. il Or;*! luol 
not hunt kindly pi-ilnniml !<>r mo dming mi • nS'u* * >1 nJirriti *< 
IVtim ilit? Kiigliiili i-liiilulo, A-? i •! i nil In! »mo *4 flh iii, I 
am glut! of flu? I unity whir It Inn thin h< . u n!in«l< I mo- 
oxtmisdoii and i-orm-timt, Hul il u. a umlln of g».»! f in 
Jtrn tlml. I dimmvnvd ton Into tin piinity of M Rul.-oi^ mi flu* 
principal thoormn of thu n-imid put I of f|».» ptp.>; v n , f in 
IHinaimLfiuclmnmtn- of a pdlvgiain nmiiihoii|, t .<i f M a * -mo and 
totally iiiiiunlu-il in a uitrvu of nidi r mm |,- 5 s (hi,,* il»«* joumI- t of 
«i( Ion. lit ono of 1 lit? imttvf !<• a hook width m y> oho.- ? urn* 

WHahlti in a go oli-r not to laity i.ml, mmh> I, I. mm- I mol 

inwardly digo-ih-dj, M. DarlunK lun o ih d mil jam ,4 n„« 
Mmni’tiin, and him followod it hy finthm invr ,.f th»> 

ItigltoHl, inl.mvnl. and inipmfmin’. Tin imrh.4 ,,v. u of )MV 
invi’Kligalion in llmaunm in llml of M. Rnhmu m-. t n>h -4 *,i« 
iimviliihlo front tin- natnr.? of dm imhjfot), mum |y. tin id|<i.-nr-u< 
tal-ion of a point in a piano hy imuwih of tho of ilm 

tangmilrt drawn limit it. to a Ihml rmd*\ U f., jn,{ }},„ 

* I t‘*n»in tin* VfiireetUwjt i •/ f/i? ,>/<iiAo».t(tV>i! .War^ V».| tit ?*■»# 

Ill-, llCI, it|t. UiJB UilH, | 

I K'lMIltk# HI'l'ty lll«<l to Oll.ita ll»n*'J'")OMW*ln -»M«h t W)I siOoe 
thmiahl U latttor to roiiiiMtaiii-nlt? tui-li-r t>n|>aidto 

tiur un« tluua tvimm/ii.ifif* >l« i*.<u ihtt rl il? mint** IWU 

Otti t (I i lit. Vi Ultra, IH7U. Ntito II,, p 1H{|, 



TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


219 

that I have had the honour of following, however distantly, in 
the footstopa of that eminent geometer ; but on other occasions 
it has been my good fortune to discover the fact in time. 


Completion of the Geometric Proof of the Transformation - 

Formulae, 


In my former paper one point was assumed as given by the 
analytical theory of transformation, namely, that the new argu- 
ment ^ is equal to the old argument u divided by a constant M. 
Having now found a simple proof of this, I will take the liberty 
of ro-atating in outline, for the sake of clearness, the whole 
demonstration ; availing myself of a remark of M. Darboux. 


Xfc is proved by Jacobi’s method that if # 3 ... cc n are para- 
meters of the points of contact of the n sides of a polygon cir- 
cumscribed to a conic U and inscribed in a conic V, and if 
•Jb l) h/c“ l arc the parameters of the points of contact of the 
common tangents of the two conics, then 

- bu «, », - m (« + 7). *„ - i ™ <“ + 27 ). • • ■ «. ” sn {« + (»- 1) 7! . 

avIiovo 917 = iK+ and the modulus of the elliptic function 

is Jo, 


Thin being so, an infinite number of in-and-ciroumscribed 
polygons cap be drawn. 

If P = 0 1)0 tho equation in® whose roots are ... ®„, and 
„ =0 an equation in 0 whose roots are the parameters of the 
aides of another such polygon; then A - OT „=0 will have for 
Ha roots tho parameters of the sides of an m-and-circumscnbed 
polygon, ■whatever value be given to y. 

For tho loons of tho \n (» - 1 ) intersections of the tangents at 
the » points ft. - w. - 0 , when y is made to to* »* £ 

order »-l. which has 2» points m common with the 
and thoroforo contains that conic entire y . 

Tho ouantitv >/ being now regarded as the parameter of a 

varying W P. »• " ** P *T 

. 71,1. i» in suWanoo the remark of M. Darboux roforrad to. Op. ««, 


p. 100 . 
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x v is a rational fraction whose numerator is of order n, and 
whose denominator is of order n— 1. But y is a rational frac- 
tion whose numerator and denominator are of just these orders ; 
and y vanishes whenever one of the quantities # 1} ... as n 

vanishes, and becomes infinite when one of them becomes 
i nfinite. Therefore 

y = mx x xyv 3 x,„ 

where m is a constant ; that is to say, 

sn , xj = m sn u-sn (u -j- 7) sn (u + 2y) sn \u + (n — 1) y}, 

when ny - 4A + UK*. We determine in by remarking that 
y~ 1, when & = 1, or when u — K\ and then A, by remarking 
that y = A -1 , when x — If 1 , or when u = K -f UC. Finally M is 
determined by differentiating the equation and making u — 0. 


.( Cayley's Theorem.) — Every Cubic Transformation has an 
Elliptic Differential which it transforms. 

This theorem was given by Prof. Cayley in the Philosophical 
Magazine, Vol. 15 (Fourth Series), p. 363. I here reproduce 
his investigation, slightly altered to suit the generalization 
which follows. On the very beautiful solution of the complete 
•question (Given the elliptic differential, to find the transforma- 
tion) by Hermite ( Crelle , vol. 60, p. 304) and Clebsch ( Theorie 
der binciren alg. For/men, p. 405), I hope to say .something at 
.anothor time*. 

Let U, V be any two cubic functions of a, and -consider the 
transformation y = y - . 

Suppose that 

Disct. ,(U~ Fi/)=A + % + Cif+Dy* + Ey\ 
where, of course, A = Disct. U, E — Disct. F. And let y v y v y B , y i 

* Tho foot-noto in my previous .paper gave an -erroneous expression for X. 
The article there roferred to (Gnndolfingor, Math. Annalen, Vol. vn, p. 462) is 
a simplification of the method and results of Olebsoh in regard to the typical 
representation of two oubics. 
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fool, or, hot’iiHfio ihi (liioritnitiHiil vani .lo >. Nmv, il 1‘ . |‘ (/ ) IU ., 
»• wjunro liiolor (.r • ,■.»)* Him ,o < *li\ »«1*' > /' |V/ ; ,}mi j, 

for llio valuo wo liavo at tin- mum- limo 


V I>,' 0 f dl' d\ ) 

W • • )”//, ■ ■ n [ it*- ' if r i * 

nntl llioroforo also l/V TT 0; t hui 0 io - iU . vh^ ... 
liiioiu” lilHor.s whirl) mil Mpuiioii in tho i'nl»io-j / |\ ; 

OITIU* ll!l flillffio l'lM'ln|;l ill IT' 1*7", ill l.,|t.iU!i 1 1, 

A{ir - !'//,)(// \r r^i vr r/y \ 

whoro A' Is t hr pro.lnol «»f Mm idool.* | ;1 rio t , »,f \„ nv . 

imhiofi. Or, which in rh** mi filing. 


Air \ iur\r\ <urr , />/* r * » /T'vrr r r.\v. 

Now, Hiiini y ! ' y, \vo Imvfi *lij - ■ * ^ ,f. !h „i o if 


<h/ 

hi .. f I 


wo fmnnfnrm I In* dilVoruiiiml 
turn ;y «• j, , wo got 

nr*.~ rvr r* 

i- ■ ‘ (iv‘ : m v *.Y 

Tlml in, wo liavo , . 

v Ihm-l, (0 I yj v A ' 


hy Him 


i m : r 

v-> v -V 


\vhoro y is onimoohO will, }, v Mo* #*.>|i|t 4 f t-ai y - wind* 
llio theorem in qitoMiiin, 


is 


•'era Mini l-l'aml Jnr Hit t fhr.,,, 

, ) V " ""‘.V «•»*- *>.*» r. -ull I.J. « W 4 ».MR „***.„, 

in Iraiml.ifiimhi.m i,f imv imlvr. Tl„. „ 

, f " n " ; »« 

./ o.l, it in roijiiirorl tn tun] 



•UtANSRlUMATluN c U-* KU.ll'TIt? I’UNMTU iNK. *•* 

(I) Wlml. imt the nrrrmuu-y nnsl jaHlu uul, cniulilinnrt to he 
tml i»n*Ml Uy Hi.' I'smdimiss //, I’, in <mler l-lml, die tvtusd'm mu- 
ll, ; r may lie aliln In Iranr.fmm nu dli|ilic 

«mt ini ; t 

(«i) Tln’!in enmlitimm licintf n^ il siatidsctl, wlml m Um 

diltWeiilial which mm limn In- I lam.l'miiscl. 

We will cmnihlor lii ni, die ca*io in which lhu\t\ I «**•* 
onlt'r, cay *!»i | I, nr, 1*> apeak nmre cnnosdy, dm * in wlsidi 
IJ • Ytf in nl' linin' i!»« I I i" •»’. 

M'lin nnm'iisun v '.iinlilinim nmv ni «tm i' he ilmivoil Irani mm- 

>siilonitinii nl' I he vmyinj' in itml riivnnufriiliml 1‘"lyK"» ,1 "' 
paianmlma nl’ wlmmi ni»irM hi*’ ll»" miiIm «•! dm "l ,m, "‘»‘ 

U I*// -0. 

Sliuliti}? wills any nun niiln of llm prilvf'nn, which Imichns 

wlml. w.« may mil dm inner s-msm, tft- lind i* < rsmetimw wills 

{ },,, osslnr emsir. ami limn iVnisi lhe<m draw new 1 itn^t'iit :i In iho 

ii, t „ir emsic, IV milisii' in dim wuy aymim'hieully on 1ml is 

aiilms nl‘ (lm *>ri^iiml Issnj'eisl, wn find nl hml that dm lwn Inn 
,. 5 .mlM lu llsn inn* i cmiic nn'H on dm came point .*!* I lit* nuN t 

r onic. Wn niUil d.mlty I wills Iw.i lanpei.lt, »*‘d iml wills 

Olio, IhM'lllllin dsn jmlvt'.in llll’t all "lid Islimhcl nl Jiiilmi. 

Wn nii|'lil. however, tins!, Willi Si Vi'llnx nl’ ills' |mlVfVm nit 
dsn niil •<!' music, dsaw twn I t n In dm inner collie, limn I' mm 
llmir iulci ini iinn wills dm oiil< i rnnic two nmin lampul-!. ami 

ji,, on: al la-4 wn dmll reach it pair *4 veilim-i mich dial dm 
linn joining limns immlmit dm inner ennic. In (hist emm wn mud 
mill wills I wm veil icon ms mm aide, sml wills mm vertex mi two 
iml" i, Im dm ,, iu„n iniC'inn it i helnje, dial wn have Mippnhed dm 
polygon In have an odd mnisheS* ill eide>». 

Nnsv anjijstvm dial in dm lisa! mode *4 emidrnctimi wo alas I 
wills a columns! tanpenl In dm two emtimi; limn ila fw»* inlm 
smi-dmcs wills dm mstnr rmsic will imneide, ami cmiimt|imu(ty Mis* 
l u „j»onM IVmu da ns In dsn inner emsie coiimiilo uh-.n. Wo may. 
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nsiccendve Innj'enta, we ahull have mi S’XCoplimml * a e .4 ass 
in aii.l cisemsmeiilmil poly^.ii, in which da* ai.le Hid drawn 
01m common Innpenl «*t da* two conic*) i-mml* singly, and cm Is 
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TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


cly 


will be transformed 


being so, the differential -Ty g j- ^ 

clco « 

by the given substitution into ~r\r> where X is the product of 

Y JL 

the four single factors. 


It may be observed that, if those forms U — Vy which have 
a square factor at all have m square factors, it will follow that 
Disct. {U — Vy) is a perfect with power; but the converse is not 
true. 


Passing now to the case of a transformation of even order, 
we enquire, as before, in what cases the' in-ancl- circumscribed 
polygon can liave two sides coincident. If we start with a 
tangent to the inner conic, and from its intersections with the 
outer conic draw two more tangents, and so on ; there cannot bo 
an in-and-circumscribed polygon of an even number of sides, 
unless we come to a pair of intersections such that the lino 
joining them touches the inner conic. Suppose then that the 
first side is a common tangent, so that its two intersections with 
the outer conic coincide, and that we draw another tangent from 
this point, another from its second point of intersection, and so 
on ; we must finally come to a point on the outer conic whore 
the tangent touches the inner conic; that is, we must come to 
another common tangent, In the case of a quadrilateral, for 
example, let o. h be a common tangent, touching the inner conic 
at a and the outer at b. Prom b draw the other tangent to the 
inner conic, meeting the outer again at c ; then cd must bo also 
a common tangent, touching the outer conic at o and the inner 
at d. Thus the sides of the degenerate quadrilateral are bah, 
be, ede, cb, the sides bah, ede counting singly, and bo double. 
And in general the two common tangents will count singly, and 
all the rest double. It is manifest that there aro only two 
degenerate polygons of this kind, each containing two of the four 
common tangents. 


The second construction also gives us two degenerate poly- 
gons but of quite a different character. Starting with a point 
on the outer conic, we draw two tangents to the inner, and from 
their new intersections with the outer, two more, and so on 
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wo must at last come to two tangents which meet on the outer 
conic. If then our starting-point is a point of intersection, 
so that the two tangents coincide all through the process, we 
must come to a pair whose intersection, that is, their point of 
contact with the inner conic, is on the outer conic ; or, which is 
the same thing, we must come to another intersection of the 
conics. To use again the quadrilateral as an illustration, the 
tangents to the inner conic at two points of intersection a and «y 
must meet on the outer conic at /3, and the sides of the quadri- 
lateral are then a/9, (3<y, <y(3, fix, so that all of them count double. 
And generally, in degenerate polygons of this kind, all the sides 
count double. There are clearly two such degenerate polygons, 
each having two points of intersection for vertices. 

To sum up, then, there are four degenerate polygons of even 
order 2 m * two of them have each two common tangents as sides, 
and two of them have each two points of intersection as vertices. 
Tho former have the common tangents as single sides, and all 
the rest double ; the latter have all their sides double. 

It follows that, if the substitution y— U \ V is capable of 
transforming an elliptic differential, U — Vy being of order 2 m 
in co, there are only four values of y which make U — Vy have a 
square factor ; two of these make it have m square factors, and 
tho other two make it have m - 1 square factors and two single 
factors. Consequently the former two are ?ra-fold roots, and the 
latter two (m — l)-fold roots, of the equation Disct, (U— Vy) = 0. 
That is to say, wo have 

Disct. (t/~ Vy) = Y“ (y -yj (y - y 2 ), 
whore 7e (y - y,) (y - ?/ e ) {y-y & ) (y - y t ) = (1, y)\ say. 

Hence, as before, ( U, F) 4 = (FZ7 — V' U ) 2 . X, 
whore X is the product of the four single factors due to y s and y 4 . 
From these equations it follows directly that 

dy __ clw , 

which is the transformation required. 

In regard to these conditions it is to be observed that in 
general they imply a special constitution of the quantics U, V, 

15 — 2 
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ON IN-A.ND-OIROTJMSORXBED POLYHEDRA-. 


Thu extension of tlio theory of the in-ancl-encumscribe 
polygon, made in my paper “On the Transformation of » 
Functions,” was suggested by a particular case of d stu y 
Dr. Luvotli in the Math. Annalen, i. [pp. 37 — 53 ]. It a 
remarked by Glebsch (CreUe, [Bd. 59]) that not every curve ot 
the fourth order can have its equation expressed as 
of five fourth-powers; but that for this to be possible a ceda. 
invariant (tiro determinant of the six second derived jbrm J 
must vanish. Dr. Liiroth proved that in this case the piopo 
reduction can he effected in a singly infinite numto ^ 
mid tliat the linos represented by equating the . „,, ams 1 1 nore- 
to koto all touch the same come. All these pen <» ■ 

over, are totally inscribed in a covanan quai < mrmonic 
curve (locus of points whose covariant cubrcs 
so that their Hessians break up into thiee s 1 „ ^ and 

thus have a varying pentagram circumscribe t t 
totally inscribed in a quartic ; and 1 was I ° 
suggested the theorems in my paper above referre . mk 

The starting-point of the present ^foregoing ( Math. Am. 
by Dr. T?mhm on a question allied to the to » 8 f 

VJI. i) 035). It had been assumed by Di. Salmon t 

equations of three quadric surfaces ^ *££**£ H esse 
cluced to the form of the sum of five squa.es. 
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ON IN-AND-CIRCUMSCRIBED polyhedha. 

established a connection between the theory of three quaclrie. 
surfaces and that of a plane quartic curve ; namely, if w, v, w = 0 
are the three surfaces, then the equation 

Disct, (Aw + fiv ■\- vio') — 0 

is of the fourth order in A, fi, v, and taking these as co-ordinates 
°\ a l )omt iu a plane, the equation is that of a quartic curve 
which corresponds point for point with the locus of vertices 
o the cones Aw + pv + vw = 0. Dr. Frahm remarked that if 
the three quadrics could be simultaneously reduced to Salmon’s 
canonical form, then this quartic curve is totally circumscribed 
to a pentagram, and is therefore not the general quartic, but 
the special form pointed out by Llirotli ; so that the problem 
o effecting this reduction is porismatic — it can either not bo 
solved at all or he solved in a singly infinite number of ways. 
In the latter case, then, we have a singly infinite number of 
pentaplanes in regard to which the reduction can be effected ■ 
and each of these is totally inscribed in a curve of order 0 
and deficiency 3, locus of the vertices of the cones 

Aw -f /xv -f vw = 0. 

. 0n “‘'Sidering the envelope of those pentaplanes, 1 found 
it to be a twisted cubic. The road to further generalisations 
was now clearly open. 


I. 

The equation of any osculating plane to a twisted cubic may 
be written J 

X+SdY + 3 8*2+ 6 3 W~ 0, 

where X, Y, Z F= 0 are four fixed planes, and 6 a parameter 
c eteimuuug the particular osculating plane. The developable 
geneiated by tangent lines to the cubic is 

(xz- r) ( yw-z')-4,{xw - rzy= o (i), 

and from tins we see that Y passes through the tangent lino 

, //"j ^ P ° mt ° f COntact of W > 2 throl 'S 1 ‘ t^ tangent lino 
of W and the point of contact of X; or wo may say that XY 
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ON IN-AND-CIRCUMSCKIBED POLYHEDRA, 


surlace, these being symmetrically related and not in the same 
plane. 

By means of the in-and-circumscribed polygon determined 
upon tlie plane L we may find the equation of the ruled surface. 
Since the parameters of the several osculating planes of the 
cubic may be taken as parameters of the tangents to the conic 
in the plane L in which they are cut by that plane, it follows 
that the condition for two osculating planes x, y to belong to 
tlie same group is the same as the condition for the two tan- 
gents x, y to belong to tlie same group ; that is to say, it is a 
condition of the form 


f (v-a ( ) (y — a ( ) 


= 0 


or 


_ v a t 

a. — — — — 

y~ a i 


( 2 ), 


hei e a v a rJ . . ,a n are parameters of some one group, and a, 
are constants. 


M hen this condition is fulfilled, the line of intersection of 
t le p anes .<?, y meets the curve y. Now through any point on 
1 ie surfacG R there can te drawn a line which is the intersection 
°i two osculating planes of the cubic, and these two pianos will 
satisfy the condition (2). If therefore the point of intersection 
°t ^ lies on the surface R, the condition (2). must bo satisfied 
either for yz or for *a> or for xy. That is, we must havo 


“ - a !> ' S ' % F-Jfe-aj = ° (3) - 

It remains to translate this equation into the ordinary point- 
co-ordmates. Let A A A — n +i J •* 

V nlonno , 1 bo the equations to tho 

planes whose parameters are that is, let 

A i = Z+ 3 a t 7 + 3a?Z+ a •* TV; 

po“t “ A < co-ordinates of tho 

point of intersection of a, y, z is 3 (® - a ) ( v -a)(z -a) Tf 

(3) r» like h/tfre ttore 

[ } ‘ y e get in the product the sum of n terms 

^ATr 
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ON A CANONICAL FORM OF SPHERICAL HARMONICS*. 

The canonical form in question is an expression of tho general, 
harmonic of order n as the sum of a certain number of sectorial 
harmonics, this number being, when n is even, 

5n - 10 

j 

and when n is odd, 

Laplace’s operator, 


5 n — 9 


cl* 

clv^dif + dz*' 


may bo obtained from the tangential equation of tho imagiiuu" 
circle *»+*+{•„ 0, by substituting d , * l «_ . „ ! 
If, therefore, a form ,» - f, *** ' dz 6 * { 

rr^ ^ is 

-ons.ththoC^^^rVrft 

for ‘hlf'Tvv 1 M ° at " S ° S ,,rUi ‘ l ‘ 

P-10. Afc„ satafol i mrKl 2»^“;. Md< > Winl**,,. A „ s „ 8t| W1( 

wns that in the samo H sport, pp 25 L . P °f* 01l(Tonl 8 Pap®, and a ronulfc 
W * Th omson, 0» the General CamnieJr ft co5nm »nication by Hit 

nth order ' 111 this Sir W. Thomson anawp^rt ^ ** Sp}ierical Harmonic of the 
not bo found in which the nodal conic of each l ‘° n> 0ftn oanoilioaI forms 
circular cones and planes ?] h constituent is not resolvable into 
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expressed in the form 

Ue=A" + B" + O h + ,,. 

where A — 0, B — 0, ... are great circles touching the imaginary 
circle, the number of terms being as above. Now if L=0, 
M~ 0 be two such great circles meeting in a real point a, and 
if 0 be a longitude and 9 latitude referred to a as pole, it 
is easy to see that 

L n + M" ~ l sin" 9 sin %0 4- m sin” 6 cos w0, 

a sum of two sectoi'ial harmonics, which is the proposed re- 
duction. 

When n is less than 5, exceptions of interest occur. For 
n - 3, if wo take a, b, corresponding points on the Hessian of 
the nodal curve £7=0 (Thomson and Tait, Treatise on Natural 
Philosophy , § 780 [first edition]), and if we call 0„ 0 a the 
longitudes, 9 V the latitudes referred to these poles, we have 

U= l sin 8 0, sin 30, + m sin 3 0 l cos 30, 

4 n sin 3 0 2 sin 30 a + s sin fl 0 3 cos 3 0 a . 

I’or n~ 4<, the nodal curve is of the species first noticed by 
Clebseh, of which many most beautiful properties have been 
pointed out by Dr. Lttroth, The form U is expressible as the 
sum of five fourth powers ; so that if we take a, b real points of 
intersection of two pairs of them, o a real point on the fifth, 
calling 0„ 0 2 , 0 Q , 0 V 0 a , B a longitudes and latitudes referred 
to them, wo have 

U=l sin 4 0, sin 40, + m sin 4 0, cos 40, 

+ j> sin 4 0 2 sin 40 a + qsm'B^ cos 40 a 
+ r sin 4 0 S e 4 “K 
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OX THE HREE MOTION UNDER NO FORCES OH A 

RIGID SYSTEM IN AN N-EOLD HOMALOID. * (Pro- 
visional Notice.)* 


° f “““ nn< * or no forces of a rigid body 

1 , inertia takea placo ns ** -- « 
free motion </a Arid ^ T “ tho l’ roblou > ‘>f tho 

elliptic space of two dimenriousV ’so 1 "'!^ i° f “ T!"™' ° 1 ’ 
free motion of a solid in p ir r ’ fe ° A aIso t!l ° P r °Woin of tho 

same as that of the free motion^ * 17 ° V* 1 " 5 ? ainionaioim tlio 

in parabolic or homaloidal space of’fomw) ab ° U • “ f,X< “ 1 |10 ‘ nt ' 
general, the problem of f,.„„ . . fou ‘ . ‘^'nonsions. And, in 

sions is identical with that offren f. llpt '° S 1 MC0 of « 'l'"inn- 

is that which dLls^riftthe mode “ oonsid orod in whal; follows 
Me space of , dimensions “ “ fix0<1 poi ' lt ”> para- 

Nos ' k 93 , pp.° 6 ^af ^ S ° f the L ° nd0n Mathem ^oal society, y«l ( v „, 
t According to Dr KJei 1 * 1 

U fiU0 m o regard oil 
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MOTION OP A RIGID SYSTEM. 


But these equations are inconvenient, because the a and /3' 
are variable, depending upon , the position of the body. We 
must therefore follow Euler in referring the motion to axes 
moving with the body, and coinciding with the principal axes 
at the fixed point. This will make all the /3 vanish ; and we 
shall have q hk = (a h + a k ) p hk . 


From equation (1) we obtain 


q hi = J dm (aye* - x„a\) = 2, J dm {x l (p hl x k -~'p kl x,) 

Assuming that J dmx h x k ~ 0 when h and k are different, and 
remembering that q hk ~ 0, we may write this equation in the 


form fa + a k ) p hk + fa - « t ) t iMlk = 0 (3). 

Hereby, means the rate of change of that component of velocity 
which coincides at the moment with one of the principal com- 
ponents; it must be distinguished from the rate of change of 
the principal component, which we shall call (p) hk . In general, 
if the system of axes has the rotational velocities r hk , wo shall 
lmve = (P)«t + ^(PiJ'u “ IVw) ; 

but in the present case the r are equal to the p, becauso the 
axes move with the body, and so p hk = (p) ftr Tims in the equa- 
tions (3), which are analogous to Euler’s equations for three 
dimensions, the symbols p hk may be understood to moan the 
rates of change of the principal components of rotation. 

If the symbol J\ is regarded as selecting all tho binary 
products of ... L n out of any rational integral function of 
them, the last equations may be written 


and it may be observed that we have also 

q = J dmVpp, 
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ON riemann’s SURFACES. 


equation of the nth order in s is of degree 2 — 1) in tho co- 

efficients, and these coefficients are of the order m in z. But a 
point at which r values of s become equal corresponds to an 
(>• - l)-fold root of the discriminant-equation. 

Let us now consider an arbitrary point 0 of the piano 
[fig. 31], corresponding to a value z 0 of z, which is not a root 
of the discriminant-equation. Then the equation f (s, z Q ) ~ 0 
will give ?i different values for s, which we may call s l} s 3 ... s ir 
If we move along any path from the point 0 to another point 
P of the plane, the value of z will change continuously, and 
each of the quantities s lt s 2 ... s n will also change continuously. 
If therefore the path OP does not go through a point where 
two values become equal, these n quantities will ho distinct all 
the way, and each of the n values of s at P will belong to a 
definite one of the values of s at 0, But if tho path goes 
through such a point, two or more of tho n quantities will 
become equal and then diverge again, so that it will bo impos- 
sible after that to distinguish them so as to say which of these 
belongs to a particular one of the values at the point 0. Wo 
cannot always avoid this difficulty by going round tho point, 
for it is found that the values at P to which tlio values at 0 
correspond may .depend upon the path OP, so that tho corre- 
spondence is different for a path which goes to tho right of tho 
point and for a path which goes to tho left of it. Wlion this 
is the case, the point is called a branch-point. Supposo that, 
when we go from 0 to A, the two values p and q of s at 0 
approach one another and become equal at A ; thou it is found 
that the value at P which represents p when wo go along tho 
path OBP may represent q when we go along OOP, and vico 
versd. So that, if we travel along OBPGO , round tho point A 
and back to 0 , the values p and q will change continuously 
into one another. If more than two values are equal at A , tho 
corresponding values at 0 may be cyclically interchanged by a 
path going round A. We shall assume, however, that only two 
values become equal at each branch-point; and, moreover, that 
uo branch-point is at an infinite distance* 


* R°°tB of the disor im mant-equatiou which are not branchpoints oorre 
spend to double pomte on tho curve /(#, *)-0. Suoli points behave, in regard to 
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ON lllHMANN’s HUJtt’AUKR, 

A path going along any lino from 0 to very near A, then 
numd A in a very Biiutll circle, and thou back to 0 along tlio 
hiuuo lino, will bo called u loop, 

I I wo start b om () and go round any closed curve not in- 
cluding any branch-points, the rvalues of a at 0 will bo restored 
iu (ho hiuuo order. l , ’or tho path may bo gradually shrunk into 
a point without o running any branch-] joints, so that no two of 
the n values can become confuMud at any ])oint of it, Tho same 
thing is true if the closed path includes all the branch -points. 
Suppose it a large circle through ()\ thou it may bo gradually 
iueronsod till it coincide with the tangent at () } then curved 
over on the other side, a, ml shrunk up into a point; and during 
the whole process the n values will bo distinct at every point of 
the path, 

Wo shall now go on to shew that this n-vnl.uod function, 
which wo have spread out upon a single piano, may ho ropro- 
Bontod as a (nm-valued function on a surfaco consisting of n 
iidini to plane shoots, supposed to lie indefinitely near together, 
and to cross into one another along certain lines. This surfaco 
is called a Uikmann'H surface; wo shall demonstrate its exist- 
ence at Lho same time that wo show how to construct it in tbo 
most convenient Ibnn. 


IT. 

( fomlructum of lho Uiomauus tiur/aco. — Lilrolh's Theorem, 

Draw loops from 0 ( fig. 32] to all tho branch-points, and lot 
the first, yl, interchange the values p and q. If wo go round 
all tho loops successively, starting with tho valuo p at 0, wo 
must, as we have soon, come hack to that value; hut this may 
happen before wo have used all the loops. Let B bo tho first 
branch-point after going round which tho value p is restored. 
Draw a lino from A. to B cutting all tho loops which alter p, 
t Dut none of tlio others. Then, if wo go round any of tho 

tho function 4, lllio two ooinoulont hmnoh-pointH bolontfins to tho <mmo pair of 
values, anil thoy Imyq no hjfluouaa on tho ooimooiion of tho dlfloriml valued of i. 

1 0 — 2 
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liguro will (hen (tniiaial. el (hire tu os; ! 1 '- j ^ / 1 

oonluining no hranoh -point-,, and mo h ih-»t |... ,j, , ti | nft 
00, oil, 00, 00 inloivlmngo ft an. I y ; |„. j.-, |„ n,, M M (iff 
00, and between OH mol oO. nhub d-, !t . ? 
unknown loopu between 1)0 a nd f id 


l(;Uto|pur Mini. (hiH |>i Hi* * * v || 

wo hIkiII ho loll with a finite ion,<h. 1 ,d hn.M sj V ( , 

ntail li'oni O, follow any reuiitmeu:. p,«»h, .*■> d r., j, s . .j. 
without croMaiiij' any of Iho.u. In,. (< v ,„ ,d t .dt ,A* , f |„. 
p. Thu linou are either . 1 II, Oh, /7‘ 4.,- 1 M ,3,,.. i%ut j(l * 
00 ,ihv t in either nmo the U.p t UAAW , . . ,, j t> , / 

Jt r,)|loWH il'wn take an into- ,L . * 

llmm^h along Ihouo lim a, we may eeir-mb , „ ft; ,.j- f j 1It 

Jnnoliim ,s |o he ul.hn-hod to rv.iv of ih„ d,,-, * , ;1J . 5, ;jj 

\mylhnl, (Ida valtm vmi.-i wle-n w .-. kS6t 

nmtniiioiiHly in abort ; hut m 5 S ),< dm'. 

1,10 On Or ""- V '■"* 

! ‘ '..I I . n|>n I. 1 

v * k» |V '"" f v.,ii 

11 ( 0 T O.rt U. r ..J.K. 

mIli"n‘L ' T '' l,y 11 •• •• ........ ... a 

and Uiih wo have proved m.l u, U< f j Mf ,. r<4 

A ( mmn" 'TV-"’ "'7'*'' 

./J(n ,/t/i, , t lie (i itiiioh h /f'tit' I f 9 

W.. 

«■) Ii» to pxdmln Hum, , 1 ' ' ■ . 

J >■ ' "" K-I.K 
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f.i nil fit' riiii flu’ viiluM }>, l.y wli.'il \vh )mw 

MoV. il; 1 ft] I tli» In., I* (tl{ rliiih^jr.'i p infn y f 1 1 (• M 
« l i - i i (i • » » 1 1 min ]>, 


li ill u Hum fin n llmt f }n> iUlu ini? .1 li t ,, kihI f Ini t 

; 1 < u .1 till, I’M/*, ,, , ii'tiliilll tin lilumli Jmiul i, 


I* 

! Ml 

*l*’i*l tojjlt fit 

n Vulrt* 1 

»/ rtf (f 

in 

1 In* 

JiitllM' WttV II M 


nlf V 

if ii f lit! Yrtiu 

n /> Jf 

i > til it 

fu 

111. .1 

I.- n IV. 'll til'll 

1 

nMfnl *rt 

m>tm i 

nl lint 

Im 

»i .1 ii limit mi tin 

It 


Viilm* ;*< ff; 

i:n lliiif 

, it ton 

Itrtl 

i n iii'Vrt (n vtn- i 

* - i 

V, r 

(tMiV 

rim it iiuii i! t 

>1, 1 

f/, . . . «'l if t» * r l V 

U : 

t» l"h 

tf mti, 






lo 

iltfj i 

■n, |,,f 119 f t!, 

" J ‘ ] "'V 

wlinit i 

i 'llHL|(!'.'?i 

>1 illl'i iu.Juai 

»8« 


TIm.i liitni )i,t 

,‘rtl. 1| it 

u 

*1*. ii 

llin Irtliiti-.M 

Hi 

III 1 

ton 'Vrtlrtn.l ; i 

• <t • ,! In ■ i 

l iVln* fl 

H 1 

V ill l|i- 

i p, if Wi.lklil 

1 

. 1„! 

ns-'l rtli '* l»» ,»i 

>• IrtinUi 

■rt, t,f a 

, rttnj fi 

in r ^|i|'iv,;ii.*lt 

. «tl 

iM ). 

\ I ,, :t l.n f >1 < 

i fliU 

■■> Mini »t 


< U i|| 

i It 

n *l.‘ 

M to if ll flijo ] 

-• «|i, ton 

nifty |>i 

■» »i J 1 

I'll ill r\rt»ilv till' 

w 

|t, 

, {•'!«,. jiinl ah 

ittv lim 

. Ml, 

r 

n\ 

tilS.'ll fliikt H 

ik t 


i-.tklrtiv; 

t* iilnl 

f'.imiij* 

b 

mli ! 

'■ if willlnlH. 


*,J f ha-l;i, Itltf-lJ >,J 

irtaV '.I 

Mt*« j»n 

i-\ i 

'totiilv 

tlutwii lili.’rt, 

»l? 

•*'% fl 

t>s Yrtlkl*' (f f 

U » 

». ii" .:!* 


|t,tk >' 

ill to to H Inujui 

* 

, , , k V 

ni» !t * <5 

vlirtllj.V- 

■s tj miu 


jtlt'i i 

;>t. Jk tluif i li*« 


»l " f J/t , f * i if I , , . , . uia! im iih Imui' Ii !»«»»!>;, Ami iii !»*•(« 
I'HM >1 * 9 ft. t*t ... f'tJtl 14* t h 

W til It"! IniVf- I'*', 14 H> 1 V til I’ll! flllu||i/)l ll|nll» IU 

Ll,v; lu « Un, ■> \ /» , r"/J ’ 

fa nil tin tv ftjtuuli- »*l flan t»>ir» AH, #’//„,», In 

i p Ji, iiU>l i>S fin Oi i’-n-l f!< I ii !a 1 1 (»■» l||u u 
■■i l,»Ln It’s, < Hihiii', j.J-.thn iJiVfti.’fj *ii I linlM Im! h fltfuily'lt 
■< llf<> t ( f'-ih 1*1*1 * »*•? y <}*n M-r.kU»| Mill- S«|hJV!? l||n Imrl 

f w'Miy inuiif. »>! i !*»-» f; i » t =■? K i • * ■ ? tv*- to jit Nnj.jm'nt nflfnlnil 
n i»| ,i 1 -s iMlSVa’J rtf, lay *'**UliUt]iall« rSartli^’M t»| 1 1 1 «t 

* f 1 , tuni f ,» nVriy J»nUt! nS l li*? .WV'fjiJt'f, Y*»1*U? toltiv'll 

I wt lay riilkUtMlnM* t *»j I !]*■ Vsilni* tj rtf tf 

* !i ?»li« ».f I la*. 1 1 > mill I* it rt ililjm, an n m ilia- Yiilu« -i 

irti jjrtl'-;! »4 ••3>4» »«f fl#n *• ,*if -s f /*■/*' * fit*’ Vrtlm- mii i-IH' 

ii* iij.jwr Mim-i will Un ilm «•$» tlin nlln’i 

U* i\l 1 1(0 f?lt * 1 /I, i»*r till? V4»l t|‘* 



ON- Uli;M.,\NN‘‘i Nl'IU'AI t ! i. 


ii'l'H 

ctmliniliuifi widi /nm dm uiilr lu xi (*■ d r. > * j n dm v.ihm 

ntuliniiuiiH with i( «»u lhr:>i<lr iiiimfr n, I 1 l,| « 

Itilirn mm ill ,1 or /» horn O mul smum < l..m.;> > dr> vuhm j, 

I’miiimiumily inlo dm vuhm »/, 

Tllllii, il wo fiilm j>, tf fit ill 1 Ht if f v;thm> n? (hr ful i - *iii imimt') 

wiill f>, i/ III. 0, (ImV will uituulrit n ■ tit fit*- tmm*- 1 1, 

whifli rt’jmvu’iif'i ii i.i-i'liuii m-ji-i i ,l/» j<.<i|n)nh» nl.o f ■. < flu-. rv..t 
lllll'fltt. Il lilt’ll VVM llllllm lltM fWM t.|»ri 1 1 ..Jti >;,»». .f | 

nlmitf lint linm ji, tj, ii'i lu iit i> i'i<! o iif* I jlm ;«j. i i > < ■ -i » fh< f’.’.M 

viiliir’i will liitri<iifimiMii .lv th ilithtif* *1 "u dir ,K. | 

Hiniiirtt tin I’uniirtl, 

Wit limy umv f<>nf iiiur (hr jon.- t v. ith ih<> »„ .ihm \\\, 
(lllllil. lilVil litul ll l»n»J* whirh rhmirr. a m? * n.<sun **»i*.-l vwhttt, 

tiny /.Mini l lirit pi itrtti tl hi In i'*iir, f.-ihiiii; <• ti* »t>*( '< > r 1 , , - lm> t 

t/r, (Wt* limy I’l'rf-’i fin* lin« m ; ti m??. u v»«- j.f»- w, its- s .|.- ,| 
llml, wr lmvt> in.l |i|rvini|ii|y • i«. mol lh>. hmv 

fllll llllVt* unrfirrl ll|i<t|i r ti n I **m t if |».ri {• ru jnr> t,- ,ud(, , S, <1 

illltt If,) Tlnifi Wr ‘hull iliiitv hn«i!p */ f:m h dU-tf dm ■» ; n 1 ‘ i • • f 
run llttf. IlM III) ri'f i| hy U. fhi irtl 1 in v»* li»<«. »-ufO,Sr:; dr- h#, y 
rl, mul Imviiij*; dmir mdirnulm,i jonurl !■,* ii S.„,p h 

fllllllj'it f Il Wf* (nUr, ? Ilt'lt, ii (h$i J ‘:i|r ■ S , Mi tl dn.-ti:*!, 

ulttii;( llu* lini"! t/r mul if, mul diru if . * ..mik *,.« *,m 

Itttfnlul tillfi‘1, lilt»nj.i[ ( In* liliti’S »/r; f|«>t fhn-.i v.tlti,--. £f. ( ,i w 

foiiliimmmly tliuliihi|l« >( i<n do. d»m<< 4r « f. i -.nii-.i - ... 

My Jiifft'i tliiij.' in thin wuy if n rlr.m M,,,? v, t . , .-. Sh » » , „,■» 
mi Mil Itkrr, f|u< ulurf’i *>| vJii< h .ur * . , 5., :V(Sj , 

wimt hy Hiii.w liin .t. mi flmf flu* in if ». .\ „ H ’v v ?}k. 

ui'fitful, I lin jinitiiil with (hr fhiiij. iin-l > .* >.}>.„ 1.^? d., j- 5u , 
llil'ffl fomiri'liull rvrr|i( hrtv»r. n .Kinv.-- <- "! ? As...ji dr> 

n viihuvi .,r dm ImuiiMH m-ty ir.w h. ,«n.» t,, ti r ,. 
til lliift niidiu'r, im (hut mum vuhir < i»ly l, s „ 8il | 

dml. in nmviiijj (liiii |«.inf utmui rn (hr mnhtt^ dvr ■» 
iiii^ In it, filvviiyu rluiMj'rii fMiit iiitiMifrlv.. "!im, »j 
H K*vi*i» jmitil tif Hut fiiitim-r f*.n u p f . M ,-h, ,.t t U ^A es it,»4 
hy liny pudi m h.-i in n.iu.. lm*k fo ihr. nmuto *l>. 

wimi? hImhiI), \\ii ilmll in nil i;in»*> n-imut l* dr- v; j u , 

t»l Mm linifliim a. 

Tim Ihfuirjn (hut (hr Hinumm *= N ,.,, ,, 





i **« 


lU-'J 


i | 1 i li(i ,j j| (H } fb«-. Js> • * * iii«- Kiily t Miiim lnl cheiniei'ie i,(K, tut 
ili il i».i » !■>' ■ lm« > < j.| Ih lvvi ru nmnrr.ulm: nl limbi 

n dm Sh Mi. ..Hi. 


III. 

t Thc^rm, 

II! the. hrJ,:< cr-r. sib.nMViis/iivlj .MIV/.I the. hat until he. 

i » , IV-'; !h» ! lllifl/, 

• • ■ a .. 

,l v.> nb.ill }-!■;• 1 1=1*1 r il flmlr urn I Wit nr iimi’U bum 

( ibmt »»:*> b«» *-»iV. 'Ill'll ill!.. 11 him <•/»*). 

, >J|l; , nj; 4 j,.. -.*v» i.( I In* Iw.t lll.ru </«/) «l»*l •!»' |'“ n 

j , ,,, niMH »II Jr.;. U' vvr HIMVM fhr lh»‘ tjt\ lifi'Jil'MJ. 

t j t Mi ii; ) lb . a, ll Ill rf tfi In inli’ivliiiii; , l ti flm 

I,, .1 > nli vn i Ik-- ivivi *<-,. » vihirh if iii'ivr .; mi ll.nl, by }.u , -uinj..( 

il ..Vri fhn 1 j,;> i 2 ji ''ll fin- li.-hl, wr rlmi.}(n lliin iutn » him 
a’’/ On 1. in lt «l l, Vf Wl- I Ul.'i 

bn. ,>r «1.n Imr (/ u I. rvr rlmuru if, U.ln a 

lmii |W; VVl! , n . l-ii tviOi IWI. bin:. U ( r } unit Oi.r Imn 

? |. ^ r,,- j 

•*« «•><« •(»“»! 

,, m y , MliV.nl nil bill nil*' "I Om 
r:.t Mil. Thru OtU bl.it H l 

rhmittti'v.' by Mill* ri'n-'ll'bur I’Urll, mill 

n „ «..!*■’ if* unw.ubl IM hr iH lM muni 1l.nl 

1 . ,, s uny hr mmln rlrmvr by h*rli- 

„ . *Wr rb-'Uby U I'*’ 5 j.**l»*U*‘«luV In 

Jim ?4 1 * i* lit LI 1 

fb.'in » ultiMv’ Om bar * j"-/» V } * V"i H'n ,u b 



l«* 

ibiii 

V'. y 

v<j* ii»’ 

tlilv 

. h 

ii'-i J 

•.f ' 0 

”1 

bin 

’ :v II 

\f< t 5 


luj-r ". ■<•<> 

,:b- 


vi- a 51 

b - 

.-..(Ur-* * 

lUr 

lit 

.-if l'.H 


all O.r 


IV, 

/„ wf.- Mivrftrn »»/#/«* liivM'iuv* SurJtHY. 

MM , „,, w r ,.u»iftl4 i’l' » bibuilr phiim 

1 It*' 111* -(S'litiilt n ^UlJ.tv-r U W . 

r ..«. n ^ 
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on wkmann'h wm in *i. 


with (??-) by a number of cr. in,-<i nbi*b «v „| m j| ,, t „ 
Thustho wholinnmiber <)IYn»ss jiii. s i, a ;? , ,, } ( ^ ^ 1 ' 

If w is tliu numbor of bn j..,iuK tl.i, ,t ” * f 

cross-linos, or w ** 2 («. | /, ... | ). 1 1, /t ... , { ., } " r 

Lot now this w-fold plmm bn invnii. ii, J( .,, M j f 
outsido it, so that it bm„„„ ( IIN 

tl,e l )()infc - Iwo Hiu'uoHsivu „I,h.m „f ,h. t , v , ■„ , 

neotedbyono cross-lino, rxn.p,. H„. u 

aro connoctod hy 71 | oross linos. ' “ '* V ‘ f "' 

T <) ovory point of Ibis shoot,, I , w ... 

respond on,, vnlim ,, f U... lunHh.n 

f (,Il ° corresponding „ 11( , ti / '■ ■ 

tbo centre ol inversion, it is r , . 1 

" po " tho mvmi „ Li;:.""' *' ■ 

Wo Shall now prove ilwl (hi,, „ |„|,| . , 

Wonno.1 without loiiiiug i Ml „ ,| , , 

boles m it. " r ‘ 4 s | “ *•“■*> u.tb ;i 

. f rat > ai W'» WO Inivn only .... , 

«mglo cross-lino wliiol, , ' ' ’ 

[i2j r01 , ruH011( . Hi,.,,;..,,';:;. I;: ’"L 

at right ftnglos. ' I’l nt. 

Suppose oiioh lumiisplu.ro „f ,i.„ ■ , 

"cross the pla„„ „f M , """ r I. 

tlio dotted Ii,,,, i„ tl„, n 1 1 : 

I*** inZ;i 

tmto and cross each oil,,.,.. |„„ i/.j'".’ ' ' i’ ’ 

Pl«oe without nltoring i ho , ' > - 

\° supposed to „„ «• -«»*••. I', I. 

d°tted piano, till it eninold,.,, „iih "J'T ' V ‘ u ‘ h " ul « •- 

gai'd to that plane. „„ , 


■I bv n 
I I bo 
• ,1 It 

'b-d bv 

f > 1 ii tJr. 

K'lUl 
I '.l’.. yt 

Hill la! ;J 


^'toihatpW m 

!^a,o /tan ..ii o. 

instead of the two shoals , ..Li 1 "t *»••«*« ... l,„ ,:|- 

will bo doubled under it, >iiJ, " K " I'" 1 ?' ,l "’ »>«-'. • .. It 

^7™ ^is 'leublo aplu.ri, litn, r!' ■ • " - — l..|, 

„f ’ !! f 11 so ° «J.li...i. „I slioil V -v. r 

- h - •' II 





,1 " " h u '"‘' ujflp.m fpiuiutj, il„< (l l, f , (mV 

"I" " ,i! nuu[ l, ‘” 1 ‘ 1 !! ‘ ^ «»*•' I "i 1,1 ..f /j Hat |,Ul,.; llmt 

i ■>, ,‘t H |i‘i»lv V. tilt U<< 1,1.}. I! Ml if. 

N. n. 1 , j > ' , if, f I ' i)»< ' !■ f r 1 1 f: jj|tr, j«';t| nil, la*-.' wjfli j> , | 

I'l<' ! Imp ;MpI ■ n ,*],■> 'ii ■ f)ji M, i*U jMimtpp.l {,1.I|||J Mini,., 

'Iltl’ 1 , !» ii}c. i< ItP ) , V f,f J <*lt’lll,4,r 4 \Y||||II||(, 

»*>,:> 1,m IV j (|l . 

h\ l»p. ■!<•!!.'.! hnn m j l'. l j ,,N-I j hi}. Tin M wn „ m y 

Hj'|>lv f • f|»«' U)H-M ..!,< • f flp- ,i„p- ;|, ) > I , | ■ 1 1 p | 

'"‘V* Sp.n.p flu- !u.. hi-|i.i-.|«iir.tr ■* i„f., V, Ijil’ii ,|„« nlp-rf tFt 

*hvp|,-4 hy ?}*,- Tip- rl'tV,-! i:» f,, I all ! },,, 

i to • ••> Imp- j Hit-* : >!f . ,-i I,-!, -i h, a s' j»)p i u ill -,1 p Jl ; u,„| 

M||.|«.p..-.| lhaf Hu-1.' pc p » 1 x-J » Sp <I|p> ,.J f),p ftljl,, |„;, V 

lip f 1 ? ll. <1 It* » I..* - UsU i»’> J // V. :j’l ln-Iojp, !{., JJ'f i,. 

> I. M • H« i} ,nl-t J* flaf hnf in flip, Huf |*|h(p 

Will , I* J s*5i }i A rs|»), *•.,*< U Jf }, , J rl'P'iijlij' 

ll,P f : > f'-USH:*, 1 1 , r~ MuTp’i* iif ,, 

1 * ■ - - 1 -, J V, t t 1 S | » j * » - r* ■■ ■"!■ in j J 

l.a-ifly, tit, if *|,»t 'HU") i.lp'- J -r f h in lw<t :<l„ipfpil 

lipli- j* 1 ns « >n,(V, f» 4 hi, ».jp, ►•,♦>••••• lino v.tfl* <i iip>i>lr> >,■),»•., I, 

(1*0 flllS-I : i*P >‘f hy !"-?*<’ t'J.x,-: IsltP V,s*!l U | it* . 1 . -■ J, r iiii-l JPi 

*<*», HIP ;; lyti! ft, -P I nip | *.) i»ll )*,’ 

I, l|< . ?p,| tit I- ■:.':(»< I fa flp* jTiipt ->l r|««'- flnxoi!-), if ■, 

t ix- i •'iMy'j Iup'j ; !o f.hal 5f tji.ihx :> \\%t 1, ,}|<t „* ,«• j, a jil,.., ; 

I -.*1 In’ll H |f {, nst ,f h -*S’- I? Jlp'tl, Vi,,, li-ttli at Jliy. ? J j * •- 

lis-ty l*n tij* nnJtl i|» m«-t- ly I'nVu-fi ***• > \ ( lit--* lt-<!t-. 

I hp » »»»<<•• 1»J <■.' «• ;; m ,*{•.»’, |,„U hp iJj'J'lfn) ?.,« «ht i It L StJ» f|ps tjp) 

Kiln «•{ inf-* llj»t ,1*51,1, -:>* >i|i ( liiiUl ivn itl»> l.-lf tijf}* niilv fin* 

IpVh Miff’! S*lp< njp’.'? :* 1,^ j 1 !*,p ■■? *ritP'in_ tfMW- 

t'Vr-t'., ip* Vxn Ion,., r.-, ,s, , **:!,(, h<’ i'-*m <'t H i? I » » « i S if t„:,miU s 4. il*fn 

r|»p mu |,P'P t-l !» Ipi-ily UaSli p 3J* If Ilntjnp ?lp> jo.iji.-if;..,, 

i'’lli»u y titj f; ■■ ’i Kr-f-tt' <i lii'.niuiuua an-t /,?*•;*» iJt tutiutyi 

l/Mft/ /tff SPsf/p i.uf (r-tV/'i i.'jf, ,„f,i //if? Si.it /iJVV’ ft/ it /*)<;/,/ 

}t. % ip fj j J, /p.fffi t«s it 



ns ANV’ii 'll 


Tht • AiimArr .»/' /» ir4u I -s74 < > 



A i;lo;inl riirvt’ iliaun t>i« juntu. 

1 r • 

a mi 

f If .f 

m jnwaililo Hi nmvt* a riivnil r athini 


' ' st t f h«> .‘ns | j • . 

• >mf4 »f 

nlirtnlvM up into a point , flm rinnut i 

. ,41. 

.1 J.mSnif'iY ' 

,f vl , 4 ,_ ti|i . 

if in tri'nlui'ilih', In j.vimml f|mi.> 

n a frntH’ iramf-.-i 

"5 m>- 

tlut’ihlo riiruil-i mi a r|.. .r4 -iihlarn 

u ln< l« 

nil- is; f • )•: •:,/ 

Mf H,al 

i.4, III) mm nl wh it'll run lm nm4<< |.y .*-» 

Ilf Hun 

*' ! 1 i? - U* f.. t 

» 1 / Si t J 4 <! 

witli u |mt!i niud.t mu .4 t|m ,,f}„ |,, 

All 

i-f K<- 1 io < 4a> 

sU,-. . u 

rtiihi rn n then li.t nyjiri"/i('4 in rmaji 

■aiml » 

ili4>- 


tin i ’it. Km- nxmiijilm mi flm -.mi s... ,, 

1 a 1 1 | 

v. ?>< 

-4v v. 4*1 


it |u- 4* 


w 


l»"l" llmmj'li if) f Ju’i «• m.. r tt( , i» ( ■„* 

Mini ruinitl (lu> It"!'*, an ahr j(|.» k*I, ami * t 

n.-t ml,'. If a t ir. iiif umlli- i imin I (i, -n. h 

11 n ‘" Im ‘ H|i inn. a j-mf , U *i , anm.f I!1X ,}’ , 

it|», if immf n i-.Mlain numla » ,4 !m« -r ...» rhn.H;*), *| u , 

Ih'Im wv Imllt, (liiif, iii, it may |m niudr „j, *4 
mill mli', 

hi (■!»• Halt it' way wt» may mm l|,ui, „ 

liuviiif' P IihKm t ht.iu^h if. Ila-I.i n».> :V h,,!,,,.,., 
ilui'iMa riivnil i; Min' ivtiW and V* . 

aiiMjtlii'ify rni.-ii.lt>! ||,„ t Jt .. :1 

tlm litnly ill f!m limit hi vvlarli uu n dm . 4 rh<- H t , 

iiMiiirly, I Iml n| a flat plain. ir Hv {j-f 

in whit'll „l, II , (? a*,, f },■« )m 4.->. Tim m, i> ( ? . fi n 
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IlKMAItKB ON TI.05 OIIEMIOO-ALC4EBRAIOAL THEORY. 

(Extract from a letter to Mr Sylvester*.) 

"Tine now .'Journal [see foot-note] I look forward to with the 
greatest interest: it will bo tho only English periodical in which 
one will have room to print formula), except tho Philosophical 
Transactions, I had designed for you a sorics of papers on the 
application of (Imssumnn’s methods, hut there is only one of 
thorn lit for printing yot*|\ It is an explanation of the laws of 
quaternions and of my biquaternions by resolving the units into 
(actors having simpler laws of multiplication ; a determination 
of the compounding systems for space of any number of dimen- 
sions ; and a proof that the rosulting algebra is a compound (in 
Peirce’s sense) of quatornion algebras. It tints appears that 
quaternions are the last word of geometry in regard to .complex 
algebras. Another of thorn was to ho about tho, very thing you 
speak of, which was communicated to tho British Association at 
Bristol, not Bradford. Thoro is no question of reclamation, 
because the whole thing is really no moro than a translation 
into other language of your own theories published years ago m 
tho (Jamhridijo Mathematical Journal, I have a stiong impies 
sum that you will find thoro tho analogy of covariants and 
invariants to compound radicals and saturated molecules. 

I consider forms which are linear in a certain number of sets 
of h variables each. To fix the ideas, suppose *» 2 and that 1 
havo altogether 0 sots of 2 variables each, namely 

Vh> Vr 

• [From tho American Journal of Mathematics, Pure and Applied, Vol. r. 

No. 2, pp. 120-128.] 

\ [Tills ju xxx. of tho present volume,] 
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Suppose the forms are 

(xyzu), (; yzviu ), (xv), ( uw ) ; 

viz. (xyzu) means an expression separately linear and homo- 
geneous in the x, the y, the z, and the u, and so for the rest. I 
observe that in these four forms each set of variables occurs 
twice. This being so, there is one invariant of the four forms, 
which is invariant in regard to independent transformations of 
the six sets of variables. This you knew thirty years ago. All 
I add is : to obtain this invariant, regard the variables as alter- 
nate numbers, and simply nmltiply all the forms together . 13y 

alternate numbers I mean those whose multiplication is polar 
(xy = — yx) and whose squares are zero. The product of tho 
forms will then be equal to the invariant in question multiplied 
by the product of all the variables. The quartic forms may bo 
represented by the symbol the quadratics by -o-. Thus tho 
invariant (xyzu) ( yzmu ) (xv) (uw) will bo represented by tho 
figure ; whereas, (xyzu) ( yzvw ) (xu) (mu) is this form 
a-- a— o=Q . The former is clearly the product of the two 
quartic covariants 4- 4- got by cutting it across tho dottod 
lines; while the latter is the product of tho quadri-eovariants 
o=o= , =cc=d. A bond between two forms means a sot of 
variables common to them. Of course, wo may regard two or* 
more of the forms as identical and so form invariants of a single 
form; thus ^ is the discriminant of a cubic*... Of course, tho 
main thing is to pass from this system of separate variables to 
that in which the same variables occur to higher orders in tho 
same form, or back again — what you call ' unravqlment , 

The part of the theory which astonished mo .most is its 
application to intergredient variables when tho number in a sot 
is greater than 3, — such as the six co-ordinates of a lino in tho 
case of quaternary forms. When the original variables are 
legarded as alternate numbers, these intergredients aro simply 
their binary products. Thus by simply multiplying the linear 
foi ms representing two planes, we got one intergrodient form 
representing their line of intersection. And so generally, what- 
em be the number of variables in a set, the intergredient 
variables are merely their products so many together. With 
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this nndersl.anding, l.ltn product, of a Hot of forms in which tho 
variables am regarded ns alternate nmnhoi’H in tho only invariant 
or rnvnrinntof I, ho hanm which possess certain definite characters 
of invariance. 

Tin' ordinary theory of symmetrical forms seems to mo to 
hoar the sumo relation to this one (of forms linear in several sets 
ol variables) that a 1 sadder does to a crystal — all tho angles 
rounded off so that you can't see through it so clearly,,..” *[■ 

'I' | hr Hvlvniilor Im'i appondod nnvoml uilorottling nolos, from which a fow 
extumta iii'ii glvon In-lit, " I IliinK I'rof. (JliiYord ovorotuteu Urn obligations 
wltirli lie iillfni*!i to my provimis pnpnrs. At nil iivi'titti ho linn move Hum roerm- 
H'Sti inl hiii tilts to Dm mmll of list (hut oimnnpDmi by llio onmplotonoHH ho has 
inline toil to it. ,,lii u word Im him I’omiti tho universal pass-lmy to Uio tjuitnlijl- 
rarluti o/ ihf. (imph All that I'rnf, DlilYord adds' is tho very pith and nmr- 
Tiiw of lint nmller wliioli bofmn was wanting." ,|)r Sylvoslor 1'iirlltov vomarks, 
" I will tnlm tint example of Mils figure [of, * in text] to ilhuilrato Prof. Clifford's 
ruin fur finding Dm n/gWnvi/i'oi runlnit of tho graph. lint tho bonds bo calioil 

/ t ■ 
y « v. Tlmn thorn will ho four forms corresponding to tho four apicoR or 

atonm, viz, 

("|. «v ";n ( U> "f.t "m "v. "«) ( v i. «*a) 0 /p »/a) (»i. *a). 


(^'u /'»* f'tt) ('n ~o) (hi f ij) ( M n ,( a)r 

(*‘1 '‘it) (hi f«) ( M i» ”a) ('V 

(*f| ‘tl) 0‘|i ?'„) (;t*i, ti'd) (>/|i J/g)i 


whom «U Dm ft*, //, e, /, », n lottors avo In ho regarded as polar elements. 
| Dr Kylvt-sler ohjis’tn to Dm lornt nffmiafr nn inhere la this connexion.] Tnko 
tho polar proilant of these forms 5 tho oot'flloimil of 

s' 1 • **'<i ’ */( ■ ?/« ■ ”i • ; 'a * h • b ’ M i • H u • ''i * ,! j 
will ho an invariant of Dnvo llurodinoo-llnoar forms. 

If wo malm Dm values lilimltoal for tho sums index, whalovor Dm lottor whloh 
It nffi'iil't, It Is-itomi-s sit invariant of a single linno Hueo-linear form; and finally 
if wo limits Dm ooHlloimils of o* ( ;/| " a , V’i.Vm sll alike, and again tho eoofil- 

I’li’iitii of ?/u'V»‘i* Viif/j I‘il aliko, and identify tho lottors ;r, ?/, 2 , tho form 

himoiin-H a hinary mihio and Dm invariant becomes its disorimimmt. Wo know 
*1 jiritirf by toy permutation -mint lost that Dm algebraical contont abovo hide 
1 ’a ted will not vanish Is-oanso 

>:(n^hf(,i"il)Ha-e) (h- >1) 

is not wn», wliornas Dm algebraical contont of tho figure formed by turning 
ruiitid 1 mo of each pair of Urn doubled linos Into Dm position of tlm two diagonals 
tvn pen lively 10 /// vanish hnoanmi tho ponnulitlloivsiun of 

X (a - h) (h. 0 ) (n • dl (d - a) {a ~ e) (t> -d) 


Is 

t’l.ir. 


17 
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NOTES ON QUANTICS OF ALTERNATE NUMBERS, 
USED AS A MEANS FOR DETERMINING THE 
INVARIANTS AND COVARIANTS OF QUANTICS IN 
GENERAL*. 


The term alternate numbers means a set \) or sols of 
numbers which satisfy the following relations : 

\‘-o, v = o, (I); 

to which it is usual to add 

The above set is binary, but there may be ternary, &c, sots, 
or Bets consisting of any number of letters 

By a Quadratic Form is here meant an expression — linco- 
linear in two sets of such numbers regarded as variables, say 
X 2 ; fi u fi v such as 

ft iM + « 12 V a -f a^ji x + (2). 

This may be also denoted, for shortness, by the symbol 
fl| 12, or even by 12, where the 1, 2 refer to the two sots of 
variables X, fi, 


* [From the Proceedings of the London Mathematical Society, Yol. x, No. 118, 
pp. 121—120. “This is the substance of some fragments found amongst tho 
papers of the late Professor Clifford. The only published explanation of tho 
T! °? mth W ^JL atu ac a«amted, is contained in a letter to ProfoaHOL- 
Sj f ter (see XXYIH.); 'I consider forms which aro linear in a certain 
^ variables each.., .The product of the forms will then ho 
X a >“ w ( l uestion multiplied by the product of. all tho vari- 
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In this case there is one invariant only which allows of the 
variables being separately transformed, namely, the discriminant, 
which is got by squaring the form. We have, in fact, by the 
properties of alternate numbers, 

{a 1 12) 2 = - 2 (a n a n - o 12 o 21 ) = - 2D, suppose (3). 

But if the variables are transformed by the same substi- 
tution, there is a universal covariant, — X 2 /a, , which may 
be denoted by (12), or by (21); for V 2 - -- /* a X„ 

by the property of alternate numbers. 

If we replace the /x'b by x, an ordinary, not an alternate, 
number, we get a linear function of the Vs, whose square 
vanishes in virtue of the relations (1). Thus we have (a 1 1#) 2 =0, 
and consequently such a product as (a | la*) (a | ly) must be 

divisible by (xy) = x t y 2 — since it vanishes when x and y 

represent the same point ; in fact, if we write the expressions 
in full, thus, 

(® I 1^0 ~ (®n®i + \ + (®si®t + a n x i) \> 

(a { ly) = (a n y t + a 12 y 2 ) \ + (a 2l y i -t- a ti y t ) \ } 
actual multiplication gives 

(a | lx) (a | ly) « a u x x + a n x„ a n w t + ct^ = a n , a l3 x «„ <o a 

®ll2A I" ®22^2> ®21> ®22 Vl> Vi' 

But a u a 23 — a vl a 2i may be regarded ns the discriminant of any 
quadratic form having a’ a for its coefficients, say any form (a | lb). 
And, since it was shown, by equation (3), that the square of 
such a form is equal to minus twice its discriminant, it follows 
that the above equation may be written thus, 

- 2 (a l la?) (a \ ly) = (a | lb) 2 (xy) (4). 


Note . — The transformation 


Vi>y* = 


®u> »1, I («,» 


11 21 > ll '22 


may also be written 

Wi + = 0 a (a I yx), 

where the y\ s are arbitrary functions satisfying identically 

VxV% +v*y* = 0 ' 


17—2 
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In like manner, a second transformation 


Z V Z S 1 ^11 > 


J n * 


6 „ 


<y,» 2/ a ) 


may be represented by (6 | zy) = 0 ; and the result of the two by 
(b | zy) {a | ya?) = 0. 

There are one or two other formulae which it will bo con-* 
venient to notice before proceeding further. If we multiply 
the form (a } 12) by (12), we get 

(12) (a 1 12) « % - a„ « s (suppose) (5). 

Also, if we suppose the coefficients to remain unaltered, viz., if 
(a | 21) represents ct u ^\ + a 12 AhX 3 + . then 

(a 1 12) -f (a J 21) ~ $ (12) (0), 


or 2 (a 1 12) = (a 1 12) - (a | 21) - s (12), 

the quantity s vanishing when the form is symmetrical, i.o, 
when a 12 = a n . Again, if the coefficients be supposed to remain 
unaltered, so that 

(a 1 13) = a n \ v x + a„V« + •••< 

then it will be found that 


(12) (a j 23)= -(a 1 13)' 

(13) (a 1 12) = -(al 32)/ 


Such multiplication is in fact tantamount to a substitution 
of variables, from 2 to 1 (i.e, from fx to X), or from 1 to 3 (i.o. 
from X to v). This theorem, as will readily he seen, is not 
restricted to quadric forms ; blit if a, b be any two diffbront 
forms, and if 1 be a set of variables in a and not in b, and 
2 a set of variables in b and not in «, then, making the same 
supposition as in b, viz,, that the constants «, b remain tlio 
same on both sides of the equation, we shall find that 

*(12)(a|l...)(6|2...)«(a|2..,)(6|2...) = (ail...) (b 

With reference to the universal covariant (12) = X,/t 3 - X,/*, , 
it may be remarked that we may consider such covariants for 
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*hore than two sets of variables ; and we shall then obtain the 
following forraulse*: 

(12) (23) = -(13), (12) (23) (34) - (14), (8), 

which the following is a consequence, 

(12) (23) (31) = 0 (9). 

It is clear that quadratic forms can only be combined in a 
afrt “f-, which, when open, gives a quadratic covai'iant ; when 
closed, an invariant. We can now show that a closed chain of 

sides is equal to + 2 D", while a chain of an odd number of 
nicies vanishes, 

Take a chain of four sides, (12), (23), (34), (41) ; then, since 
(12) (23) (34) (41) = (12) (23) x (34) (41) ; 
find since, by (3) and (4), 

2 (12) (23) = (a j 28) 9 (31) = - W (31), 

■ 2 (34) (41) = (a 1 48) 2 (13) = - 2 D (13), 

(31) (13) = 2, 

it follows that 

(12) (23) (34) (41) = 2D a (10). 

In like manner any chain of an even number of sides may 
be resolved into a power of the discriminant multiplied by a 
chain of determinants of the alternate variables, The product 
of these latter is ± 2, according as the number of terms is even 
or odd, Hence, generally, a chain of 2 n sides is 2 (~D) M . 


* -£This and other parts of tlie present paper may bo compared with Spottig- 
woodo "On Determinants of Alternate Numbers," Proceedings of the London 
mathematical Society, Yol. vn,, p. 100, Sp,] 

t fl have, in this paragraph, retained the language of the original MS,, 
although the term chain is not hero explained. The author appears to have had 
in Ilia mind a theory which ho propounded vorbnlly at the mooting of the British 
.Association at Bristol, and to which, in his latter days, lie attached groat ini* 
port mace and devoted much time. Some indications of it will he found in the 
jim erican Journal of Pure and Applied Mathematics, Yol. i. p, 127 [of, XX YELL], 
Several notes relating to the subject have beon found amongst his papers, but 
as they are almost exclusively memoranda without explanation, it is still 
■uncertain whether they can he published. $p.] 
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A chain of 2 n + 1 sides may, by analogous processes, bo 
reduced to the product of a determinant of alternate variables 
by a form containing those variables, and must therefore vanish 
for symmetrical forms. For unsyin metrical it contains s as a 
factor. In this case the fundamental formula must bo mod tiled 
as follows : 

(a 1 al) ( a 1 1 y) = (a | xy) s - (toy) D ; 
or, with alternate numbers in the place of x, y, 

(a } 12) (a j 23) = (a 1 13) s — (13) D, 

Multiplying now into ( a | 31), we get 

(a 1 12) (a j 23) (a | 31) = (a| 13) (a | 31 )s + sD 
iu virtue of equation (5), 

But (a 1 13) (a j 31) «(a tl Vi + •») («u^ 1 \ + —) 

*“ (2a n « 22 - a\ - a B J = 2D - s\ 

Hence (a j 12) (a \ 23) (a \ 31) = (3D - s 9 ) s (J J ). 

Again, 

(a 1 12) (a 1 23) (a j 31) = (a 1 13) (a 1 14.) s - (13) ( a | 34) J) 

— (a 1 14) s 2 — (14) sD -\- (a | 14) JJ 

— (a 1 14) (H + s a )~( H<) aOj 

whence also 

{a 1 1 2) (a 1 23) (a | 34) (a 1 41) = (2D - s s ) (D + s 3 ) + s*D. . . (1 2). 
Suppose, in general, that 

(a i 1 2) (a | 23) . . . (a \ hi) = A m (a j Iro) - B m (Hi) ; , 

then 

(a 1 12) (a 1 23). ..(o|«m) = A,„ (a \ lm) (amn) + B,„ (a | In) 

= A. ((a | In) s - (In) 1)\ + B„ ( a | In) 
= + B„) ( a I In) - A m D (In). 

Hence A ^ ^sA + B B —/ID* 
and consequently 

^sA^ + DA^ (13). 

i^rf/° lm + DX^ is a form having ,9 

and D for invariants; and it may therefore be taken as Iho 
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canonical form for a Bipartite quantic such as we have been 
here considering. Again, another useful form is the following, 

V(s a - 4£) + s (; \fi ). 

We may, however, combine not only two quadratic forms 
having like coefficients, Bay, two forms cr, hut we may also 
combine two having different coefficients, say, two forms a and b. 
Two such forms give rise to an invariant, namely, their product. 
In fact, we have 

" (« 1 12) (6 1 12) = a u b„ - aj> u - a M & M + aj n = D ab > suppose ; 
and from (5), (a j 12) (b | 12) + (a | 21) (b j 12) = - s„s b , 
or (a | 21) (6 1 12) — D ab — s a s b . (14). 

The product of (a\ 12 ) = a u \ 1 /^ 1 +... and (5 1 13) = 5 u \ 1 v 1 + ... 
gives acovariant; namely, 

(a 1 12) (5 1 13)= a t ^ + 

K v x + h i^> K v i + K v 2 

= a tl bu-ad>n* UnK-UnK (pf /**) On v t) 

^ 12^21 ^ 12^22 ' ^ 23^12 

= 1 23, suppose (15). 

If, in the covariant, we make the forms a and 6 coincident, 
it becomes 

(a 1 12) {a 1 13)= D a ( 23), (a 1 12) (a | 23) = s n {a 1 13) - .0.(13) ; 
and, multiplying this by, or into, 6-, we get 

(a 1 12) (a 1 13) (6 | 43) - (b | 43) (a [ 12) (a 1 13) «■ - D a (fr| 42), 
(a | 12) (a 1 13) (5 1 34) = (b j 43) (a 1 12) (a 1 13) — D„ (6- 1 24), 
and (a 1 12) (a 1 13) (6* 1 23) = 

(a 1 12 ) (a 1 13 ) ( 6 1 32 ) = £>a ( 16 )* 

The remaining form to be investigated is 
(a 1 12) (6 [13) (a 1 43). 
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The value of this is 

ft i> ( c h Aa) ft i“b C^i 2 Aa"” ^ sA •) /A, 

a u Pi + (l vP*> a uPi + tf W> B 

= (- a„a,Ai + V2A2 + a«»A “ VM PiPt 

T ( ®21®22^11 "h ^21^9 A 2 "h ^ll^Al ^'ll^iAa) A^l Al 

+ ( ^la^lsAl ^22 f lAl ^11^18^29 4" ^H^IkAs) f^tP V 

4" ( ®99®mAi ®22^«Al “ ^21^12^22 ^ ^Sl^Aa) 

= (~ (hAb+KDJftiPi 
"H ( ®21 -^rit *1” ArAia) ftlP% 

4" ( ^12 A 5 4 ^ia-^fl(i) ftzPi 
+ ( ®vfiab ’1" ^•i'fiaa) ftlPl 

= D ai {a\42)^D m (6 1 42) (17). 


Multiplying this into (b | 45), we obtain 
(« 1 12) (6 1 13) (a | 43) (b j 45) 

= Z> (ft («|42) (6 1 45) — ,D tl(l (b | 42) (b \ 45) ; 
that is, referring to equation (15),. and dropping tho Hiiflix ah, 
<* ! 2 3) (* ! 35) - B ai (* 1 25) - D, M . (25). 

But (a- j 23) (& | 35) = 8 (% | 25) - D* (25). 

Hence ». = •»„„ D^D^.D a (18), 

as may be easily verified, 

If, however, we multiply the equation 

{a 1 12) -j- (a j 21) « — s (12) by (a 1 12), 

we obtain 


(a 1 12) (a | 21) 

hence (a 1 12) (a 1 21) = W % - s ; ■ = W V - D’ .. 

and consequently 

«& 1 12) — (Sr 1 21))“ = — il)j\ - 2 (2 DJ)„ ~ JD \ ) 
=-2 (iVA-ffJ 



The formula a D ab is important as showing that $ is not 
made symmetrical by making a and h symmetrical Henco in 
passing from these invariants and covariants to those of sym- 
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moti'ical forma, wo nroohligml to into Urn aymmolriHod form ol‘V>, 
immoly (VV | L2) — j til). Thus, to adapt oquafion (1.7) to 
Hymmotriunl forma, wo havo 

<* | 23) (.* | 43) - M* [a | 42) ~ />„„ (ft | *1-2), 

(ft- 1 23) (ft | *3) -(«! i:i) (ft 1 12) H4M) 

t /',( M) (Ml a) « --.A, (ft |42). 

In goimrul, wo writo n, for l im moon valuo of a, i,o,, i I* 

2(<V|12)= >(«| l2)--(<t|2l), 

wo ahull lmvo \ I2).|-l#(ti5). 

llunco, ainao (!2) y i-» -*2, 

(a | 1 2) w ^ <<t l I2)"-|^~4»' (21), 

ami l)'D ,| .V, 

whom .1) in Mm diaoriminaut of Dm aymmotrioul Amotion. 

(Similarly 

*3 - (a 1 12) (ft 1 HI) «• l(« i 1 2) !• h»* 02)) [(ft | 1 51) !• k (13)} 
^U~4 k(A|2«) ■!•#.(« 1 2»)| 

and thoroforo 

tin ‘ > (IV, „ 1 2.1) - (IV- 1 12) - »A (23)\ 

® 2 (ft„» 1 23) - »» (23) - V , (23) J 

If wo multiply thin into (o [ -111), wo havo 
2 (ft» 1 23) (<t | 43) ■ 2 (ft | 23) (a | 43) - />„» (« 1 42) - » A (a 1 42) 

42) ~WJh (/.| 42) - V.0M42). 

Putting $„»(), n b : - 0, wo got the formula for Hymmolrio 
functiona. 



XXX. 


APPLICATIONS OF GRASSMANN’S EXTENSIVE 
ALGEBRA* 

I propose to communicate in a brief form so mo uppl iontions 
of Grassmami’s theory which it seems unlikely that I shall find 
time to set forth at proper length, though I have waited long 
for it. Until recently I was unacquainted with tho Ausdch - 
numjslehre, and knew only so much of it as is contained in the 
author's geometrical papers in Crelh's Journal and in Hankd's 
Lectures on Complex Numbers. I may, perhaps, therefore! ho 
pernutted to express my profound admiration of that extraordi- 
nary work, and my conviction that its principles will oxorciso a 
vast influence upon the future of mathematical science. 

nl,Z h Vn“! lt rommuuioation endeavours to. dotonnino tho 

> ace of Quaternions and of what I have olsowhorof called 

UehZnZT r e .°“ 8ysten1 ' thei ' eb y 

the laws of those algebras in terms of simpler laws. Tt contains 
y a generalization of them, applicable to any to oi' 

is ZTa ”m«m e TT ati0U Ulat ‘ he a, S° lra tIlus obtained 

iete'rrwSlthe 0 ,: ^ ^ 

( ° Qwaternions ««<* 

t , anion the Smen-ahmtion of Ihm Systems, 

£3£SR t,iat 

— ^ * of two Ss&zjgst 
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plication*; because the product ab has opposite properties at 
its two ends, so that ab — — ba. The ordinary or commutative 
multiplication I shall call Scalar , being that which holds good 
of scalar numbers. These words answer to Grassm aim’s outer 
and inner multiplication; which names, however, do not describe 
the multiplication itself, but rather those geometrical circum- 
stances to which it applies. 

Consider now a system of n units q, q, i n , such that the 
multiplication of any two of them is polar ; that is, q. q = — q q,. 
For geometrical applications wo may take these to represent 
points lying in a flat space of u~l dimensions. A binary pro- 
duct q, i, is then a unit length measured on the liiie joining* the 
points q„ q ; a ternary product q. q q is a unit area measured on 
the plane through the three points, and so on. A linear com- 
bination of these units, Xa r q., = a suppose, represents a point in 
the given flat space of n - 1 dimensions, according to the princi- 
ples of the baryeentric calculus, as extended in the Ausdeh- 
nungslehre of 1844. 

In space of three dimensions we may take the four points 
q, q> q,» l a so L v f, a arG au infinite distance from i Q in 

three directions at right angles to one another. 

Now there are two sides to the notion of a product. When 
we say 2x3 = 6, we may regard the product 6 as a number 
derived from the numbers 2 and 3 by a process in which they 
play similar parts ; or we may regard it as derived from the 
number 3 by the operation of doubling. In the former view 
2 and 3 are both numbers ; in the latter view 3 is a number, 
but 2 is an operation, and the two factors play very distinct 
parts. The Ausdehnunyslehre is founded on the first view ; the 
theory of quaternions on the second . When a line is regarded as 
the product of two points, or a parallelogram as the product of 
its sides, the two factors are things of the same kind and play 
similar parts. But in such a quaternion equation as qp — cr, 
where p and a are vectors, the quaternion q is an operation of 
turning and stretching which converts p into a ; it is a thing 
totally different in kind from the vector p. The only way in 

* [American Journal of Mathematics , Yol. i. p. 127 ftn<l p, 257, iupra,] 
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A product of m units, all different, multiplied by any scalar 
it called a term of the order m, The sum of several terms of 
order m each multiplied by a scalar, is a form of order m. The 
Him of several forms of different orders is a quantity and an 
even quantity when the forms are all of even order, an odd 
quantity when they are all of odd order. Thus the multiplica- 
tion of linear functions of the units leads only to even quantities 
and odd quantities. 


The square of a term of the m th order is -f 1 or — 1 according 
the integer purt of ^ ( m + 1) is even or odd. For the product 
Vj — W* *„ is transformed into q% 3 ... if by £ m (m ~ .1) 
changes of consecutive factors, and therefore equals ± 1 accord - 
ing as h m(m+ 1) is even or odd, which is equivalent to the 
rule stated. 


The multiplication of a term P of order m by a term Q of 
order n, having k factors common, is scalar or polar according 
us mn — k 3 is even or odd. Let P= OP' and Q = CQ\ whero 
C, F, (f have no common factor ; then the steps from QP'GO’ to 
CP’QC CQ'P’G, GQ’GF require respectively k (« - k), (« 1 *) 

changes of consecutive factors; and the sum 
ol these quantities is even or odd as mn - Id is. 


The following cases are worth noticing : 
ni;iL Wl ' Cn , tW0 tem,S have 150 factor comm °n. their multi. 

((•^r=o) except ' vheu they a ™ both ° f ocw 

° f t " r ° <m ” terms is s “ laf «r polnr 
' ° er ° f C ° mmoa facta i3 even or odd. 

(■ ) If one of two terras is a factor in the other the mull i 

:!r on ,s sra,ar except * n 


nmr,J 0/ Al,Jebns wilh « Odd number of unite 

of 8 r = 2m + «“"> « « terms 

hy means of these. For the product? 11 ^ b ° GX P l ' eH3od 

° r secnwi ^ ** »,,, i:: y f ° 
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over, the two quaternion sets are commutative with one another , 
For since the k multiply in the polar manner, we may regard 
them as elementary units for this purpose ; now the terms in 
the second set are all even, and no term in one set has a factor 
common with any term in the other set. 

In the language of Professor Peirce, then, the five-way 
algebra is a compound of two quaternion algebras, which do not 
in any way interfere, because the units of one are commutative 
in regard to those of the other. A quantity in the five-way 
algebra is in fact a quaternion <y 4- itc +jy + whose coefficients 
coxyz are themselves quaternions of another set of units (1, 
j lt A’j), the h\ being commutative with i, f k. 

I shall now extend this proposition, and show that the 
(2?n + l) way algebra is a compound of m quaternion algebras, 
the units of which are commutative with one another. To this 
end let us write p 0 = kje 2 , and then 

Pi ~ = Pfft , fJi — kjcjc 6 , 

“Pi~ vfif-'n > vAh> 


Vr Pr-l ^4r+8 ^'4r+a > Hr Hr - 1 

Consider now the quaternion sets 

k lS k q) kje q 
1 ) kjc & , kJc B> kje 4 

Pj c o> PA> Kh 
hA> hA> 
pAo> pJ c n> hA 

^ 1 Hr— fir) Hr~fir {-\ ! 

C i-V-l^V +3 1 g , 


viz.: ap-set and a g-set alternately. I say that if we consider 
the fiisb m sets of this series, we shall find them to involve 
2?n+ 1 of the k ; that the products of m terms, one from each 
series, constitute T' distinct terms, which are therefore identical 
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with tho terms of tlio (2m +1) way algebra; and that the terms 
in any tivo sets are commutative with each other. The first 
two remarks are obvious on inspection ; the last also is clear for 
the case of a p- set and a g-set, because tho g-set is of even order 
in the Ic, and no factors are common to the two sets. It remains 
only to examine tho case of two p-sets and of two g-scts. Com- 
pare tho two p -sets 

^V+Av+a' 

> j+2 ’ ^>+Aj»+a> 

whevo ,s > r. All tho terms of the first set are contained as 
factors in each of the terms p,Jc, Un> pjc m . v which are of odd 
order in the k ; consequently tho multiplication is scalar. The 
torm ^W ’)«+3 h‘ is 110 factor common with tho first set, and being 
of ovon order is commutative in regard to it. Hence the two 
sets are commutative with one another. Next take tho two. 
g-sets 

i> ?.-_Ai»> ^jAjr+l* 
i » !7«- At» J Uw 

Hero again all tho torms of the first sets are factors of g t Jc it and 
?«- A»hi j RR ( i thoy have no factors in common with h Jc, • 
since then all the terms are of even order in the h y the multi- 
plication is scalar, Iho proposition is therefore proved. 

Wo may set out a formal proof that tho 2 m products of m 
terms, ono from each of tho first m sots, aro all distinct, as 
follows : suppose this true for tho first m-1 sets; that is to 
say, that no two of the products formed from them aro identical 
or such that their product is ± kjc, ... ^ w . 1 . Lot then «, h ho 
two of theso products ; and lob <j, d bo two terms of tho next 
sot. Then wo have to provo that ao can neither bo equal to 
±bd t nor such that tho product acbd is -h 1c 1c ,, t h h 1c 
JNow it ao = ± Od, multiply both sides by bc\ then ab = ± ccl 
1 ho product ctl is ono of tho terms of the now sot; it is either 
unity, or contains ono or both of the new units k, m , Ai 2(jH1 , so 
that it cannot be equal to ab. Tlio product abed cannot be 
A A ••• Kma U,1 ^ cas is and ab is 1cjc ti , . . /r 2()) _ 1 , which is 

contrary to the supposition. Henco if the products of the first 

18—2 
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m — 1 sets are nil distinct for tlie purposes of the (2m — 1) way 
algebra, the products of the first m sets will be nil distinct fox 
the purposes of the (2 m + X) way algebra. But it is easy to see 
that the products of the first two sets are distinct, 

Algebras with an even number oj units. 

Every algebra with 2m units is related to the adjacent 
algebra with 2m —1 units in precisely the same way as biqua- 
ternions are related to quaternions ; namely, it is simply that 
adjacent algebra multiplied by the double algebra (1, w) wlicic 
o) is the product of all the 2 m units. For clearly all the oven 
terms of the (2m — 1) way algebra are also even terms of tho 
2»i-way algebra, and so also are their products by co ; but these 
are all distinct from one another, and consequently are all the 
even terms of the 2m-way algebra. 

The multiplication of co with the h of the (2m— 1) way 
algebra is scalar, because the Jc are factors in the to, and they 
are both even terms. 

Hence the 2»i-way algebra is a product of the (2m— 1) way 
algebra with the double algebra (1, to), tho two sets of units 
being commutative with one another. 
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BINARY FORMS OF ALTERNATE VARIABLES*. 
Introduction, 

1. Alternate numbers aro’ such tlmfc aft fia, a 2 = 0, 
/3' J -0. It is easily shown that linear functions of them possess 
tho samo properties; i.o,, if a = a t c< r l-« a « 8 +..., /9=5 l /S l -f 6 2 /3 2 +..., 
where the a, b aro scalars, and the a, ft alternate numbers, then 
wo shall liavo a « - 0 «> ami a a = 0 = /3 2 . If Jlf, N are homo- 
geneous functions of alternate numbers of degrees in, n respect- 
ively, tho number of interchanges of consocutivo letters neces- 
sary to pass from MN to NM is mn ; thus wo have 

MN~ (-)>"" NM. 

Or the product of two functions changes sign when tho order 
of the functions is changed only when their degrees are both 
odd; that is to say, forms of odd dogroo among thomsolves 
bohavo liko alternate numbers, forms of oven dogroo in all 
casos liko scalars, It follows that tho squaro of any form of 
odd dogroo is zero. 


Determinants of alternate numbers. 

2, In expanding a determinant of altorimto numbers, tho 
ordor of tho rows must be followed in multiplication ; that 
is to say, in ovory torn of tho expanded determinant tho 

* [Ooimmuucatod to tho London Mathematical Society (Juno 12, 1870) by 
.Dr Hpollittwoorto, 1U1.8., and mibsoquonlly printed in tho Proceedings, Vol. x, 
l)j). 214—821, Boo noto at find of Hub papor.J 
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constituent from the first row must be written first, that from 
the second row second, and so on. Thus, in expanding 


Pi> Pv 

v i* 


\ 

Pa 


= (V y )> 


the terms are of the form + \p g v t , where rst is a permutation 
of 123 and tlie signs follow the ordinary rule. An interchange 
of two columns will then alter the sign of the determinant but 
an interchange of two rows will leave it unaltered. Tor tins 
change of sign caused by the interchange is in the latter case 
counteracted by the cliauge in the order of multiplication. Tin in 
the determinant (Xpv) written above is a symmetrical func- 
tion of the Xpv. 


3. Alternate numbers may be considered as given in fids 
of n at a time (like the coordinates of a point in n-fold space), 
and in that case it is convenient to regard the product of alt 
the numbers of any set as equal to unity. Hence the prod net I o 
of all but one of tlie numbers make a new set, the reciprocal 
numbers. The n lh power of a determinant of even order n 
is — | n ; the (n - l) ,h power is the determinant of the reciprocal 
numbers, Considering especially determinants of the second 
order, we have an important theorem of their multiplication, 
viz., (\p) ( pv ) = - (Ajv), For 

(V 2 ~ \Pi) (Pi v 2 “ Wi) = + Vi/V, 

= (V»-V 2 ) PiP* 

= - {\v 2 - Vi)- 

Hence (Xp) (pv) (vp) . . . (ctt) {n factors} = ( — ) n_1 (Xr). 

An analogous theorem holds for determinants of the n ih order; 
viz,, if wo denote a determinant with r rows of X and .v* rowo 
of p by (X''p‘) y where r + s ~ n ; then 

(V/O (^V) ... ( ff V) [k factors} = (_)«»+»>» ( V y) = (-f (\V). 
since n 4* r = 2r + s ~ (mod. 2), and so s (n + r) = s 8 = s (moil. 2). 
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Multipartite Forms , 

4. A homogeneous function linear in each of n sets of 
h alternate numbers is called a /c-ary multipartite form of the 
n tu order, or shortly, a h- ary form of the ?i tu order. We may 
consider also forms of any order lower than h in any of the 
sots ; hut for tho present wo restrict ourselves to the caso in 
which tho forms are linear. Consider now h forms, each linear 
in regard to the h alternate numbers A,, viz., 

F lt = «,A, -(- « a A B + , , . + a k \ 
i\ ~ /qA, -I* /c a A a *1- . , . -)- k k \ k , 

whore tho coefficients a, b, ... k are themselves /c-ary multi- 
partite forms of alternate numbers. 

The product FJP b ... F k ~- YIF is an invariant; that is to say, 
if for tho A we .substitute k linear functions of them, say the p t 
then the functions F will bo transformed 1 into functions of 
the p\ and if we form tho same function of the now coefficients 
that II F is of tho old coefficients, one will be equal to tho othor 
multiplied by tho determinant of transformation. 

For the product is I. X k \ ... A„, whether wo regard tho A 
as linear functions of the p or not ; but in tho latter caso 

A|A a . . . A k • • J ) . • • * P k > 

wlioro ./) is tho determinant of transformation. 

.But it is also to a constant factor prhs tho only function 
possessing this property. Fur Jet I he such a function, and 
calculate it for the linear forms A,, A a , ...A fc . As all tho co- 
efficients are here either unity or zoro, I must ho roprosonted 
by a constant, say I n . Now, expressing tho A in towns of 
tho pt wo have, by hypothesis, /„ « A t ... A t .J ft . 

ft is to bo remarked that the coefficients of transformation 
may themselves ho forms involving alternate numbers to any 
even order. Otherwise tho p would not bo alternate numbors, 
which is implied. 
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Moreover, we may regard the X as no longer linear forms, 
but forms of any odd order; the new invariant will then bo 
equal to the old one multiplied by a commutant of transfor- 
mation. This leads to a useful theorem in the comparison 
of invariants ; e.g., 

c [ 45Ga . a | b 2 . 6 | a'3 . c j 450a' = (c j 456y [) 2 .«| a'2 . b i a'3. 

The proposition may be further extended by considering 
forms which involve the X to an order higher than the first, 
but less than k ; i.e., linear functions of their products r together. 
Let F a , F b) ,,.F U be forms such that the sum of their orders in 
the X is equal to k\ then their product is an invariant (and 
the only one) in regard to linear transformations of the A, 

It the sum of the orders is less than Ic, = h suppose, the 
product is a covariant; viz., it is a linear function of the 
products of the X, h together, which, whether derived from the 
original forms before or after the X are replaced by linear 
functions of the /i, has the same value. In this case the 
products of the X are replaced by linear functions of the 
?-pioducts of the fi , the coefficients being determinants of the 
r order formed with the coefficients of the fi. 

Now suppose any number of forms F a ... F n to involve 
any number of sets of alternate numbers Xy....T, yet so that 
the sum of the orders in any one set is not greater than the 

number of alternates in that set ; then the product of the 

forms is an invariant or covariant in regard to each of the 

sets taken separately, in. the sense explained above; and it 

is the only function which possesses this property. 


Fxpiession^qf Unsymmetrical forms in terms of Symmetrical 
forms and Determinants of the Variables. 

5. The binary form in two sets of variables, 

+ « ia V, + % Vx + = «I2, 

will be c; »Hed symmetrical when «„ = «„. In that eaae the 
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interchange of the variables A, fx only alters the sign of the 
form ; we have a'12 ~ - a21. Wo have, in general, 
al2 -|- (*21= (« M - a IJtl ) - V*,) = s (Xfx), 

Tho factor o, ia — « 2l is an invariant when both sets of 
variables aro transformed by tho same substitutions; in fact, 
wo have 

(\fK ~ Vi) = « ai “ =* - s > 

which exhibits it as a product of the form by tho universal 
covariant (\fi) or (12), Wo may make a symmetrical form 
from a‘12 by adding — (*21 to it; half this sum shall bo called 
tho mean value of c*12 and denoted by al% Thus, wo have 

<*12 =T ((*12 - (*21) - a {l \^ T i (« M + <*„,) + \^i) + ; 

but also 

i (<*12 -I- a21) » i Kb ~ «J (V 2 “ 

therefore «12 = «I2 -!- is , (12), 

where -a«(12)al2. 


It is easy to apply this to forms involving moro sets of 
variables, if wo remember that in those rosnlts tho coefficients 
may themselves be such forms. Wo have, for example, 

«123 - al23 - i ((28) a . (28) + (13) « . (13) -I- (12) a . (12)}, 


and ho, generally, 

/ v „ v S(12)«.(12) S(12)(34)«.(12)(34) 

« 12 ...i-« 12 ...* - H -■ 

the coefficients being tho reciprocals of tho binomial coefficients*. 


Theory of Quadratic Forms, 

0. In connection with the quadratic form a!2, wo have 
already considered tho invariant 

«12 h-« 2'1 »*„ (12), whero (12) ol2 - -V 

Wo havo thus the formula 

«21«-al2+fl fl .(12) (1). 

* (in iho last two equations of Par. fa tho symbols a mo lo to conaitloml ns 
abbreviations for rt28, «lfl, «12 ; Ac. Hi 1 .] 
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To this if we add 

(13) al2 = ~ a32, (23) al2 = - al3 (2), 

we shall have exhausted all the invariants and covariants of the 
first order in the coefficients. 


The discriminant which is the only invariant of the second 
order, is given by the square of the quadratic form. W o may 
write 

al2.al2 = — 2D iIO (3), 

\\ heie ^aa ®ll ®22 

We have 

«21 . «21 = {— «12 + . (12)) {- al2 + 8 a . (12)} 

= al2 . al2 - 2s n (12) a!2 + s * a . (12)* 

= al2 . al2 + 2s 8 - 2s 8 = al2 . al2, 

as it obviously should; and this may be regarded as a proof 
of the formula (2). 

Moreover, 

al2 . fl 21 = al2 (- «12 + s a (12)} — al2 . al2 ~ 


“ — $1 


and again since 


•W; 


al2 = al2 — (12), 

^02 . m - al2 . ft 12 + si + Isl (12) 


= al2.al2 4-|s 8 ; 

therefore (5), 

where JJ n ^ is the corresponding invariant of the symmetrical 
function a. 


Since the product of two even forms is indopendont of their 
order, we have 

al2 . «13 = al3 . al2. 

But 

«12 . al3 + al3 . al2 = - (23) al2 . ft 13 . (23) 

= al3 . 13 (23) « — 2D aa (23), 

«12 . al3 = - D an (23) , . . , 


therefore 


( 6 ). 
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Hence 

rtl2 . o31 ~ ol2 {- ol3 + s a (13)} = D aa . (23).- s n . a32 (7), 

o21 . a31 = {- ol2 + (12)) {- al3 + s a (13)} 

= - D.. (23) + *. (a32 + o23) - < (23) 

— — D„ a (23) = ol2 . ol3 (8), 

a21 . al3 = o21 { - a31 + s a (13)} = D m (23) - s a . a23 . . .(9). 

In tlio case of a symmetrical function $ — 0, and tlie ' 
formula roduco themselves to tlie following : 

o!2 ol2 = - W nn> o21 = - al2, al2 . al3 = - D m . (23). 

Tho following formula) aro also worth noticing: 

o!2 . «34 + ol3 . o24 = { JD m . (14) - s a . o!4} (23) (10), 

ol2 . a 34 - a21 . a43 = s a (o23 . (14) - al4 . (23)} 

- {o 41 . (23) - a32 . (14)} (11); 

these enable us to make a singlo or bifid substitution in a 
product of tho form by itself with two different sets of variables. 

Passing now to two different forms a, 6, we have in the first 
place tho covariant 

^’<i6 23=0-12. 613 = ((t n b n v i v o)' ■ *(12)> 

I “ f hl'Al > Aa“ ^22^12 1 

and next tho invariant 

•Art “ %K ~ a xiK ~ a J } n + aj> xx - ” 2 • i12 ( 13 )* 

Wo may now nmko tho following analysis of tho one-place 
and two-placo products of o and 6 : 

o!2. 613 = ^23, 

o!2 . 631 = ol2 {- 613 + s b (13)} = - $23 - s b . o32, 

0,21 .613 = {— al.2 + s a (12)} 613 » -*23 - s A . 623, 
o21 . 631 = (-012 + ^(12)} {- 613 + s b { 13)} 

= $23 + . o32 + s fl . 623 - s n s b . 23 

ol 2. 612 = -!),*, ' 1 (15), 

ol.2 . 621 = o!2 ( - 612 + ** . (12)} « D nb - vJ 
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Lot us now apply to & all those formula which wo have 
proved for a single form. Thus from (1), we have 
*23 +*32 --(23) *23(23)—— (23)al2.&13.(23)«al3.&13.(23) 

sZ) rt ( 23) or «>»!>.» C 16 )- 

Next, from (3), 

- 2 =*23 . *23 = «12 . 613 . ct4 2 . 643 - D aa B bt> (14) 9 


= — 2 D„„D ti or D%.% — D aa D b 


(17). 


- u ab i 


1 


Hence * 23 . *32 — 2 D ua D bb 

*^=*23-^23),!- (18), 

and 7)^ = D aa D bb — \D (lb J 

which last agrees with the known formula. ' 

We have next the one-place products of * by itself ; namely, 

a O 0 <* 1 

m* 24 =-D,,A,( 34 )=» 32 .& 42 =al 2 .& 13 .a 52.&54 r i* I 

= al8.il2.«B4.652 "9 <j> s 

aJ 3 .a 42 =+fl.fl«( 34 )-D - .a«=al 2 . 413 .aS 4 .ifi 2 r°‘ 

a32.M4=+B,A.(34)-A.-S34=al3.il2.a62.6S4 ‘9 t | > “ 

a a— — o b 
0 -1 


( 10 ) 


hut it is important also to calculate these for the mean vtiluo *j 
namely, we have 

523 . §24 = (*23 - lD ab (23)) {*24 - W ab (24)} 

= - DJ> U (34) + to* (&43 + S3 4) - J (34) 

= - (D,A ~ lA) (34) =-5^; (34), 
as it ought to he, confirming equation (18). 

Lastly, from (10) and (11), we get 

M2 . *34 + *13 . *24 - {D aa . D bb .(H)- D ab . *14} (23) 

*12 . *34 - *21 . *43 = D ai {23 . (14) - *14 (23)} 

= DJ* 41.(23)- *32. (14)} (20). 
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Thoro arc four ono-placo products of a, a , b ; namely, 
«12.a32.&34 - B m . hU, aU . «32 . 543 = . Hi, 

al2.a23.&34«-J) ll( ,.&14+.v^ 

-M-AJ -^.M4-s„v«41I, ‘ 

When the forms are symmetrical, all those reduce to 


(21 


ii’ ,, «0 — Oft , „. . *0—1 

| ” ± 27),, I = 


ft 0—1 


ft 0—9 


Three forms a, b , c give rise to the now invariant 
An. = a!2 • &23 . «31l. « -I- «•„ (5 ai c w - \,fj 

“ ^iu (^n fi sa 

(fyi/ill ^,i) 

T ^aa (^u f 'ai “ 



and the remaining closed products are of the typo 
«S1 . 523 . ci31 - {all. 2 -I- (12)} ftSJI . cs31 « - U uhl , +* Jh , - W„. 
It calculated for the sym metrical functions a, b, c In 


It 




{al‘2 - L% ( 1 2)} {523 - 1% (211)} jc31 - 
-* Ku i - 1 WVMiA, -\-nJD " lw. 



ft may ho mentioned in this place that the determinant 
made with the ooollioients of four forms a, b, o, tl has the value 

Dot. (a, by o, (l) « fi„U M — •!- &c-» 

and that no additional invariants are introduced by a greater 
number of forms. 

We now consider the open one-place products of .'1 forms. 
There are evidently four such products having b in the middle; 
and (hey arc in the first place connected by the formula.’ 

all 2 . 5 23 . cM + «42 . 521) . o31 - - Jt ahe (I t), 

all 2 . 5211 . ct 14 -V all 2 . 582 . cM « - *,«13c34 » *X,1 4 ■{• «„* 6 . cl 4, 

ul 2 . 528 . o34 - a34 . 528 . c l 2 « - c32 «34 . 521. d*c28 . n2l . 543. 
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[Here the paper abruptly ends. It lias been found very difficult to devise a 
satisfactory way of dealing with tho other notes on graphs oil account of tho 
fragmentary condition in which they were left. Prof. H. J. S. Smith says 'the 
papers tied up with the fragment on Quadric forms are little more than more 
jottings. They serve to show that Clifford had appliod tho method to tho 
Quintic and Scxtic. They should be preserved... .If tho letters by which Clifford 
denotes certain concomitants are those used in Clebseli’s Pi nil re 1< or men, or in 
any other accessible work or memoir, it might bo possible to rescue tho pages 
velnting to the Quintio and Sextio.’ By the advice, and at tho oxpenso, of 
Dr Spottiswoode, these fragments have been lithographed, and fifty copies liavo 
been priuted off for circulation among the principal libraries.] 
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ON MR SrOTTISWOOBE’S 


CONTACT lUtOIlLISMS*. 


Tuk prosont communication consists of two parts. 

Tho first part treats of tlio coutuot of conics with a given 
surface at a given point ; tins class of questions was first treated 
hy Mr Hpottimvonrio in his paper “On the Contact of Conies 
with Surfaces/' and general formula.! applicable to all such 
questions were given. 

.liio losults of that paper are here reproduced with some 
additions; with the exception of a lew collateral theorems, 
those are all contained in the following Table 

‘[■Number of five-point conics through fixed point n 

‘[■Order of surface formed hy five-point conicH through 

fixed axis .... ^ 

Numhor of six-point conies through fixed axis j) j 

‘[■Number of seven-point conies 70 


I* tho riiilimjihiMl Tmmafitimn of (ho lloyal Hnaloly of London Vol 
m.xiv, Pari a.] ' 

■I* *JL'ho»o voHullii oonfilltulo llm mUlillomt. 

:|: [In Urn Moinoir quoted hy ITofositor Clifford, it wnu nlnhul that tho numhor 
of oonioH lmaaiiiK IhrmiHh a i-ivon nxin and having eix-poinlio eontuot with 
iv Hurfnco at ft k»vwi poiiih ia ton. In nmluiiK thin alutomenl I overlooked tho 
fnot Ihiit, in order to put in ovidonco that a oortuiu quantity was a factor of tho 
equation which dotormincH tho poaitiouH of tho plnnea of tho coniim, thn equation 
wa» multiplied hy n quantity i) which in a linoar function of tho ponition. .In 
rookcmiuK tlio iloftroo of tho equation Uiin factor mmd of eonmo ho diaenrdrd 
Tho tlcftrco iH ennnoquontly Iohh hy unity limn Unit Htatcd in tho Memoir; via. 
it ta i), ns proved hy l’rofcjwnr Clifford. Hr. July !l, 1H7.1.J 
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The second part treats of the contact of a quadric surface 
with a surface of the order n\ and in particular it determines 
the number of points at which a quadric (other than the tangent 
plane reckoned twice) can have four-brancli contact with tlio 
surface. In his paper *' On the Contact of Surfaces/’ Mr Spottis- 
woode proves that at an arbitrary point on a surface there is 
uo other solution than the doubled tangent plane, and gives 
the conditions that must be satisfied by those points at which 
another solution is possible. 

The method here adopted is an extension of that applied 
by Joachimstal to the contact of lines with curves and surfaces. 
The co-ordinates of a point on a conic are expressed in terms 
of a single parameter, those of a point on a quadric by two 
parameters. To determine the intersection with a given surface 
we have an equation in the parameter or parameters, and tho 
conditions of contact are expressed in terms of the coefficients 
of that equation. The special case of the intersection of a 
quadric with a cubic surface is treated by the method of repre- 
sentation on a plane. 


PART I. — THE CONTACT OF CONICS WITH SURFACES OF ORDER U. 

I. 

The current plane-coordinates being denoted by 

K - 2 ., X At 

let the equations of the three points A, B, 0 be respectively 
0 = a l X l q- a 2 A a q- a s X & q- ci i X i = %aX } 

0 = XbX, 

0 = 2cA r . 

The quantities a 0 b 0 c ( (i = I, 2, 3, 4) are the coordinates 
of the points A, B, G . The symbol A itself I shall use indif- 
ferently, as denoting either the form %aX or the differential 
operator 

a ?*> + ufixt + » 8 3.r 8 + = Xad xi 
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whoro 0„, x ni a-., aro the current point-coordinates; It will 
1)0 soon in tho sequel that thin doublo moaning is useful, while 
it does not introduce any confusion. Similar interpretations 
aro of course to bo given to the symbols II, 0, and tho like. 

Consider now tho point 

p = a + on -i- mi 

wlmao coordinates aro n,-l -Ob, -I- 0k;,(« = :l , 2, !), *), If ml ,, |)(lao 
0 to take all possible values, tliu point I' will dosoribo a conic 
section whoso tangential equation is 

^ f|, ° hlio value 0**<) corresponds the point A , to 0^ oo tho 
point 0 ; whilo tho equation shows that P is the intersection 
of tho Ian gents at A and (l (Fig. fil.) 

To find the point at which this conic intersects n given 
surface n tl of tho order n, wo must suhstituto the coordinates 
of P* in tho oquation of the surface; in this way we shall form 
an equation in 0 of tho order 2 h, tho solution of which will 
give tho values of 0 belonging to the 2n points of intersection, 

II in this equation tho term .independent of 0 vanishes, 
then 0 ~() is a root of tho equation ; consequently tho point A. 
is one of tho intersections, or the surface a ti pusses through 
tho point A . .11 also the cooiheiout ol 0 vanishes, anotlier root 

of tho equation coincides with zero, and two points of’ iutor- 
Huction arc at A. And gonerally if tlm coefficient of O'" is the 
fust that does not vanish, wi roots of the equation coincide with 
zero, ami m points of intersection arc united at A. 

Tho result of substi tilting tho coordinates of any paint P 
m u„ may bo oouvoniontly represented by means of Urn dif- 
ferential operator P, It is known, in fact, that 


0 a |» . (/>„ v,, p n , jo"; 


or, which is tho samo thing, P"a n is |n times ilm result of sub- 
stituting tho coordinates of P in Our result may therefore 
he stated in tho following form : 

The, mmaary and suffteianl conditions that the conic 
K, a ‘^ACJ - B 9 may have m-puint contact with tho surface u ft 
OMK, II) 
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at the point A, are that in the expansion of (A + OB 4- 0*C) U . u n 
in powers of 9, the rath power of 9 is the lowest whose coefficient 
does not vanish. 


II. 

Equating to zero the coefficients of 1, 9, 8* in this expansion, 
we obtain 

0 -A n .u n , 

0 ~nA n ~ l B ,u n , 

0 = hi {n - 1) A"" 3 B 2 . u n + nA"~ l G . u„. 

Before proceeding further with these equations, it is con- 
venient to make the following remarks upon their nature, which 
will serve to simplify the expression of them. 

In the first place, then, we have here a series of relations 
among the coordinates of the points A , B, G and the coefficients 
of the surface u n \ and the determination of the coordinates 
Rnd coefficients so as to satisfy a certain number of the relations 
presents us with the solution of various geometrical problems. 
These problems fall naturally into three classes. 

1. The surface u n and the point A are given. In this case 
the unknowns are the ratios of the eight quantities 6, c, a singly 
infinite number of solutions corresponding to each conic ; and 
we are accordingly able to satisfy seven of the equations*. Tho 
problem here is to find the number of conics which have sovcn- 
point contact at a given point of a given surface. 

We may, however, impose beforehand certain restrictions 
upon the values of the unknowns, and so consider problems 
which involve a less number of the equations, "While tho 
number of the septactic conics is definite, the sex tactic conics 
fonn a singly infinite scries; and we may ask what is tlio 
number of them : 

(а) whose planes pass through a given point, 

(б) which meet a given line, or 
(c) which touch a given plane, 

* Yiz. six besides the firsts which is satisfied identically. 
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Tho quintaotio conics, again, form a doubly infinite system 
and wo may inquire about the number of thorn which satisfy 
two conditions ; c.g, which pass through a given point. 

2. The surface is given, but not tho point A. In this 
case, as the point A is only restricted to be a point on the 
siiriaco, wo have two more unknowns, making nino in all 
I ho problems hero are, to find the order of tho curve on tho 
suriuco at overy point of which tl.ero is a conic having eight- 
point contact, and to find tho numbor of points at which there 
is a conic having nine-point contact. 

Ah before, however, thorn am certain dorivod problems 
coming under this hood which involve a loss nnmbm- of oipia- 
tioiiH. Wo may seek the order of tho ourvo traced out by 
pomts of contact of soptoctio conics satisfying ono condition 
sox tactic satisfying two, fa. ; or wo may Book tho mnnbor of 

soptaoUc conics satisfying two conditions, soxtautio satisfyinir 
three, &e. J b 

fi. Tho surface is not wholly given. Wo may hero assign 
a number of relations suflieiont to eliminate tho quantities 
a \ °> ^ving one or more relations among tho onefiieieuts 
of Tho problems here am midi as p— to find the number 
of surfaces in a pencil n» + Xu. which admit of ten-point contact 
witli some conic, or one of whoso nine-point conies meets a given 
lino. 

in tho present communication only problems of class 1 
"will be considered ; tho formula! m this case may ho very 
considerably simplified. The quantities a and tho coefiiciouts 
el n H , then, are data of tho problem; so that tho first of our 
equations, A"u, ix *=? 0, is satisfied by hypothesis. Tho next equa- 
tion, A"" 1 Bu H w0, signifies that tho point B Ji<-s in the tangent 
plane at A, as it obviously must if tho conic touch the surface 
ut A. Wo shall suppose this also to be satisfied from fclm 
cemnumcoment ; that is, wo shall regard B as a point moving 
in tho tangent plane, and to he determined by construction 
m that piano. This may bo effected analytically if we sub- 
stitute ior B, XA +/iBhvB', whom now //, B' are regarded 

19 — 2 
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as fixed points in the tangent plane, and the three unknowns 
X a,v take the place of the four quantities b. There is, however, 
as will be seen, no occasion to make the substitution explicitly. 

This being so, any relation involving B only beside the data 
must be regarded as the equation of a curve in the tangent 
plane For example, A"' 2 B\ = 0, expressing that B lies on 
the quadric polar of A, is the equation of the two chief tangents 
at that point. Generally, B\ = 0 is the equation of the inter- 
section with u n of the tangent plane ; and the curves AB" \-Q> 
A^B'^u =0, &c. are the successive polars of A in regard to 

that intersection. 

The terms entering into our equations are of the general 
form 

ll l A"~ p ~ q B p C q . « B . 

’ 1 n-p-q \P j? 

Any term, therefore, is completely determined by the two 
numbers p and q, and might, for any thing that has yet ap- 
peared, be denoted by (p, q). In view, however, of subsequent 
substitutions, we shall keep in evidence the manner in which 
B and G are involved, and denote the term in question by tlio 
symbol e^ q (B p C q ). 

As we clo not consider any higher than seven-point contact, 


we have only the five equations : 

0 ~{B 2 ) + (C) ( 3 )> 

0 = (B 3 ) + (Z?G) (*). 

0 ^{B i ) + (B 2 G) + {G 2 ) ( 5 )> 

0 = (]?) + {B a C) + (BC 2 ) (0), 

0 = ( B *) + {B l G) + (B 2 G 2 ) + ( 0 B ) (7). 


III. Conics through a fixed point 

Combining equation (3) successively with (4) and (5), so as 
to obtain results homogeneous in B, we find 
0 = {B 3 )(G)~(BO) (I? 2 ), 

0 = (ff) (0) a - (B 2 G) (B 2 ) ( G ) + (O 2 ) (,BV. 
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If we regard G as a fixed point, these are equations of a 
cubic and a quartic curve in the tangent plane, on each of which 
B must lie if the conic K tl lias five-point contact. But these 
curves have a common node at A, and common tangents at it; 
for every term in each has at least one factor of the form {B m ) > 
which we know to represent a polar of A in regard to the 
intersection of u n by the tangent plane — that is, a curve touched 
by the chief tangents at A, Of their 12 intersections, then, 
6 coincide with the point A ; and there remain six conics having 
five-point contact at A which pass through an arbitrary point 0. 


IV. Conics meeting a fixed axis through A, 

If the point (7, instead of being altogether given, is movable 
on a fixed straight line through A, we may represent it by 
A + \0; where now C is really a fixed point, and A a quantity 
to be determined. When we make this substitution in our 
equations, they become* 

0 = (J5 a ) + A(a), 

0 = (£ 3 ) + \(i?a), 

0 = (£ 4 ) -h (£ 2 ) + A (B 2 C) + 2A (<7) + A 5 ((7 2 ), 

0 = (jS s ) + (B B ) + A (B B G) -I- 2A {BO) -1- A 2 ( BG 2 ), 

0 = (5°) + (B l ) + A (S*<7) + (B B ) + 2A (B*0) + A 2 (.TO) + 3A (C) 

+ 3A 2 (a 2 ) + A n (a 8 ). 

The last three admit of obvious simplifications by aid of the 
previous ones ; and the system may finally bo written 


0 = (7J a ) -h*A (G) (3'), 

0 — (.B 3 ) -|- A (7? (7) (4% 

( B a ) « (. B 4 ) + A (7i 2 0) + A 2 (O 2 ) (S'), 

(7? 9 ) = (7T) + A (TO) + A 2 (Z?C 2 ) (6'), 


(B 4 ) - A 2 ((7 2 ) = (B a ) + A (TO) + A 2 ( TO 2 ) + A° (G s ) {!'). 

« It must bo remembered that (It) and terms involving A only vanish by 
hypothesis. Tlio formulro havo also boon simplified by tho omission of oortain 
cocdioicnts depending on n which do not affect tho final results. 
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Loom of poles of axis in regard to four-point conics. 

If we select any plane through the line AG, there will be a 
sin ^y infinite number of conics in the plane having four-point 
contact with the surface at A, The line AG will, as is well 
known, have the same pole in regard to all these conics — that 
is to say, the point B will be the same for the whole system. 
If we now allow the plane to turn round the axis, the point 13 
will trace out a curve in the tangent plane. The equation 
to this curve is got by eliminating \ between equations (3 / ) 
and (4') ; namely, it is 

0 = (B*)(BG)-(B S ) (G) (4"). 

We see, therefore, that the locus of the poles of an axis in 
regard to all the four-point conics whose planes pass through 
\t is a cubic curve in the tangent plane touching the chief 
tangents at A, which point is therefore a node on the curve. 

We might have inferred this from the fact that on any line 
through A there is only one point B, while this point coincides 
with A in the case of the two chief tangents ; since at a point 
of inflexion all the four-point conics contain the inflexional 
tangent. 


Number of six-point conics through an axis. 

■ have now to determine B so that the equations (3'), 
(4 ), (5 ), (Q ) may he simultaneously satisfied. We know already 
that B must lie on the cubic (4") ; it is necessary therefore 
to find some other locus on which it has to lie. First of all, 
then, we must eliminate \ between (39 and (59 and between 
(3 ) and (O') ; the results are, 

W {Of - (3 4 ) 0 Of - (B*G) (B*) ( Q ) + (By (G*) s Plt say ; 

(B 3 ) (Of = (B 6 ) (Qf-(B*C) (B*) (0) + (By (BG*) s q s> say. 

Heie j> 4 — 0 and q s = 0 are curves touching the chief tangents 
at A,, and of the degrees four and five respectively. But the 
equations are not homogeneous ; in fact only the ratios and not 
t le absolute values of the quantities a were determined by tlie 
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fixing of tlio point A, and tliey may bo regarded as involving 
an arbitrary factor -whose square affects the left-hand side of 
tho equations. It is, however, at once eliminated, and we 
obtain tho homogeneous result, 

This is a curve of order 7 having two branches in each 
of the chief directions at A. Of its 21 intersections with tho 
cubic (‘J"), thon, 12 coincide with A t and thore remain nine 
positions of 13 which (jive sextaclic conics through the fixed axis ; 
or wo may say, of the sextactio conics at the point A, there are 
nine whose planes pass through an arbitrary point 0. 

System of five-point conics through an axis, 

Since thoro is one five-point conic in ovory piano, if wo 
consider all tho pianos through a fixed axis wo shall obtain 
a singly infinite numbor of fivo-point conics. Of this system 
thoro is only one conic whoso piano passes through an arbitrary 
point, viz. tho conio dotonnined by tho piano through that 
point and tho axis. 

There are eight conics of tho system which meet an arbitrary 
lino, 

Tho number of conics which moot an arbitrary lino is clearly 
tho same as tho order of tho surface which they traco out. 
Now, sinoo through every point on tho axis can bo drawn 
six conics of tho system (as proved in tho last soction), tho 
axis is a six-fold lino on tho surfaco. Tho section of tho sur- 
face, then, by a piano through tho axis is made up of tho axis 
takon six timos ovor ami tho conio in that piano; or it is 
of tho order eight. Q. R l>. 

V. Conics not subject to any condition, 

In order to got rid of tho restriction of mooting a fixed 
axis, wo must again modify our fundamental equations. Wo 
havo to put them into a form in which they will ropresont 
any conic touching tho surface u n at tho point A. For this 
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each of tho chief directions, and one other branch different 
for the two curves. 

The equations 

< ( 5 2 ) = w a , 

must hold for six-point contact, but they are not homogeneous. 
Eliminating n*, however, there results 

■(SV, -(*•).** 

a curve of the ninth order , locus of the poles in regard to the 
sextactic conics of an axis moving in a fixed plane. This curve 
has two branches at A in each of the chief directions, and one 
other branch ; and consequently is met by the plane AGD in 
five points coinciding with A , and in four other points. Now 
the plane AGD does not in general contain a sextactic conic; 
the pole of the axis can therefore only he in this plane when 
tho axis itself is in the tangent plane. In this case there is 
a certain number of proper sextactic conies in planes through 
the axis, and it is clear that the pole of the axis in regard to 
any such conic is the point A. These conies, therefore, cor- 
respond to the five intersections of the piano AGD with the 
locus of poles which coincide with A ; or through an axis in 
the tangent plane can he drawn five proper se&tactio conics. 
In the tangent plane itself there aro four improper conics having 
six-point contact; viz. tho pair of chiof tangents, which (as a 
sharp conic or line-pair reckoned among conics given tau- 
gentially) counts for two, and each chief tangent doubled. 

Number of septactic conics. 

There is a fmito number of soptactic conics at the point A ; 
each of these meets the plane AGD in a determinate point 
A-\-\G+pD, and fixos thereby a position of tho point B, 
These positions of the point B must necessarily lie in the 
Othic locus just investigated; it. remains only to find a homo- 
geneous relation which shall determine another locus for B, 
and to count the number of their intersections. 
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The further conditions for throe-branch contact aro 
0 = n\ 0 - vL ft -' J 0\ 0 = 4- 1 J) -i- („ - 1) A*+ BG. 

Tho first two of those shew that B and 0 aro points on the 
ohiof tangents at A, If wo regard tho absolute values of tlio 
coordinates of A. ns given, then it appears from the third 
equation that B and 0 may lie chosen arbitrarily on the chief 
tangents and .1) anywhere in space, tho equation giving tho 
relation between the absolute values of their coordinates which 
determines the particular surface A.D - BG - 0, 

For four-branch contact wo have tho additional equations, 

0 B\ 0 **A™CP t 
{) JW -\- (>i ~ Z) 

0 2/l"“ a 01) -i- (u - 2) A H -\BC\ 

Tho first two of these indicate that B and 6 y lio on the polar 
cubic of A. in regard to the section w n by tho tangent plane, 
Now this polar cubic lms a node at A, whose tangents aro tho 
chief tangents. Knob of these lines therefore meets tho cubic 
in three points at A, and cannot have any other point on tho 
curve unless it be itself a part of the cubic. But tho points 
B and 0 have to lie one on ouch of tho ohiof tangents. In 
order, therefore, that all tho equations may bo satisfied, tho 
polar cubic in question must break up into the two chief tan- 
gents and some other line. 

This condition may lie put into another form. For if we 
seek the points in which {.lie lino AB moots tiio surface, by 
substituting the coordinates of ylq-X/i in ?/„ = (), tho con- 
ditions Yt’v-o, Vi H ‘ ////,, -= o, A n "\n\» o, A n ~ 3 n\ = o 
indicate that four rools of tho equation aro equal to zoro, or 
that tho line meets the surface in four consocutivo points at A, 
Wo find, therefore, that 

Those points of a surface at which a quadric may have 
four -hr (inched- contact arc the points at which each chief tangent 
meets tho surface in four consecutive jroi'nte, or, which is the 
same thing, tho points whoso polar cubic contains the chief 
tangent . 
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Theorem A. Every proper curve of the n“ order is in a 
flat space of n dimensions or less. For, through » + l points 
Ot it wo can draw a fiat space of n dimensions, which must 
therefore canton the curve, since it meets it in a number of 
points greater than its order. 

. foi example, there is no curve of the secoud order, 

m space of any number of dimensions, except a plane conic. 

. * ™ ere f OTO system of curves, in a plane or on any surface, 
IS such that two curves of the system can be drawn through an 
arbitrary point, then the coordinates of a varying curve of the 
system may be represented by c, + Wy, + (Ft, (i = 1, 2, 3 ...k), 
fine t ic envelope of the system is, in the case of plaue curves, 
a curve having the equation ^U+*jy+*JW~ 0, where U, 

> axe thieo curves of the system ; in the case of curves 
on a surface, it is the intersection of the surface with another 
having- an equation of that form* 

* Professor Henrici Las kindly writton for me the following notes in 
elucidation of this argument: — 

In tho first sent one a of the paper it is stated that by a curve is meant any 
ono-cmuensional aggregate of any sort of elements. The definitions given are 
algebraical, but tho reasoning lator on becomes more aud moro geometrical. 

“In this note tho connexion between the algobraieal definition and tho 
geometrical reasoning will bo shown in tho case where tho elements are plane 
curves of order n, 

If wo suppose a curve given by its equation in point coordinates wo may 
take tlio coefficients as homogeneous coordinates of the curve, 

“As there are ^ 2 ia ^* 08 of those coefficients, ft follows that all ourves 

of ordor n in a piano constitute a n spread, and this will be a fiat spread 
as no relation has been supposed between the coordinates. 

“To determine in this spread a A'-flat, k < we have to assume 

ft flufilolont number of equations between the coordinates, or denoting by 
* 1 ) n a > curves of order n we may write down the equation of one element in 
tho ft-flafc in tho form a|W 1 + n s M a + ... +a^ 1 «* +1 = 0, and take the k ratios of 
tho «. as tho coordinates of a variable curve, 

“For k=2 wo got a net as the fiat space of two dimensions or as the plane 
in this spa 00 , and for 7;=1 a penoil corresponding to tho line. 

“If, on tho other hand, wo assume in tho A -flat k -1 equations between tho 
coordinates a, there remains a singly infinite number of ourves, that is according 

20—2 
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"l [oilin', If wo wi"h fit i'\lriitl it th.. ,ti m t,.i > iUi,.i j.v , 

HftHHIl Willi (inilltnftil I'li’llli’liln, l>nt lit liny ittitss'v-, , | ,.H;- 
Uon volution In ti Morion i»f tmrven, <*i if In- Vi { nil 5-t t.iiii nj.? .i * . 
rolulinp to ft ourvo in iimii! itiitii'iinlnii , ,h,i.t ths, .-, j.„ ri 
on (ho ourvo to tiilni n tmrvo hi tint ,>.»(, mi l {.. 5 . 

by l! io Jinlox of tlni not ion, 

“'I'lio theorem Hint mvry minn *.f i.r.h r (vhi in » j i 
tho onrvcK Jit ft Morion of iml,.* *j „ n , L 

i’ lit tin T, tho (Uii'hlltiulen of n j-itjni wf n i-.. »*{.■» i ■ s *, 
oxiiroHMhmM of tlm Meeimil iti^no 1,1 votbihh- ;;i , t> , . v i 

M’litno f: il, 15, !!, jf Hill oimi'lliKiii -i n„i f ( .v . , ' *' 

thoy two Ink'll la njtneo mo Imv,. to t a,., f .... | v \ . ‘ , ’ 
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of tho form ' - M.wf.tj.j 

v'f '* I y f r f y- !(*- M, 

whoro V, I', Jl'iim thro., or the MmK 

M Jf WO llpply thin (o oitr eetlrn Mo of.lniit |)m ,.»■ ,vi|?, *<,^1,-4 . , , .. 

tho aoonliimtoit of nuy nnrni of « 5 . t , ' v ‘V 

iwiHt •“ (>f i, “' -1 ** 

'Jll'i vl* 1 v'H* H. 

U, V, 11 ' lioing threo of ti,„ m nr* t 

«» loxt follow lit oiico from JZJ]" , 1 ' ? ^ ' a ‘ M ‘ 

«HI«>r union, Ml (twh.iml, or oh 0 ml , 1 ' *'< 1 h 

ilefloi.iiioy oik!,". Ijnmijiry 107 >* I ’mo,. — .1 
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of curves be such that threo of them can be drawn tlmmo-h 
an arbitrary point, the equation of any curve of the system 
is of one of the two forms — • 

u+nvt +31W , +A7«0 f 

lT-\- V sn # « H- 2 Fan u cn u dn u= 0, 

wliero t, U are parameters. Hence it is easy to write down the 
equations to the envelopes in the two cases, and to enumerate 
the distinct species. 

A cubic scroll must be of the nature of the show cubic, 
because it is a curve (with complexes for elements) which is 
obliged to lie on a quadric locus (that of the special complexes 
or straight lines). ' 

. Tii / eoukm a curVG of order n in flat space ofk dimen- 
sions (and no less ) may be represented, point for nnint, on a 
curve of order n - k -|- 2 in a plane . 

The proposition is obvious when &«3. Tlio cone standing 
on a curve oil order n (in ordinary space of throe dimensions? 
and 1 laving its vertex at a point of tho curve, is of order n — 1 • 
if then we cut tin’s cone by a piano, wo have the tortuous curve 
represented, point for point, on a piano curve of order n — .1 , 

Now this process is applicable in general. Starting with 
an arbitrary point, I\ of a curvo in any number of dimensions, 
lot us join this point to all the other points of tlio curve; wo 
shall thus got a cone of ordor n - 1. For any flat locus of h - 1 
dimensions drawn through the point JP must moot tho curvo 
in n points, of which P is ono; and therefore it must meet tho 
cone in n- .1. linos. H'onco, if we cut this eono by such a flat 
(k~l) way locus not passing through P t wo shall got a curvo of 
order n — .1 in flat space of h — 1 dimensions, which is a point- 
for-point representation of tho original curve. By continuing 
this process wo may go on diminishing tho order of tho curve 
and the numbor of dimensions by equal quantities, until wo 
have subtracted k — 2 from each; when we are left with a curve 
of order n — k q- 2 in a piano. 

The reduction may, howovor, be effected in ono stop, A 
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Tho more general system of equations — 


A, B. 

..if 

A', B' 

,.1C 


•( 2 ), 


whore tho A ... if, A' ... 1C are linear functions as before, may 
always ami easily be reduced to the former, for they are got by 
eliminating t from tho n equations. 

A H- IA! -• 0, (3). 

n + tir - o, 


K-vtlC ~ 0. 

We may, however, solve these equations for the ratios of 
the coordinates, which will thus bo expressed as rational func- 
tions of t of tho u ih order. Solving those for 1, t, t t n we 
como back to tho previous system. 

Tho equations (3) exhibit the curve as tho locus of tho 
intersection of corresponding elements in n projective pencils. 

Tho equation to tho (n — 1) Hat which passes through the n 
points whoso parameters aro t L , £ a ... t ni is oasily seen to be — 


Ay 

Ji 

o, , 

,.x 

1, 

h> 

C • 

••C 

1, 

£a> 

t # 

*'» > ' 

-c 

i 

K > 

/ 9 
% >' 

,..c 


Hut this equation is manifestly divisiblo by the coefficient of X, 
which is tho product of tho differences of all tho t. If we 
write — 

H- l a + t a T ... + 

~ £/„ -l- t t t a + £ u £ 8 + • • • + 
etc. « etc. 

-a. — £/ fl ... £„, 

thou tho oquation is 

0 - L - KZ t + ... ± Bt,^ AX (4). 

If wo omit tho snffixos of the t in this formula we obtain 
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(Iml or I ho poll VI mill polam in ivj'un! jo 1,1 mm (puitlrio Inmw upon 
xvliit'li llm iMirvo lira, Tim oipmlion to this Ionia is at onoo 
ol il aiiiri I hy oipiuHnj; in zoro llio (puulrinviiriant of Ilia form 
(I, ()" wliirli Mi'riiia in I ho npmfinii (o) of tlm osnilant (n — l ) 
Hal, iiaumly, il in 

« ' .1 A* nlllC \ 1)77* otc ((j). 

‘I'li pr««vi« ( Uio, nliiiwo t Imf. il in tlm oipinlioii (5) wo mibst-i** 
Into tin* ouni di mil on ol any point /i, tlm valuoa of l wliioli {satisfy 
tlm rtpialinii tin* tin* pniniimloru of llm pniiila nl' mill not of tlm 
ton ii hi n I (a I ( llala wliirli pa n dnoiiph tlm point, I)’ {■ , 
ho lln"io valtira, llio nptalion (•!•) roproaonta tlm (vi I ) lint 
wliirli paaar-i lliiout'li llio points ot mnliirl, dial, in in say, tlm 
polar ol llio point. Now it wo tloimlo hy ,T, fi\ ... tlm rosiilts 
nl anlnl it nhm{ flm monlinuh a of llio poiul ji in A, /»*, ... tliou 
wo r.lmll Imvr 


,n;„ // 

so llial, w lion ii i t ovoii dm t-tpialmn ol’ dm polar is 

0 ,i/: i ,r/. r»t/*7r i me) i \){wv i <ni) 

dial is, it in aim ply dm polar of dm point in formal In llm ipmil- 

ii* {il>. 

I I I :v | » * lu^ * l| i : ivt »l dial dm ipimhm is miuplololy ilntor- 
iniii.-, I wln-ii flm riuvo ia yjvrii, l imono dm ipliation of llm 

1 Mihlii min l » wliirli llio nil vo i t aiiltjoot wlion llm i|iimlrio Ionia 
i ) f iv. u, or. nay, dm ilimm: ;mu i.j dm prohloht In lopiosont llm 
irlah'-n nl p >)< i ami p<*!ai * in i'oj*nr»| In a ipmilrin Ionia (in 
itpat'o *<t an ovoii inutih' i o| iliiimmmtm) Ity nmain ol u uiiinirsui 

I III vo. 

Hut win II u ia n*l«l, dm hni trim of npmiinu {4) is uogutivo, 
utnl I l|r n«jUalio|i nl llm pilar ia ■■■< 

ii aj: a l n(/7t' tn<) i a m » i}(r*// * r;//)- i tc...(!0» 

dial ia, it m w jiymn ml rival, mol nv.T// point Iu:h iiptm tin 
t uihn\ U i t roiivriiioiit to imo dm inriu oHlnt for n I I points, 
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Wo shall troat these two cases i il succession. They arc 
exemplified by the two species of quartics in ordinary tri-dimen- 
siomil space, 

Thu coordinates of a point on tho umcursal curve aro pro- 
portional to rational integral functions of a parameter L This 
representation may bo simplified in a manner duo to Rosanes, 
Crdlc , Yol. lnxy. p. I. (Hi. Wo have n binary qualities of order 
n) now those may be linearly combined in n different ways so 
as to produce a perfect n Ul power, lienee the original qualities 
may bo expressed each as a linear function of the n th powors of 
the same n linear qualities, Thus, for example, three binary 
cubics may bo simultaneously reduced to tlio forms 
au" 6 v a *|- o w a , 
a'u n -p // v n -f o' w \ 
reV d- ftV -I- o'V, 

whore u -P v d- w = 0 identically. If the w y y, z of a point in a 
piano aro respectively proportional to those cables, we may, by 
solving tho equations for n", v n , w 9 , obtain throe linear functions 
X, Y, Z of tlio coordinates, which are respectively proportional 
to n n , v'\ w". Transforming thorn to the now triangle whoso 
sides are X«=0, Y => 0, Z~-A) wo must have tho equation of a 
nnicmml oubic expressed in the form 

X*-pFl.p^«0. 

It is clear that tlm lines X-^ (), 0, Z^O arc tangonts at 

' tlio three points of inflexion. 

In general, let the n qualities be 

a Q -P mt-fi -P . . . + u n i”, 
b 0 d* i ib x t d- . . . -P (>J\ 

h 0 d- nh x t d- . . . d- h,fi\ 

Lhmi the linear qualities u, v, w ... aro tho factors of 


A 

-nr', 


... t 


“v 


■■■ 
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K, 
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-K 

b(jy 
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-k 
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the discriminant in terms of the roots of the quantic. Let 
a 2 , ... a n be the values of t which belong to the points of 
superosculation, and x v aq, ...o? n the coordinates of a variable 
point on the curve. Then we may mite 

x t = (t — cq) n , i~ 1, 2, ,,,n, 

and the coordinates of the point a t are (sq-cq)", (a, — oq)", 
... (a, — cq,) u . If for shortness we write (Jik) instead of o h — oq, 
then the condition that the n points shall be co-flat is 

0= 0 , (12) n , (13)”, ... (l») w . ■- 

(21)", 0 , (23) n , ... (2n) n 

(31)", (32)", 0 , ...(3?i)" 

(?il)*, (?i2)’*, {ni)’\ ... 0 

This is obviously always satisfied if n is odd, for then the 
determinant is skew symmetrical, and being of odd order it 
necessarily vanishes. If, however, n is even, the determinant is 
a symmetrical function of the roots which vanishes when any 
two of them are equal; and consequently it must contain as a 
factor the product of tlio squares of their differences. Now the 
determinant is of the order 2 n in each root, and the discrimi- 
nant is of order 2(« — 1); therefore the remaining factor is of 
ordor 2 in each root, and being a symmetrical invariant must 
be a function of the squares of their differences. It can there- 
fore be no other than 5) (cq - « 3 ) a (« a - « 4> ) 9 ... («„_* this is, 

. to a factor prte, equal to the quadr invariant of the form 

(i-eq) (*-«.). 

Tho equation to tlie {n - 2) flat passing through two con- 
secutive points of tho curve at t> and through n- 3 other points 
pq ... w, is clearly 

0= x (loop (? ... 2/ > 

1 2 3 4...» 

whore tho y aro current coordinates, and the determinant is 
expressed in umbral notation. Writing in this for cc n (t - a,)", 
and for dcc t , n (t - a,)’ 1 " 1 dt, we may observe that the determinant 

(t -■«/ , (t-~ « 8 ) n 
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timtic in three dimensions is of rank 9 4 -q i * \ 

. 3, = 9, and it has 4 2 - s “ , 2 * *' = 8 > of class 

n . • j 8 superosculant planes. 

Convenient forms nf tb* 

^ting some of the variahlos from i| 10nS ^ ^ 8 ° fc by dimi ~ 

ti've ; but care must be tiko / T e ^ uatlons the full-skew 
lo rGSultill S system is sufficientl^glTeLll! 1 ^ 6 YaMAoa S ° fchat 

k mpHe (0r iicmal) ' cun ° of order n in « - 1 dimensions 
Wo have proved already that a curve of order n ia „ - ! 

bk'Tthorof,!:: TT?*'-*** ^ I10il>t - * • Im- 
pressed in terms of elliptic Srf.TT" ** 

i-X>tic Amotion. Lot the periods bo « and o', thin if t ( t 
the parameters of the points, ' faJ ’ * * t,x 

1 K "t • • • T t n ~ 6 -\- (toy -[» bo)', 

oi e a is a constant, and a, b arc integers To bur] tKo „a‘ * 
Tr!^ we must suppose tho\, ^ ^ 

' th» obtf" 8 “ tiSrying U ' ia 0<1Uati °“> to k°corao equal. 
vt ~ o -j- -p bco' 


t- 


.« . « b , 

’ a. *r ~ 0) H- — ft) , 

u n n * 


valuos of t, representing distinct points, will bo got by 

"f *? tho m " n 1 bor “«. * «>o values 0, 1 independently. 

lC0 i ' lcvo aro 11 points of superosculation, 

I’lms n plane cubic has nine inflexional tangents, and n 
lii-quodnc curvo has sixteen superosculant planes. 

propositions bold good in general in regard to the grouping 
IC'SO points Which are analogous to those which relate to 
nifloxu.ns of a cubic. Thus, an (n - 2) flat drawn through 
L of horn mil always pass either through another besides, or 
•r/h the tangent line at one of the n - 1, This is obvious 
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from the values already given for the parameters of points of 
superosculation. 

Through any point of the curve can be drawn (n — l) a oscu- 
lant (n - 2) flats. This is proved in the same way as the 
preceding proposition, which is, in fact, the projection of it ; for 
if through the given point we draw a cone containing the curve, 
and cut it by an (n — 2) flat, the section will be an elliptic curve 
of order n — 1 in w — 2 dimensions, and the projections of the 
points whose osculant (n - 2) flats pass through the given point 
will he points of superosculation on the projected curve. Hence, 
also, the lines joining the given point to the points of contact 
are grouped in respect of co-flatness in the same way as the 
points of superoseulation in the curve of next lower order. 

More generally, through Jc given points of the curve there 
can be drawn (ii — ky (w — 2) flats which have — Jc) pointic 
contact with the curve. If u v u 2) . . . are the parameters of 
the k given points, those of the required points are given by 

1 , 

u = — i K +«„+•■. % + a® + 

where the integers a, b may take independently the values 
0, 1, ... n~Jc— 1. 

From these results we may now determine the various 
ranks and the .class of the curve. Suppose that we know the 
number of (n - 2) flats which can be drawn through n ~ 2 
arbitrary points in space— or, which is the same thing, through 
an arbitrary (n - 3) flat P- to touch a certain curve. Tlion if 
the arbitrary (»- 3) flat meets the curve in any point, two of 
these will coincide at that point. For taking an (n - 4) flat in 
the (n- 3) flat, and joining it to all the points of the curve by 

( ~ m ? atS ’ may cut this % ure b y a Plane or 2 flat. Every 
(u -3) fiat will cut this plane in a single point. The problem 
is then reduced to drawing tangents from a point (viz., the 
intersection of P by the plane) to a plane curve ; and we know 

coincide at it! US ^ HeS ° U ** CUrVe ' two of the 

In general, a certain number of (« _ 2) flats can bo drawn 
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through an arbitrary (n - k - 1) flat to have /r-pointic contact 
with a given curve; this number is, in fact, the (k - l) th rank 
of the curve. If the arbitrary (n - k -1) flat meets the curve 
at any point, then k of these (n - 2) flats coincide at that point. 
For we may project the whole figure from an (n - k - 2) flat 
lying in the (?i ~ k — 1) flat on to a k flat. The problem is then 
reduced to drawing (k — 1) flats through a given point to have 
/(j-pointic contact with a curve in Jc dimensions. Now we know, 
from the example of the full-skew curve, that, when the point 
lies on the curvo, k of theso coincide at the point. 

If the arbitrary (n — • k — 1) flat meet the curve in more 
points than one, k of the osculants will coincide at each of them; 
and this result is not affected by the union of the points into 
one. In particular, if it meet the curvo in n~k coincident 
points, the number of osculants which there coincide is k 
(n-k). 

Applying now those general considerations to the elliptic 
curve, wo find at once that the (k — l) th rank of it is nk. For 
wo must add to tho number k (n — /c), just obtained, the number, 
k\ given by tho theory of elliptic functions for the (n — 2) flats 
drawn through n — k consecutive points of the curve to have 
/(-•-pointic contact elsewhere. In particular, the class of the 
curvo is n(n— I); we have observed already that the number 
of suporosculants is ?r. 

Thus, a plane cubic is of order 3, class G, and has 9 in- 
flexions ; a quadri-quudrio is of order 4, rank 8, class 12, and 
has Ifi superoHculunt planes. Wo learn, moreover, that a quin- 
tic curve in four dimensions, when not unicuiml, is of first rank 
10, second rank 15, class 20, with 25 points of superosculation. 
Ilonco a quintic in threo dimensions, with five apparent dps., 
is of rank 1.0, class 15, and has 20 superosculant planes ; this 
follows by projection from tho former case. 

A curvo of this kind, viz., an elliptic curvo of order n in an 
(n - 1) flat has its coordinates determined by the 

conations 

* .i < it ,Q iff 


OLIF. 


21 
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(the last term on the right being or else t? , ■ acU>1 ^ 
n is oclcl or even), where t — sn 2 (u -f iK') and 

t' = 2 sn (it + iK) cn (it + iK) dn (w- 4- ^ 

du -- 

= 72^(1 — O C 1 — - < 

(If n is even, we may write < = sn 2 it instead o£ * 4 

The condition for n points tq, it 3 ... u n to be co-fla t J a J U>1 1 

if, + % + ... + w H — 0, 

See Lindemann ; Clebsch’s Lectures on Geometry » vol* ^ l» 


[Theory of Derived Points on an Elliptic (or 33ic tt? .tty ( , 

Sylvester’s theory of derived points on a pltvno cnl>i« 
follows: — Starting from any given point on the our vo, \v 
construct its tangential, or point where the 4 

original point meets the curve again; similarly \vo lust 
struct the tangential of the tangential, or seeoml Laii«g 
and so on. By joining any two non-consecutivo 1> C * 11 1 , H < 
series, we can find their residual , the point vvliovo the J 
line meets the curve again. In this way we obtiti u nn i 
group of points derived from (and including) tho i Jiul 

such that the lino joining any two of them is oi Id ior t in ijl 
one of these or passes through a third poin t of tvlio >u p, 
to ho observed that all points on the curve imif|iicly i:\ 
from the given point by any geometrical process \ In 

where the conic of five-pointic contact meets tlio cnrvi? 
the point where eubics of eight-pointic contact rmou h <1 »* > 
again, &c.) are included in the group. 

The coordinates of any derived point may ho < *x } 
rationally in terms of the coordinates of tho origjf i mil poi] 
the order of the functions to which they aro pr< »] mi l ii 
always a square number. Thus the three coord 1 1 ml rM 
tangential are proportional to quartic function a of* tint 
nates of the original. If the square root of tiro ort|«»r < 0 
functions he called the order of the derived poin t, 11 ion \v 
tho theorem that when three derived points' are i n n. h 
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lino, tho order of one of them is equal to tlie sum of tlio orders 
of tho other two. It is observed that there is no derived point 
whoso order is divisible by 3. By help of this observation it is 
oasy to make out a sobomo of tlio orders ; for when we join two 
points, the order of tlioir residual must be tho sum or the 
dififovonoo of tlio orders of tho points, and ono or tlio other of 
those is always divisible by 3. 

This theory is really a geometric representation of tlio mul- 
tiplication of elliptic functions. Tho coordinates a \ , rti B , a’ n of 
any point on the cubic curve may by proper choice of axes bo 
made proportional to elliptic functions of a parameter u, so that 
iv, : A- n : w a « I : mi 11 (« + iK ') : H u (n + UC) cn (n + UC) dn (u -|- ilC). 
This being' so, if u, v, w are parametors of three points in a 
straight lino, wo shall have u + v -|-w«0. If v bo the tangon- 
tial of u, the three points u, u } v are in a straight lino, and 
2?t -I- u =3 0, or v — 2/t. .1 foiico tho serins of tangentials has for 

paramo tors 

'ii; — 2 u, -I- 4 a, Ha, &e, ; 

mid in general the parameter of any derived point is ol’ the 
form nu, whom n is a positive or negative integer, Thu number 
w, taken positively, coincides with what was called tho order of 
the derived point. Jfor the elliptic functions of nu, are of the 
order in tlm elliptic functions of it. 

In this way all points of the theory are explained, exooptiug 
the fact that no derived point lias its order divisible by 3, 

Moreover, we see at once that the theory can ho extended to 
other curves of deficiency 1 ; ns, lor example, tho quadri-qimdrio 
curve. .Shirting with any point on this curve, we may liud the 
point whom the osculating plane at that point meets tlio curve 
again; then repent the process with the point so found, and so 
on. The plane joining any three of these points will meet the 
curve in another derived point, or else touch it at ono of the 
three points, Tim plane drawn through one derived point to 
touch tlm curve at another derived point will meet it again in a 
derived point, or touch at the first point, or osculate at the 
second, Thu coordinates of any derived point are of the on I or 
ft 1 * in those of tlio original point, whom ± n may bo called the 
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order of the derived point. In this case ttta order of no derived 
point is divisible by 2. 

I wns desirous of finding a similar representation of the 
multiplication of hyper-elliptic and Abelian functions; and 
therefore sought for eases in which derived elements might bo 
found on curves (in the sense explained in the beginning of this 
paper) of deficiency greater than 1. For this purpose I con- 
sidered scrolls. Taking an arbitrary generator on a quartic 
scroll having two linear directrices, we may draw a one-sheeted 
hyperboloid through three consecutive generators at that place ; 
this will meet the quartic scroll in one other generator, which is 
thus uniquely derived from the given one, familiarly on a 
quin tic scroll contained in a linear complex, the two tractors of 
four consecutive generators meet the scroll in two other points 
lying on a generator. And on a sextic scroll not contained in a 
linear complex, the linear complex having five-line contact at a 
given generator (containing five consecutive generators) will 
contain one other generator of the scroll. In these three cases, 
then, from any three, four, or five generators we may uniquely 
derive a fourth, fifth, or sixth generator respectively ; .and tbo 
whole theory of derived elements may be applied to the genera- 
tors of these scrolls, 

Unfortunately, however, each of the scrolls considered is at 
most of deficiency 1, so that we merely get more illustrations of 
the multiplication of elliptic functions. And it may be shown, 
in general, that a curve on which such a theory of derived points 
is possible, is at most of deficiency 1. 

Suppose that it has no singular points, and that k — 1 points 
on it being given, there is uniquely determined one other point. 
If this is effected (as in the above examples) by drawing a flat 
space through the k- 1 points, which meets the curve in ono 
other point, then it must be of the order Is. Moreover, it must 
be in a flat space of so many dimensions that the flat of ono 
dimension less is determined. by k ~ 1 points. Now a (k - 2) 
flat is determined by k — 1 points; therefore, the curve is in a 
(k - 1} flat. 

Thus the impossibility of extending the theory of derivation 
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to ourvra of ili'licioni’Y oil i *r Hum unify is ofpiivulont, to tlio 
proposition that. n nnvr <»!' ardor /: in /u — I dimonsiotiH w at, 
most. n|’ » l * • I i i • i * • 1 1 1 ■ y I. Thin failuro wan I, in; Hturfinp' point, of tlm 
| ifi vii *i i r papor. 

1 1 . ji'iimina l«» oh plain why, in Urn pump of nnmhora ox | 
ciii 1 *' llit' ontois of (In' ilnrivcil ] ii ii n 1 m, only on-lain forma proHont, 

1 lo'in sr'vos. that minder whii'h, wil.li /• 1 other nnmhora, 

luahr i op /, 1 'i'n, In' on 1 1» -i I lliu lu'uitl iidl- of liman numhrra ; il in, 
in furl., ihoir mini lahm nrpafi vi-ly. Thru Urn prurraa of (Win- 
i III.;’ I hr pioup in t o at ni t. IV» n 1 1 unify, ami add I hr roaiduill of 
ovri y k ■ I iminhn-i of l hr ••roup, ivjirl il ioua hrinp nllownl. f 
liny that I » v I hia promo \\r j lmll only prf liuinhi'ia of I. ho form 
nth' | I. l‘‘oi' hi, wj>' I I, nth ( I, Ar, hr/,' 1 mioli miinhova, 

thru llmir I'rrsiiliml in - ■ (m, I m, ( I . | , wliirii in a 

minder of tlm uunm four. Now na unity, witli which wo start, 
j , ul this form, it follows that nil tin* nnmhm a of iho pump i mint, 
hr of llir form nth I 1- .himmrv, IT/Il.j 

• ' l . II \ I r i UK IH.KH'U.NKY I>. 

V’/iciMVm.v tn Aln’litm 

ll will hr Cohvrllirlil to put luprllmi' nhoilly I holio prnpuai- 
Itoiia irlnlin!' In I hr upplirut iou of Ahcliim funofiniis lo olil'Vos 
v, liirh will hr windril in I hr mpml. 

't'li*' nj'jf irtpitr of (hr irnl Mini imupinarv points mu n nirvo 
ouimlilulr i a I wo way apivud. m' omfarr, which may ho fruns» 
fo 1 1 1 1 < 1 1 1 , hy olirli- loop without triii iiijj, into tlio mu I’arr of it 
too] v with ft )ii*li ,: i iii it. (hi thin miiliuv tlirfr aro i!p distinct 
rloi rd rin vrn which • Miiiml without lurahinp hr shrunk info a 
point, iiiiuirl v, i>ur i*aind rich liolr, and ono tlnoupl, oftrli hole, 
Anv ul !ot in« iho ihlr i in nil must hr made tip of rniiihiimlioiin 
o| tlicir. 

If an v lationul hm- lion of tlm coiudiimton ho inlrpinlod from 
our point (o nimtlmr nloiip tlm ruivo-aptrsd, iho valor ol iho 
intrjp d will depend upon llir path ol tlm iiilrpmfmn. II tlm 
int rj'i *d hn'oinri inhuit' at any points, it may hr idtrird m 
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value by making the path go round one or more of these ; but 
in any case it may be altered by incorporating into the path 
any of the 2p closed circuits just mentioned. It is found that 
there are p distinct rational functions of the coordinates whoso 
integrals do not become infiuite at any point of the curve- 
spread. Any other integral which is everywhere finite must lie 
a linear combination of these. Of such linear combinations it 
is convenient to take a certain set as the normal set ; they are 
so chosen that each of them, when integrated along a closed 
path which goes round a hole, gives zero for all the holes but 
one, and i n for that one; thus, the p integrals, which wo may 
call u v u,, u 3 ,...u p) are associated one by one with the p holes 
1, 2, ... p. If they are integrated along a closed curve passing 
through the hole h, let the values be called a hl , a Jl2> a lip ; then it 
is found that a bi = a kh , or the integral of u h through tlio hole h 
is equal to the integral of u h through the hole h. 

If we now take all the integrals from a point a to a point y 
along the same path, and if u 0 ... u p are tlio sot of values 
lor one such path, and U v U i} ... TJ p for another path, then wo 
must have 


U, - M, + m,n + q t a u + q 2 a a + .. . + q /Alio 

V, = «, + m,n + + ?Aj + . . . + 

V - = H ' + + 2A, + m, + ■■■ + 

wlicio the numbers ?», q ave integers; namely, m is the ml. 

liol'e/f aud^isthe'^l't- 110 ^ ^ lm g0n0 r0,uul t!l ° 

through that hole. We ^ 

U„...U P = u„ \...u p ( mod, m, a), 

vz&ssrjr cmmont to 0,0 

a ° U 7 a .! ,aS n ° “ taJ -l that 

Ti,, p t rts * 

pouits u„ ftnr] u ,„ , samo oldor 'ntoraoots it in tlio 

‘ j,-y„ and wo lake any one of the integrals, say , 
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IV ""'- r ' '"fr f"»» I« »/„„ l.l„, mini „f 

n-Mtilhi will Im n.n-’Timiil, l.u zorn, Tlm,|, in |.„ nay 

ft/ 

-- tin. • 0, 


,lln ~ ,vlW ‘‘ , ' 11 " ! " ,n 'X‘ of Mm „■ mill y, in ir. to /,. 

I ln'u* mi* p , Mii'li Thin in AlmlVt Tlmornm. 

NV hi’ii I In* in in ,i /.■•llnl. mu! of Mm nnlor a, wo hIiiiII mho 

IliiM Mmnrom "limlly lor itn n iiilomimUntm with a (/,: - |) || u | , 
IT wo mj.iml Urn Imvm- limi In t.j* I.Im int.rml'i (Mm poinl, „.) 

,lhl in, 'T* l '“ l!( any | ‘"inf. ,1/ nmy I,,, r<m tm | in | hh 

l» Mini, | ini nf., mnl Mmn AIioI’m Thoorom 

pu na mm p i’ijuiiI ioini Imtwoon I lm pnninmlorn of u )Miinf >1 whioh 
0,1 IL ^ 1 l-l’H (Ji til I III 'Mti i *t | tltll iiuin i,H UtTt'sr, ary 

H'*h< l.vi'in ">« a (/.• ■■. I) llnl, hill. ii. nmy | H! 

,I,UM 11 1 ‘U’ii'i'ii lur 1 1 im ,1 if nirvn, // < I , wn Imviwnm .,pmtion 
(•» i>\|.ivn;i 1,1ml r.im- pomtu mv it. R ii|.nii;-|i|. Jin,., MU( | j|’ j| ln 
| m ii n f :i an* ""lliimm- Mm nipmlinii in Mm, il lm j. 

,M, I" W ,r,mi ll "’ i"n lliuMho (.oiiilfi imioolliimnrj in (iml-, 
111!* i*‘|Mat im. Iml.ln 1'ijiially pnu.l if Mm | Hl i,,|n l( ro in a dido. 

ll' III" nhiiim "1 tin* |imniimli<i.'i p puinh; M iv ipyon, (1ml, in, 
il wo hnvo I In* p i'i|iiiil ii h im . 

(I 1 j 1 •’ 1 / ) ,//# - ^ i fl 


llm i’, I mi ti; i nihil tiny nmulmiln. mnl (Im Imvor limiln nf Mm 
infir.ml i h"i»iK tmppoirn.l rmintmif ; limn Mm nppm* limiln 
,r i- ‘ r a*’”‘'V hm > i”’ |»i‘o!tiioi| in lorinn "1’ Mm ijnanlif im t\ 
imumly, Mmy mi- Mm iimls nf mi «u | im{ i«tn nf p wlmnn 

iMi'lliriimffi iti'ii |iriii|iml-i of ^ Iniml iniiH nl' f in, ?*, If 


a/,,... m t ) &«**«*"« | i&wM, 

•' 0 \, »’ a . ... >\ ) 

Mm iinlit-nl iit'.j flml ondi nf Mm p inf room m i , /n yl ... w» ( , in 
ti. lulu* nil infirm! vnhm;i pnsilivo mal imj'iifivo. Wlmit Mm 
Imvi'i' litnifi! mo Mn ohoiioii Mini fin* Mini nf Mm ptimumfom is 
iMrn Inr tlm rt.inpli’f" iulniwnlinii hy any Innun, t-liin VY Mmmlinii 
lin,i 1 1 a i tn M\ti I il o piupi-itmi. |j wi> Mim mmlt n| this purniimtoi'H 
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(j ' I >■■■>) 
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I III' imtnl'1'1' "I l!»‘W II 'jii.Mt? I? >>-? i" 1 . j.. ,’Mv hi 'i-ifj-'.l'v 

I lii’in all in \ til Hi’ 1-1 tjj. h !:i.f I Jin * nUn.- I, * ss 1 lu in. 


Ar/avyi; if, a , s ! ; . ‘ /*,' f';' 7 ,1*' ,r f'usi'.,*, 

\V>- filial! M> ’\v aj'j4y llii-i' e!i-'mi,uu'! t-> rim ntu.ly "V iaim>n 
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Ih’inp ‘II*, ''li mi* Ha* lint*'-, t? i: ■> j... f„. hu.l 
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<'nndil.innn urn minified by (ho v. Let p - n -!• k ~ r, t.hon r 
i’i Hu I i linnn in toil. In* mji.IihIIoiI j namely (Jut v muni. bo huiuh of 
the pnmmelem n|‘ in >1. nmre limn p — r (nr «••-/;) pninl, a. Bui, 
limy urn nu n in ni‘ tlm pnmmel er.i nf /,* puinls; Uiernlnro /.; i.s uni. 
pi enter l imn n •/', <n' Ilk ia mil. nirjiler (him it, We hitvo peeved 
limn 1 1 ml. 

// p> it — - k, dirti i.!k ht nn( t/miliH' (linn h. 

( 'uiivernoly, il k ;* .',n, p m u(, mon( aputl fo u .~k. 

Wn may iil.in elute tlm prepend inn in thin way. A ennui of 
onivr n mill tlojiuuiMy p, not i/nuiUir thmi in, canal mod avid 
in n p ilinininimii:, 

j i l iippcurn, llmielere, tliul- I ho thenrenm ill. I.lm beginning of 
lln* | m pi t nmy lit* extended, niitl flint in u dimensinmi wn have 
llm mu vn ef enter n whifli in uuieiuml, llm mirve nf order «.p’( 
Mini delieieuey nf. imml. I, nl eider mid dulieiuney at 

• •mat mid Hu mi lill wn rumn In llm nrdnr *J/f, wltiuii in l.lio 
lii.il, riDin i*l' except inn, nnd nmy Imve delieieuey // -I- !. This 
earn* in llm nut urnl geometric ropnvicntulmn nf llm general 
A I m *1 hi n Inufl iitit’i, i l ii mullipln t tint* t*n I. lint n playing tlm wmio 
part* n i llm double lungeubi nf llm cpmrlir curve in Kioitimi n%i 
bnmtilul paper mi llm eune p M, II, Weber Imu nolieed that 
in four tlinmni’mnn thin eurw in tlm complete iulehierfinn nf 
I In i n ipmdi iu lori, .hnoiuiv, |K7JI.[ 
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"A ri’livi," i’i In tin underlined In imutl u (mutiiiuntiK one- 
dinn-m.imml uggiegnln «>f any imrt nf etenieulii, and tliercfuro 
(ml nmn ly a emve in tlm mdimny geojimliicul nemic, but uIho 
a Mitgly intiiiiln j^y ?<! • in nf einvon, nmfuren, complexes, etc., 
muh I leaf mm rendition in i.ullmirnl In determine a lluilo 
number nf them. Tlm t leim util may be regarded an determined 
bv b earn'd i)mf «*>i ; uinl il lln im 1 m* emumeled by b 1 equal mint 

* |fn<*tl ill*' i\.’. refit). j» <•/ l?!i* ):>’ii‘il WWfrty, Kit. JmV, IH?H, Thin iiliulnuil, 
I Mictu*, c.*i(lttinn Ihu * en till* nuiie milijml nm>lo In tlio bcmilon 

MullultltiUt #1 f'iirt itiv, I VI«. **|||, pt|/, I 
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If we consider a curve of the order n and deficiency ji, 
existing in h dimensions, a (h — 1) flat cuts such a curve in 
n points, sucli that the sum of each of the p parameters (Abel’s 
theorem gives jo equations between tiie parameters of n points 
which lie on a (h - 1) flat), for these n points is zero. And we 
obtain the theorem. 

VII. A curve of order n and deficiency p, not greater than 
a*b can at most exist in n — • p dimensions. 
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The quantity 


(. ABGDO ) 


{AO) {BO) {GO) {DO) ’ 


is easily seen to be 48 times the volume of the tetrahedron 
whose vertices are at the centres of the four spheres. The other 
factor 

{ABODE) 

{ABGDO) (. EO ) 

IS clearly the power of the sphere E in regard to a splioro 
““"'S A - B' 0, D orthogonally. We sec then that given any 
Jive spheres, the product of the tetrahedron whose vertices are 
id the centres of any four into the power in regard to the fifth 
“ sp ‘ ere Q,Ukn 9 them orthogonally is a symmetrical function 
>f e five spheres. I shall call this tho apospheric function 

0 he five spheres; rt vanishes when they are all orthotomic 

01 trio same sphere. 

This being so the theorem (3) informs , ra that the deter- 

to” m/i- st m x SiT" °{ tw ° seis ° ffiv ° sp ’ wres * e, l utU 

femliol! * ^ tmSS tlW 2mdmt * 

. T1 ! e eorres ponding determinant formed with two «ni« ,r 
six spheres vanishes identically ; or we have aCys 


(ABGDEF\ _ 
\PQMTu) = 0 


( 4 ). 


Power - Coordinates. 

to certain multiple? of iVpowfer^ qUMltitios Proportion a. I 
spheres, ^ ers 111 respect of fivo fixed 

to r tal ;° ns t,,oso mi1 '- 
" the coordinates of a sphere V ? fix °‘ s P Ilores - Thus 

m respect ° f yy y p r ra 

ue ‘Vn «v a » etc., whoro 
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A FRAGMENT ON MATRICES, 333 

If. then the null-point of </> is on the axis of we must have 

0 = <t>nf„ + f A + , * A, + ^ „ + j, u ^ u 

?2lYll+ < f>mi r n + <l> Wi %i> ^21^19+ 082^23 + ^23^82 ’ 

i.e, the first minors of j 0 1 x | J must vanish, the rows of U I 
being multiplied into the columns of j f |. If the null-point 
of yjr is on the axis of 0, the first minors of |f |x |f | must 
vanish, the columns of \<f>\ being multiplied into the rows 
0 I ^ I • Hence it is possible for (f>yjr to bo indeterminate in 
the second degree, while is so only in the first. But ^ 
and ( yjrcj) may both bo doubly indeterminate without being 
equivalent. If however the null-point of each matrix is a 
united point on the axis of the other, and the remaining united 
points coincide at the intersection of tlio axes, then <£, f are 

commutative and their product is indeterminate in the second 
order. 

In general two matrices are commutative when and only 
when they have the same united points. For let A be a united 
point of \[r and not of <£, and suppose <■/> alters it to \\ Then 
will change A to V, but will not do this unless be 
another united point of Now there can bo no cycle of 

changes, because tbo powers of </, have the same united points 
as <j), Hence, &c, Q.E.D.f 

Fiom this Cayley’s theorem follows, because any set of n 
quantities g v ..g n can bo expressed linearly in terms of n other 

sets, 1, ( p, 0 a . . .</>" \ Consequently any matrix commutative with 
(f> is of the form 

a + bcji H- 

To foim a matrix which shall have three given points for 
united points. Lot tho points be l , m, n ; viz. l = l,i + li +1 i 

It 3 2 * fl* Q J 

* [Obsorvo that tho rows of tho unaccented symbol avo multiplied into tho 
columns of tho aocontoct symbol, tlio accouts being used only for tlio purposa of 
marking this distinction. O.] 

t [Tho argument scorns to bo, if rj> and \p aro commutative, thou a 

united point of & and in liko manner <p% &a. are all of thorn nnitod points 

of ip, and boing thus finite in numbor, thoro is somo powor </»>»X which is • 
viz. X is a united point of <p»\ and thoroforo a united point of <p, 0,] 

22—2 
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5. By multiplying together the sories for and as 
follows : 

1 + X y + + «v + *£ + 

17 ii2 + ns + n4 + 

+ 

4- a 9 + ^ + 

J na ^ n3 n4 


eV 2 + "V . + , «Y , 

112 n2 + (na ) 2 + 113 . ff2 + 114 . 112 + 


®V , ®V 3 ftfy -1 , ft ! 0 , ftfy 

iis + ii 3 + ns . na + (ns ) 9 + n 4 . ns + 

tf'if* , ®V~ 3 , ft^y~ a , ftfy -1 . ft-* 8 

ri4‘ + 114 + 334 . 112 + ill . 113 + (1T4) 5 + 


we find 


=,/>’) + (» + i). «f t («■) + (/ + -t) . **/, (*’) + ... 

6. In this formula write - ix for x, and iy for y ; then 

/("-;) =/(-«■) + (y - + (W i). 

H- ( “ “)*} • J'i (— «*) + 

a result which may also he obtained by direct multiplication. 


7. In tho equation of (5) aud (6), put y ~ e {,t ‘ ; thus we 
obtain. 

e- xcoa,t> =/(&•*) + 2 cos c/> , rr/j(» 3 ) -f 2 cos %<f > , affix'*) q- ... 

. -f 2 cos h(f) , xy^ix 2 ) -I- ... 

e 2 f» siut/i =/(— a 9 ) 4- 2-i sin oof a’ 2 ) + 2 cos 2 <£ft?y a ( — a 2 ) + . . . 
+ 2i sin (2/j -!)</>. aj at " 1 / 8 ^ l ( — a 2 ) -}- 2 cos . aPfa ( ~ ft; 2 ) I- . . . 
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•XXXVIII. 


on aiioui’H ok i ‘ kki an io kiinitiunh, 

.1. INTUOIMHTION'. 

J .irh RimpIoMl, porioilio liinrlitum mo I Iji* riivuhn mnl • ! 1 1 ] >f n* 

fmichioiiH ; thono may 1m ivj'imlod ns Imill. tip mil 

and fl-lumslionH, amt tho latlor n ;;( iin tm l-n.lt up „r riiruh.r 
Amotions, Lot m wriLo * 

ten . o" <|- o ", 

«ion »«« s,v K („„) X': * i „%> i 

wlioro ,y tl v m 

In tho name way if wo wrilo 

tc(u, •Hf'A (a* 

may form tho Amotion 

a («, V) - ») * ss* : a I i «\| i , 

wlioro it h to In iiikIoikIjiihI M„ t | , , , . 

ty pMooding ,,, thin w„ „„,y I...,,, „„ 

<f fmictioim *, ,Y, (if ah iiicivimiiig uf vmial.l,!,. 

w, » M ai • • * m P no wholo muuhoiH, and lot 

>/■<«« 

tlion wo nmy form n liiiiclion ;i „f llio „ iii,.in„„„i „ 
ly Adding logoliiui' .ill tho o.v 1 io„o„ii, 1 |/„,' £ 

tfHwO'l-tiXlflH 

Hokci 1 1 Mot licit, Mm, !>iv, Snv. i. %t. 




GROUPS OK PERIODIC FUNCTIONS. 

vcnicnt form considered by Gopel, in which I now replace felio 
letters v by the u ; 

G («, ... u p ) = 2 p e| 2, (», +. 22 j . 

It is clear that this is unaltered if we simultaneously in- 
crease the arguments by the quantities 2^ ... 2B rJi 

^ here j may bo any of the numbers 1, 2, p. There is also n 
set of quantities A in regard to which the function is quasi. - 
periodic, or reproduces itselt with an exponential factor, In 
legal d. to those quantities the quotient of G by e } is actually 
periodic ; viz., if we write 

G Oh • • • «,) = e 1 Sit* 1 0 (w, . . . u t X 
then wo shall have 

0 («, + 2A W 2^,) = ©(«,.„ 
provided that 

= 4 $jA v B v = 0, 

and these equations suffice to determine the quantities A . Wo 
have then 


G (» t + 2 A u ., t u p + 2 A„) - e [ 2, (u t + 2A„y j ©(«,.„ 
-e!42 l 7i i ; + 42^J 

} Ve . sliaU now leavG out in all eases the first suffix, 
for instance G {u + A J + B L ) instead of 

and so in similar cases. 


%) 

u t> ). 

writing 


II. 

mrit,l i "' :,r . flm<!tion 0f tho 1 ,mntitios A > B appertaining to «, 
, w wpimcnt H.-ttio coefficients being either 0 or 1 is 
called a quadrant, c.g, for «, a certain quadrant is 

A " + rl„-h i'„+ii, s +7J„, 

Smec for every argument there are p rl’s and p ff B tire whole 
number of quadrants h w if n i,„ ■ i , , ^ > e W1 010 

have nnw in • i w * if 0 bo included among them. Wo 

aV ° “ 0W to C0DSldw th0 2*' Unctions + where ± 



imum'H nr ri’Htnmi* I'tfNt tthnu, 




nlrunl. '11 m* quniilllirii ,1, It I ht* nis»‘l v«*n limy l»n 
t«I im fninut nr t-bntenhtrif i|UiitlmtiH. 

uimn t(im<lrahl:i nf u avn iliapMnrtl in Iwn vmva, Oma 


* |* * 1 ^ >1 " ’ ’ * * V 

n „ a ,. 


In* i , Mitini|rn i) m r<>iniiiit' tin* /» puit'it .’I t // ( . /I a /J a ,... 
ilia i>\fiv will In* r.tinpo; <t! of n ri-rtain 

jiiiim. n I'i’itinn nuiulmv nl i»i hj jl*? .,Ta luul it ivi lain 

It'n, 


m»ntlmv n{’ paint in it iptailifint A* mmM, tli>u I .V) 
hurt inn »>f tin* ii, ami ft (A) 0, 


tt Hint tlic /» ai'i:» i'iu Ii ol’ (Ihmii nitliov 0 mV 1 . Wn liavh 

j ( u t ,v ) ,i M**j m (n i a* i wy.inii}' j 

* ■* Mr ; M |» | Mint {■ M {‘.im t (•) /•!’?, 

X) ■ * >:„.t I Mi2m I /«) /J]*; 

$»J t 1 \Vt I tl * 'll l« •!' mi, 

■a jiiunut mii fl»<* i'i Ui*' uaum in tlmxn l\va t*x» 

jit tm tlm twin ’,!>",»!/*,. I „/•„ *** th** fhnt, u»*l 
_ fi t4 in llnMmnm.l, Tin* ililtVimnv i» 

Kinvti 

** i.iM ( t ‘ | {i j j .... r ] ] t{ i n t AT. 

»>i»* *> ’ 3t * ■'' (i in I A ii m an *«l»l mv nY»n fimvliMM of u 
%'i i ■< ml*! t*| ovt-h, 

iiulun' nl mM fmu linM'* J* ^ * (it*' I). Wm Imvn to 

1 «»A I —»*A- **» S ! * 

m, /» mo l ilhnr tit l, l»H X 4 of llin u l«* tin* 

p unity ; lin n tlm h t*i tin* may 

I n» I, wliirli jjivu* li* vnmt limit mint. 


y.*l 


t !i;t»isnh mill tlunUii. j* M<>‘, 



huoui’H ok I'Kiunim: row ikinm. 


m 


Tlio mim of tlio rmnaining p b'n muni Imi odd, *>»» ilml dm 
Inst iH dolonniimd wlii’U nil llm udmni me rlmtmn, wbmli may 
bo done ill ii 1 ' * 1 wiiyn ; limn wit Imvn T 1 uvt.tmim nf dm f , , 

But tbo h (in whioli uni zero nmy bn rlmtmn in ' wavi ; and 

h may lmvo nil valimn Imm 0 /» I. I Inna’ dm wlmlo 

number of odd lundimiH it* 

|!,-*[;»r l I /') - ' {;!** - - I). «,u-:.n. 

It follnwii tluil, llm niinibor nl i vmi fmmtmmi \\ T * (!'” f l). 


Lot X, V, ft In* any Ibivu tjimdianl t, and * , >»nr>i*U-r dm 
funotimui 

0 («. *|' Y V ft), (i {n I ft I A ). U in | .V ( V), 

.If tlmy Ill’ll all dVi’ll, nr if mu* ia rvmi and Ivm ndd, dint radi 
iH of tlm miiiin rlmmrlm’ in dm jundm l ><1 dm i.rln i tvvn, But 
if duty urn nil odd, nr if mm i a add and I Wm rim, dim (In- (|u\inii 
of Diutli in of tlm stfiiim elmmelrr mi dm jnndin l nf dm nl|n i luo. 
Wo ahull now idmw t lml 

d )') (in > (t <« | Y l J ; fi ti 
limy bo nxjmtMU’d an llm mint i«f a mi nil •• a *>l tniim with m 
U(h \ X I ft), U[u I I ft) 

iSiiuio On iu un ovtm IVuml imi, it fnllnwa it mu wlmf Inn jiml la on 
Hilid that of tlm throo fund inn 

0(a)- Tift), U(u I ft j A*) t (f{it i .Vi V), 

01 dim’ all in unit bo ndd, nc niu« ndd mol twn nvnj, 


To l bin mid if in inijniilunt In muddm* dm fmntim w bidi in 
dorivod li'nui (hi by adding tn^odmr dm :i«|iiuii v «nf all llm lnno<; 
luunuly, wo writo 

Ti now hi G {ii \' X x ft) wo unlrri tlm imu involving dm 
munbrnH in, and multiply it by dm dim in U(u \ l ift) 
involving llm muidiora n, tlio ftrmlunl in 

c I S (« + Xx ft Y »• X {« d V i ft t SSw/J/h 

* (AllSiallt.! 


oiioui'M ok n:m<mio functionm. 


«r»r> 


Now lol, /<, : m, ! »», »//,- • n ( ; 

thou wo liuvn 

/i u i o y ' 2 <m' J I a 9 ). fift -{ <>!*' 2 (mm/ I mi'), 

uinl ooimotjiioul Jy 

(u t -V « / 1 uMm/o* i (» i ) i X \ zy.nity 

;l: hvii’o ,*u|uttri* of hull' mini I Iwioo m|imiv tt f Imlf ililVoronro 

: 1 ~ i .v i \ v i / 1 y./iiif i x 4 r i 

In I Jit?* ox|iii"iioii mil’ll i‘i>i | ( ;iii of yj ( i< inii!.|, !h*i 

oillior I »*»lli I’Vi'ii or Mli mill, W'o muy pul ro|iarn!o)y dio ll\\ 
I m'Ii niy;i nj ► (•» llio oiM mum; lol jj I m 1 wi ill on lor (ho Mini of 
MlOIII, vh'„ JU j?i llmMUil ot HIlV M’lrrlinu oillio /*’n ; | Ill’ll M/*// 
mny l«o wiilton >i) I U!Mm 7 i ami Mi/i' JJ j ;! >;«*//, wlim,, dm 
in' ami u uio mov imlopi iniriil. Tim i wo nltull iutvn 

C{n I' .V I /,) //(a } }' | /!) 

->:/'(» i wv i 4 v i /i • \y \ m, 

wlioto llio jioimililo iiiiiolti’i ol'lomiii nn dm iij»lii i«i dm 1111111)101' 
o|’ llillol l'lll |io|i-ol inll'i JJ, VliV, l'*. 


Wo n m -if, lloWOVol invo ilii'illo ll 

to HtVrtl of u«|tlin;{ lmlf>. 

ijUH'iniufjj 

(n f.lii* fU|*nno iil i o| dm 

tiinohomi l\ Wo lam*. 

nmmlv, 

/‘c» 

-i 4 ,V) (;:>* (« ! -j >;>i,i 

t Xd!m } 


/'{ a 1 U'}- F\ o 

i.V) 


i Mu; 

m 4^ , //|M 


Mo ; ‘!M (o 4 Mod -i /#, 

I £^«I 1' 4 , 

(//, - MM.) 

Uni, 

F{n | // t 

l WY) - Mo j l!M |m i |Mt*J 

1 7Vi M^!m i $ /.)./*}*{, 


till’ llilToitmoo o| dlOMO rX JI<*t«o||fa ooliifjs'sf'Si of u f «'>! Ill 4 Mtl ,'l II, Mill 

H lorm 4 >Mn , ( 4 m f f<j .1 H —> Mo , i' 4 m J h’j *n\ Tliirt UioinloiO 

||!i|« in If, o Mu . i 4 m i b) , "tfi : wjijoji J | uomidiliy' 

ini Mn/; t?i ovou of mM, m*., sn-» *.? (t (u, \X) in own 

nr ♦ mIi I, Tliiw 

F { ! r «.»-.* /.*|,| n t i 4 Vj, 

nocoiiHn^ to llio olmiio ior of ,V, 


•XXXIX. 


UlKOItY ol 1 ’ MAIlKM or Ml (.Tim; THr.TA 
Ki'Nirn 

|>V lim.lt (/,) k ,, 'j, . . . | „j , i( .. 

a, //, r- I>\ ..„| V „„ , 

mid inlrfft'iji ; mill tl.«. uv.nl in « v. i, U| 

U r x l /J/i/' | 77'.., iii tntm i.| «>i|. I (*| 

N UMIlKK of ntai liH (/,) i<i 2 !/ . 

.Nunihiir of ml.! 1, in, li., { v , h „ mv 1 j., ; mdnsM,',! »*,.„* n.»m 
’mr H |,, t .V , /* |.„ „ f ,.. M ;Mi ., 

1,1111 nl * ‘V I ,1 "' «*** Wi* III »v I'niO Cm r-uf|* *4 fly .. 
nmrkrtjj, “ or mid hi imcIi of tin* rvoii mml:. J , f ... H|l 
odd murk for/i | l, Tlon Idio 
iV;. t) .viiWVM,;,.av 1 ii*v; 

?mT’"‘ ,ly ,v ' " ” ‘ •- ■ '«.• 1 . 

Ally lui.rlc (,,) II ,„r.y I. .Iiu.1,,1 ,., M 

N ' ■ lul, i(. |„. K i„ will, ", T.k„ „,. tf ..M 

u* Hi,, i.!,,,.,,, .in,.,, iim 

: ,f tlM ’ «** ■** ,r —It i- . 

; nl !«• i if -m. « ; 

T1 - • - I- .1.-.,. .1. ..... * av ..... 



TMUIHV of MAHIfM OF MOr.TMT.M TUFTA-FUNC TIONJI. Hf>7 

"" l ™' /‘-Si «w l ; I mill | . Tim liillvr 

'""" »-..y .«.iy. via. i„,i i„.,„ w „ 

limy ut.hit'h nf llm uv.-n jnuli f«. Hflmr <»!' Mm ml. I him'- 

‘ m,, l W<1 <’OMiiri{tmj|( |y tw„ iliviniumt u|' | Iim 

I'lvn nmilv I’nnvjijMu.linjr lu | },«» jf f > 

0 * M 

i't Jiu|, - , Ilm n ii in 1 m i* ( ti' divihiniiM in I'xmlly X\. (1 If if, in 
w.t nut y '■ l.ml any ollirr pirn*,* mI‘ Mm H ivt-n itmili, wlii.-li in 

..... o 


'I’liU ! nVi’l y Ill'll K t }, 0, in Mm mum of fiml, of tf 

i ,i I ir ' i " r ~ a; , m.m mmi,, r..,,,, m„. M „, 

))'" ‘"“.V ,,H ' IM”"P <>. ,.j nil Mu. M.l.l umtU 

i f l*’ll I’Vi'lV M'l.l llliulv MlVUIfi in X* ^| tM |jl;l, 




I*'V‘’i y I wo * M |* | )ii-4r tin t. m urn r.immmt in o„Y 
A fF' 1 "! 1 f “ «lti. ’ll l It. 1 mii H :i ili „j M,„ f..im l ( », ulmm in ; 
il‘ m. i to lliirt, / I a ai } /♦, mil] Mmi. l'i.m /. j fW \ p' 

<*) n, /» ("Hit u jaii i.|' Mm ftn-uj. I | m Timm m,. f. w .i j'l.mpi 
I'*I mu 1| Jiilrlt pair, I'Xr vpl /, m ; iii|«littjj in Mmim Mm m M iiit (), 
U P lifivu t!.V . 


I m fi |n ] Min u>M IMilll. i t*‘<luim.|i |m fiyn ^i.iMp.i, i/ ( ], (, 

*/ I A l I in, wlmm /, JM him Tin'll 

v i l ■■ ■ A i »/ i in A | /, 

Xmv (./ i /) . (./ j /’) i i'A j M . .(A 9 i /') //A* | ./A 

yy’ i A// i (./ j /»)(*/ g A 1 ), 

^ 1 1. 1 /, | m im-‘ mm i v» ii uii-l mm m|»| j Mmt. 

].•!„ m| in.u y j^uii III eJm w ».mji I A. mum Im Mm */ 

Min] Pirn Im Mrn A; Mini Mm m*M imuiu wl»n h niuku up 

Mu.n,. in * /t A iii-m n|« tiiin.il. I,, H»i «♦<,»*„, Mnu, .vny 

ittM i.i ilm */, A. ♦/ i A Jkvv A; ^ imukn lit mnniHi, 

im Uvm i.i' w limit Imiui ^ IAu M,U. mm m uf/ *.f M„* umvU 

ih A, /; I A HIM!*! 1m ml»i Ji Iimw. vui iyA j i/A {/ Mutt tutm 
nr im, M f r;. A, j A nru Mint i, i /, | Lt him ImMt t vi n ..| 


Tiinonv of SfAiiKM of Mri/m'u: riu.r.1 ivsi iu^ir, 

bo(li <«hl. Nmv in f hi , <w,. Hi,. „ { , 

livory odd nmrli lief w«***n llirm. 

(.*/ *' 0 (*/ I /") f {h I h \ h' | i \ 
r 'W ' I I (;/ I A) / i (./ j h ( 

!:1 (.V i A I /M*/‘ !/*’}/>» ./A’ I ,//, 5 //■_ 

Tl»<r.<r<.r» of i, | /, /, | /. ,, | /, | I, ,, .., M , mi 

,1 m u„|, , 1,0 

twu, mi<l if lu HM.it: TImd 

• r i H;/ A*,, vi { v . • ; .A',, (I 

n>» llm(, )/ ..> i X V • •'* 5 v 

** * i‘ ' i , \ ” »> •••• ' 


:l* !■:. 1 ^>ll' I j j , OP. a 


I I i X 


Tl ";" i„ I 

«u Mini, * * ' ' ' f • 

{ / Vi 1 1 n ; ’ 1 /'• A ’ ■ t t /* • «< * H, ;/ * A ~ z t m ... „ 5 


Two K n.u|H /, ,4»,„| i„ „ r ... . 

«“ If I hoy l„ivo ,V , , * 

! ' “ "'•> -UI I J 

% ' 

7' '■'""’I" *■■», .... 1 , 0 . I, rln'v 

1 mdi 1 r.il,,, .v in it V- inN ‘ 1 “ ^ 

only inmiuiisiijr wuy, 1 

lloMOO,/. I.OMIO 0,1.1 1 1,0 / , ... , . 

zJiu\ Vr- 

Ml “ lVm[ n wli. M / * rn , M N , 4) j 

IkUiUunn uf thus ^vorp, 

to fhul{ T Ul ‘ 7 , lH ' h . V ° MrII! MII-I h , „ l5r . 

tmt lint oiiunl /j || (l ll ;A , , , 1 r 

^ 1,1 11 h Ih4 »«■ »•«*/, / j A «)SI 



Tiu;uu\' {II 4 MAItKH HI-* MITI.TIPU: TIIKTA- 1 4 UNCTIONS, !);*>!) 

Iiir IV. i m »/, nml fi.-ii vt’rs'l Tim }'iou|> h canimt chitlin nil Uni 
niurki< t’< mi i ■ it ii i Iti/mnl //, fm* limn /*!•// would lumi uh.-iohiinly 
"" •" •‘1’iuiin *ii willi ft, which in imji.ni*iil,||., J.H, (Itch 

If ho h ninth C.IIIIIIOII lu/ mill 1/ Iml in. I f,, A, iimi le|. /*< 1/ ,| 

.*/ I 'Un it it A in in ur In*/, «, uu.l hnflt un-nr in A, Iml, 
m.t hcciitiMi i, | »,.=•/ | ./, which in m.t A hy liypitf h<vii;i. 

It' ft ■ yt t i I /■/,, then n | A /! //, // | //,, ami (line* 

I f^j ,'/ I /f,. ‘ im|i|i»‘)»*t, Nnw ft in ihM, liccan.m' either 

f'h *«"' ll "* • "»' »»» U»c . iii |i j\ mi. | ^ th.r i nut . J Intro wo 
hitvn t In’ I' I'tjuat i* »n J, 

J " * u 1 u \ !( ,l I f ‘ " ■■*«, » i\ / I ft if I /•/„ 

^ I f J, ^ I - !'>„ t //, f i A i fi. t , 

l' ,,m U if “l*l" ! l ‘ !| "ii.-c I Iml / 1 A i t fur IV.. mi »/, an wan In 

It" J»l «!V r.|. 


l( IhIImws I Iml Mtirlmll *«| fln« f,{t.ntj.i which mo urar t* * f'ltio 
jtl ;«i tmnr In */. (Im mniij.li’lin'iitat V half (r.ilinl inj» f } A cttiii|i)n» 
inniifuiy to h) Un«i;5 hn limn We nhall itmv c.mni.h r nntnt 
*'!»' • ) v linn.' K'**M|n "hie 'h m.' in at hnth In /"and |.. 1/, 


We Itlnt ’IV. ' (lm( t v. n juitn M Urn jjionp A hi.. dhftiiticd hy 
1 >*": ih(' I he i nicTiiini tili. hem I w.i ih - 1 ^imn|>n f\ »f having 

in cnmitmn I lm l.iitiint,/., ‘I’l** ”<» mittka -.hall lie called n tree.'. 
jhtu' i.| A; inUlntM (In hi in t nitt-iiln-.l ill ft. Sun n e vet y » 1 . 

j* itt’ }*i v»- > 1 i>n (** a. ,?>•*■( hi i‘.m hmth'i 1 ..itihnm In ill.. I'm ^ 1, at 1 01 
tf mnl j I A, mm I rie#* ivr.wik tinnn me S # eti j .at tfij Kvery 
hint k * "iniinni In J ami */ eilher hi'hmfnt (>i a ct.-rev j»uir mi (m villa 
m A. Iloiov (hmo urn X\ , - ’J.V, ,, • math' 

f. if, A. 


?* (nmitn.it t«» 


Itf s t tf fiitui' tfi 'iMijint, 

If J ho mtnthej tt-ai' mnl A, it cnnlaiic-t t«m* math 

mnl him mity ..til nf »»Ve»y ti»«a.s j»aif cl A, ll it i|i.| n .4 c*»n(ain 
n tn f\ il itiiiAf ( ..Mam ./#, , mh* 1 th( h h-m ho fat fmmA; 

il if c.mlaim >1 Imlh n mnl h„ it mit .l e nttain imm* ».f th* ?m f M m*, 
wilh U»(« wmih icTisilt, Km the jutnth rea^-Mt h mini cnttlain nim 
mn) him to fly muI *♦! every ctofeei^tit' nfj, Heine of the mttrkit 


360 THEORY OF MARKS OF MULTIPLE THETA-FUNCTIONS. 


common to f g, there are N p _ 2 occurring neither in h nor j, ami 
occurring in each but not in the other. Thus 2 2J,_J — IVJ, 
are common to all four ; these are also common to g + h -|- k. 

The system . fghj is formed as follows. Given f and g 
near to one another, we find h near to both ♦ then it has iV ; ,_ 9 
cross-pairs and 2‘ 2p ~ i marks common withy and g, Lob a belong 
to one of the cross-pairs, and c be one of the common marks ; 
then a group formed to have ac for a cross-pair will bo near 
to A. For it will contain a 1 and a 3 separated from each other, 
and associated with marks which do not occur in h , Let j bo 
this group; we have seen that it has 2® p ~* - marks common 
with fglu 


Now let a be one of these common marks ; thou a group k 
formed to have ad for a cross-pair will be near to h and j. All 
those marks which are common to the cross-pairs of f and j 
will belong separately to the iVj,_ 2 cross-pairs of k For if pn | HS 
a cross-pair of h y and pr tho corresponding one of j , thou k 
cannot have the cross-pair qr } or it would be =f+ y + ] L + j 
which we do not suppose; hence it must have a cross-pair m. 
Then a must occur in the groups h and j. Consequently tho 
number of marks common to fghjk is 2 2<> - J - 2N Tlmmi 
ace also common to f+g + h +j, f+g+j+ k f-dg + h + k 

Ifj to near to/ and g and far from h, 1,1 ion of tho two marks 
y ci oss-pair of h it must contain neither or both, If it 

lTaZ a R 77 le ’ H ° a " n0t COnt " n “■ or “d therefore 

it is far from f+g, so that tho throo groups f+ „ /, J. 

from one another. b 1 J { ' l} J lU0 hit 


l mT, e „!” ay B0 ' V find tl1 ® gl ' 0Ups t0 whi <* ‘1‘roo Odd marks 
h m> n are common. If a he ti,™ . j . K8 

the groups a 7 / \ 1 eSGj 1H cannon to 

marks which to common to tho groups^ + rt+ )! . t ° ?* 


- 1 : ^ + n '} + $ + m 0 (l + n), 

= In + l'n + mil' + m'n + hi' -f- l‘ m , } 

= (^m + n)(n -m' + nr-ttt'+vm'+nn', 



THEORY OF MARKS OF MULTIPLE THETA-FUNCTIONS, SCI 

i.e, if Z -f m + n is oven, then there are iV p _ 1 marks common to 
the gioups l + 7H y l + ?i; and by adding l to each of those, wo 
obtain the A^_ t groups to which l, m, n are common, If how- 
evei l + in. + n is odd, there are 4i\ r p _ a marks common to the 
groups 1 4 - m, l + n, and consequently 4N }) _ 2 groups to which 
the three marks l, m, n are common. In the former case, no 
two of the N p _ t marks common to 1 4 - m, l + n are paired in 
either of them; let l-\-g } l + h be any two of these, then g + l i 
is not equal to l -j- to, or Z-fw, or m + n) hence l + g, 7 ii+g, 
n-\-g are different from l 4~ h, m + /t, n + h. Ohangiug'now the 
notation, let l v m lt n l be three odd ‘marks whose sum is even, 
and let 0, # a , g a ... g n) (n =N ]t _ t ) be the groups to which they are 
common. Also let g r — l 1 + l r = m l -{- m r = n, + n r ; then all the 
marks l } m, n are different. Moreover the three odd marks 
K> m n n r arG common to the groups l r -f l s) .=> m r -f m si 
~ n r + %• Those three marks are identical, because 

h + l r » m l + m r = n t -f n r) 

and Z, -f- l s — m i -f- m a ~ n 1 + n s > Hence l r -J- m r -f n r is even. 

All the groups to which three odd marks are common shall 
bo called a set. Then we have N v _ t sets 1 , 2, 3 ... , all contain- 
ing the group 0, and any two of them r, s having also in com- 
mon the group (rs) — l r -1- l a == etc. 

Consider now the case of throe odd marks Z, m, n, whoso 
sum is odd, and which are therefore common to diV 1J _ 2 groups. 
The marks common to 0, l -(- in, l+n arrange thomselves in 
sets of fours, pqrs, so that 

l + w =jp + q = r + l + n =* p + r = q -J- s. 

Hence the groups containing l , m, n arrange themselves in sets 
of fours, 
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|,«|, X Im aimdnT mark mnmmn In dm ^mupM ! •! w, l \ it, 

I | r, him! I»'t / I ni X I /t, l j n * X } a, l j- r > > X \- p ; limn 

\,ft, »»,/) I’nltll Nil'll lll’V Hllrll :!r|, If// i:t H JJJnUJI 

IIihj // | / ltfl>tii}»/i In llin j*r«tU]m / | in, I | n, l \ r, 1,1ml, ia, In 
ilit' j;ruH|i.i X I ft, X I i', X I /i. Tn liml llm j'lniijia //, llmu, wo. 
i i 1 1 i : 1 1 . | alvt' llin inarka }> In* It nij* in/* In llm |«rnii|n / | in, I !■ a, 
/ j r ami in 1 « l llmtn In /. Similarly, In liml dm j^ioiijia rntilaiu** 
iu-r X i /i ) t , ,/», \vn nmiit mill llm t uum inarka f> In X. Sii|i|mai< l.wn nf 
dn'in p, i] ai«’ aimli dial /» I t 7 I X. limn 1 1 1 in jjrnuji p \ l 
fnalaiii’i all I ini nit'lil. inarka /« m, u, v, X. ft, a, p. Sn aian will 1 1 m 

gi'Miiji p | X, 1 f | /, I- nr lliia, vro imml liavn p ! 7 / I X ; 

\vn liavn limn Inn' In liml llm nunilmr nf iniu ka mummn In llm 
linn |'i»»u|ti / I in, / I a, / ! r, I I X, Tim la.nl, in nmi-i'iiU” 
liniinmi In llm lit :<l linn* ; \vn kimw dial, 

l IX nt \ ft n } v r | p, 

lml »/ I h I L H, ami // - n t f i • A i i‘l • r | 7 , 

A 1 / j // -- /1 I ! a, k - u» A a I fi ; 

dli'U if »l I A l t* ia i 4 l, i* ntvupi ill llm i'l’nilji h\ il dmint'nrn 
Mt't ina miMtitn llm 4 A* liinika ftuummi In // ami A\ Tima llm 
nmi lv a in »/ am ramli dial dm mum t«| |\vi* Inmi lint rum** tfhml, 
H*tl jtiiiii il, ami nn*’ lml«*M}?i( , l* I" i ** • Irliml ia alwny.a nvrn, 

llmmn il wn lain* lv,*t nu|a»it< *1 utiidia »*, A, ami a lltinl a lint 
lml>tm*inj.,j In dm ^mn|t n j A, flmii n will lint. In4*«ii;' In llm 
j'ittiijt A ! i 1 , of*\ limy many tn«» mnilmm In dm ^t'*iu|H »/, 
ti | A, it | n i II it i t r«.|timttii I • * dmm, wo Jmvo 

*/ nf | »a - 1< 1 t A } fi — i* I 7, 

1/ | » it | A - • a 1 /.I, 1/ | (f - ♦/ I r u I 7, 

I'MiinimuIn //, n | A ai*t l,V r „ im Imiiiif,* nfnfi, 

.. ff, •< I i ? «, l-V r # 

Supjm'i** dial, 

»/ '-■! at 1 a — A 1 /I, - ' 1* l 7 • )f I A, ’ ■ f* I’ r / i */»« 

A n j /, ^ } /A 1 ./ • 7 4 A, r I- / r i </», 

A- it 1 /I a 1 k 1- 1‘ 1 A 7 4 »/, « 1; i 0 tt i f, 



I)(M< T1IK0UY OK MA1IKH OK MKI.TII'M: tjicta n sviniNo, 

a mark may ho divided in J’’ : ' wnyi into f *.v< > iMnilot, 

JV,, wayn into two odd ninth n 

Vll' I ^MV I j J M". » MV J, 

P'y t , J , WII Vfi info two I'Vl'ti ninth rmd • <oo!i'.pt,.nftv 

y v, ‘ "* waya info into mid .on) into ov* n mark. Tine. t v , t v mot I. ,/ 
Can !to tlividod in m 8 ' J wayn info A and /, t : .o fliM rh.-it : *i*<ujn 
nlmll liavn A' , nmvhn nnoiooii. 

I 4 

Tiiin in lint n/imo ntnnlior iH if’ wo vy.-io juinuH.d | u 
lint murk n to In* hmdo ooiimiini in tiny v«;n v.o 1 tK » d tt.on *.’ f * ;> 

of tin* |mii'rt in //, 


Tinm, j> ! Jtj wo limy divide ovriy nmik in v-n yn, m t d 
tliofoidro in HI way n, no tlml tin. e i.ImiII how; m \ kn 

common. 


Mvcry | tiijtloJ /Munition loot *)n y, vidovi; . t MV V;k |„„ 

nnniiltf *.!H 0 Tmiotioim. 

1 'iVOiy Ittti d ltittrlintit, liitvn I I't'in Vo^tio'i ait i iOhHOOi | 

tunny two vidmni annul r.l 0 into -hoim, 

llio tin o« fuiirhotiii n, if, ft liiivu t$ O'hi v..do* ; 3 to »Mit*to>oi, 
il’ f/y' | MS i (y } ff) {f, j //j I, 

or il' //A’ } //'A - I (mod* ’!), in Md.t uKo t to-. wdm ti. *t, /, 
annul fi /M'uuotinmr. 

Thin in hint ortho Innof i*n, !t , j A jt, jj" 

(.7 1 hi'j f A) j Uf i K'lUf i h 

htc f ~hk | k>f j k ?f | iff) sj it | _ 

(*/ I A I A) (if t fi | t. ) MS :/H‘ I, 

If howovor thin i|tmn% U >un, the iW„ inu • u..im h.we 
only •(' Horo vnlutit in foituiMMi. 


Hi\ /MunolimiM having* d r.umtOM *vi«oi h,e 

Il Ml If tint Hot inollldrfi ^ tf|«* It mtl u $| vdinov 

if ajijinarH llmt thoir »um mmn l» »>vhi It.-mw they * f,, 
nno or nmro of WohojV , 4 o 1 

IJwry . wnuwk i, my l„, . M „,,, „„„ 

Ilir "" ‘•iHisn-tll <™!.| iwirka; Urns ll,v i, mult i ..fwia i»« Imlii.;. i{ 
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m 'Ml > 00 ; ini'l 5iriMiJtllv thin in tin* iinnilmr nl‘ tint it inoluilin^ 

mi v }f i v < n Jinn k. 

Tin* mnuli’-'i «•! rnMn t n * • 1 n < 1 n t j» 0 mill in 100. ■ M, 20, Km 1 
!.i h. ji’Mi t tit 1 1 m ijj.Mtp (n) nit l!0 trimln of jiuum, inul 

mil) I fMivi t’ij'hf timOn mI mill nmi’lut t‘t u mt itul i 1 

n-f. 

it n, */. /» . <0 h. h\ O, f \ ;f hiivM i nch 0 zciuii in fnmntmt, 

thru! tile t r«*mi null to 0, i'/, h t tinli'M'i </ \ h -1 k 1 0* 

V, Ill'll rh*>M’ ill 1 ’ t M • I M ’ I'MKlIKMlI (Wclld), 

; Wi i»j ■ 1 = th*u lum, far, tt hi In he zciici lichntj* i Kj,f to llii't'o 
:.,t I c, Ill’ll iltl !u»lie l^ a , 'Ill'll 

o. ! i m t / i h ; n, / i n, l | i- f t» f l \ r, i I m 

HI. > ■ i < i :i t n'-J. ill.;.; ii I l.i? to lllimi i-.cln which ilH'hltle 0,. NnW 

/ \ mi \ ! i if i l I I 1 iii l ii | r ; 

r<-K!ri’’|tu in! ly thi s note? n>*! In* ll the tilted i-ii'to tll'O to ImVo 

I , M I t } ;i « "mtii'-D. t M til. . till, .. then, uiiy two run only 

II l,.i m t *‘Kiaic*itl ::iH> h 0 i it!'. \*i lo|l}J |i|mI to fhi k lltinl. 

J ,< i j /'!- fis j tn r . ij t u'; thin tho M’ht /inn, linn 

hnv. >to ft m i -o.ijo-'Ii *ou * |»t l[ tl uml ff,, 1‘W two j'JoUJN ff, h 

hi*%n £ os 0 r'-nm in i Miiau’>ii J the Intlri’ only when no two 

*>| thcni r*oii i* j».ih m *■ * t In t j,t i * *i 1 1 *. tc'l it»i\v h he n Hunk ot 
the fM - i itu i», ft-it thnf /» * * / I- u ’■"* if i I fl ■ * i) 17 . Then either 

tylf |t|M -at )«r 4lth >' Ht tl-«M» l' $»■»'} **»’, fHt JiJIi'fiO tt ' III , tin’ll 

oimI 7 f i Ml* ( u • - / i m I it, Um l I m | n in m»» 

n .-itiflv »■ » ' K, | hiit iftT-y in ii”t u not. .Shutinjj then flout 

tin, iM . i h-t the miill'i ..fir he It. II, /*, I’,/, a ; thon 

O l ) M, h / i <>. f — / 1 p, / / 1 »/. .7 / 1 »’ ; 

111, I# - - /, i *0, t Kl h ,,, »* 

A MV the of the /, on. M, p, </, » 4 l«uvo one f.mik tit Poutmoti 

hr-'jhh-it M f Ki-r |r t-t j 

/h * l l 7, 4 /h 1 '/ 4 - 

1/ — iO j tl, h i '*K '0 1 f'A 

u i- fh *- a i- rf, 
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e (« t + \a {V m 2 + K) = e i- 4«» - I • + 4) I 

= A <X> *0> 

5 («, + H, + 4®m »1+ 4®u + 40 
= e | - \a n - ^«, 9 - Ks “ »i “ «■ 1 ■ | ^ (ft, + 4 * «« + 4) I 

= e | — ^ft n - 4®ia — “ tq ~ ( u i i ^0 ■ 

These cases are included in the formula 

6 a p (it, + 47 ft n + aHs* «■ •+ 4w» + 4^0 

= e | - (p (^7, 48) | • #«+y, p +* ( M u « a )» 
where, in the suffixes, we must suppose 0 or 1 written for each 
number according as it is even or odd. 

In regard to the periods and quasi-periods of these 6, it is 
to he remarked that 9 1Q , 0 I>1 and 6 n have each the period ? ri 
for each argument, like 9 ; but that besides acquiring the ex- 
ponential factor, 6 K changes sign for addition of the quasi-period 
a n , a ni 0 01 for addition of'a M , a s9 , and 6 U for addition of either. 
On the other hand, 0 1O , 6 n , and 6 n resemble 6 in regard to tho 
cpiasi-periods, but change sign when u {> u 2 , or either of them 
is increased by i ri respectively. A general formula for these 
eases will be given presently. 

If we add both half-periods and half-quasi-periods to 
the arguments, we obtain nine new 0-series, which together 
with the preceding are all defined in the following formula : 

6 («, + \viri + 47 ct n + ^ 8 ct n , « a + Ifiiri -h 47% + 4 S %) 

~ e l - 0 ( 47 * 4 1 8) | %'■ % ( ~ )“ ttl +pn * e | </> (n, -|- 47, n 2 H- 4 S) | 

= H -■*>«% P)l^ 

Here each of the letters a, ft, 7, 8 stands for ei ther 0 or 1. 

This formula may be generalized into tho following, which 
contains the entire theory of the transformation of tho 6 into 
one another by addition of half-periods and half-quasi-periods 
to the arguments. 

C (»i + 4«™ + 47 «u + P%, % + + 47 a, „ - 1 - 4 8a n ) 

= e 1 4(«c + ft d) 7 n-<j> (4% 48) 1 9*+°’^ (n v ?q). 

Here a, ft, 7, 8 may be any whole numbers, and the affixes 
ind suffixes are to be understood as before. 



THE DOUBLE THETA-FUNCTIONS. 371 

Of the sixteen functions 0%, six ave odd functions of u„, 
namely those for which ac 4 bd is an odd number ; and these 
of course vanish for the values u t « 0, u t = 0. The other ten 
are even functions, and it is easy by means of the preceding 
formula) to assign for each the six pairs of values winch make 
it zero. Namely 

o* (i a7 ™ + iy a n *b iftTri + + | 8 a 22 ) = 0 , 

whenever ( a -b a) (c 4 7 ) 4 - (b + /3) (d 4 - 8 ) 

is an odd number. 


The Product-Theorem > 

If we multiply together term by term two 0-series with 
different arguments, we shall obtain a quadruply infinite series, 
the exponent in each term of it being the sum of the exponents 
in those terms of the 0-series from which it is derived. Thus 
we shall have 

6 («„ u a ) 6 (v v v 2 ) = 22e | 0 (m v w a ) | . XXe | f (n v n a ) | 

= XXXZe | <f) (m lt mj 4 f (n t , n, 2 ) |, 

whcro 

(f) (m v m 2 ) = m*a n -b 2 m t m 9 a l9 4* + 2/npq 4- 2 ;m # u„ 

'l / '( n i> n i) - n i\i + 2n i n a a ts + n 2 a n + Vi + 2? VV 
Now if we write 

m 2 + w 8 = 

wo shall have 

2 « + O = 4 q?, 2 (m 2 E -b O =p 2 2 + *, 

2 (mp?i 2 -b »,»,) -p s p a + <h<h> 

and therefore 
(j) (m,, m,) -b f (n L) n 2 ) 

« Up" + g, 2 ) a u + (Pi v * + a n + h(pf + r A 2 ) 

4 («, 4 y,) 4 g, (» t - «\) + ft ( w ' 2 + y 2 ) + ?« ( w » ~ u 2 ) 

“ liPi \ i + iWh* + iftX* + ill K + W i) + ih K .+ v a) 

4 J g, 2 a n 4 g,g 2 «, a 4 + ( h ( u \ ~ v 1) + & (“* ” ^ 

24—2 
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Similarly if 2V be even and p a , q i odd, we shall obtain 
®oi K + v i > «, b «*) ©01 ( u i ~ v i . V ~ 
and for all four numbers odd, 

©a K + v i > b %) ©a K “ V u 2 ~ *0- 

The product 6 (u l , it 2 ) } 8(v lt v^) is thus equal to the sum of 
those four products. To state the proposition with brevity and 
clearness, wo shall mention only one of the two variables in 
each case, omitting the suffix; thus 6(u) will stand for 6(u lt u^), 
and for ©(it, +v v w a btf 2 ). What we have proved, 

then, is that 

Ou.Ov = © (u b v) © (u — v) 

-I- © 10 (u -t- v) © 10 (u - v) 

-I- © Q1 (n + v) © 0l {»-«) 

-I- © lt (u-\-v) ©„ (u — v) 

» 2©„ fi (u + v) ©„ 4 (u - v). («> b - 0, 1). 

il’i'om this formula we may, by adding half-periods aud half- 
quusi -periods to tho arguments u, v, obtain an expression foi 
any such product as 0$ u . ff* v. The number of such distinct 
products is 130, including tho theorem just stated ; the general 
formula including thorn all will he subsequently examined. 
But tho case in which «, (3, 7, S = b, c, d admits of simple 
treatment and leads to some important consequences. 

Ifirst, let us adopt tho abbreviation 

0 U -I- ( ^j for 

0 (v b IjCLTTt b Jca,i b \da n> w 2 + '^ 7rl ' + , 

then wo may writo 

0 ^6 b ^l) “ e 1 “ (“ G> ^ ® cd 

0 (v b C ^iJ ” 6 1 “ ^ (i c » “ C ^ ^ ^ 
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extend this theorem so that for 0(v) we may write 0"* (u), To 
this end we proceed as follows. We liavo 

H“'C;) = eM,(k w I^W- 

therefore 

w (“ 3 = « I - -A (ho, Id) I PC («) - C (») #!• 

Again, 

% (it i « 'I' = e | J(ap -h &</) Tri | ©:; (» ± v -i- Jo, Jd), 

therefore 

0® w - v + ^ = c I K®^ + &?) ™ I • ( w - ® + Jc, a^)* 

By substitution of tliese values, the fluxion-theorem becomes 
when wo write in it u + ^ for «, 

■« I - ■/> do, id) | |C (») • 09(0) - 0(») 0C (») - C («) 9(0) 0<#>) 

- 2S (-r«* ©;: («+ • + Jo, Id) 88“ (« - V + Jo, id) 

(p, 2 = 0 , 1 ). 

But by the product-theorem wo lmvo also 
o\-<l>(ho,id)\<r:,(u)0(v) 

= s 8“ (m -I- v -I- In, id) e“ («-« + Jo, id). 

Moreover 

29 . aw (a - v -l- 1 o, hi) 

= fl *« (29©^ (« ~v+ Jo, £d) -I- ©;; (« - 1 ) -I- Jo, Jd) 9</>)» 
therefore finally 

o I - M> a-o, id) | (C » • Mo - Ov . MS «) 

= 22 (-)“'**> ©“ (u -I- v + Jo, Id) 0 . e>* 0“ (« - 1) + Jo, Jd). 
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d(l S ) d f„ in, ' * x 

= » f p (Pi-,v?) - 1 - 2 / 

~vf p pj\-wj p ;l\p., 

= (1 — ft 2 — t) 2 ) u -[- - mV - ftV — #V, 

and from these the other six: may ho written down by symmetry. 

Now lot the moving axes be taken to ho the principal axes 
of tho body. Thou all the products of inertia vanish, and wo 
have 


M = (l H H- b'j -I- cVc + a { (1 - a 2 ) u + (1 - ft 9 ) v -h (1 ~ c a ) w } 


j £.(«*). o 
J rf< u> 


<a/ a ) 

dt 

d (P) 

dl 


= (l-i'-o >, e =(l-c’-d , )*>, -jp «=(1 -a‘-V)w. 


Now by differentiating tho coefficients of a and mi in tho 
value of ilf on page 1180, wo ibid 

(YaV + ft 9 y -l-r/V -f n*» - »»*«») = 0, 


di" {(1 — fl- 9 ) • ^ — y s w — « 9 y -I- mV} = 0, 

that is to say 

0 — a 9 tb -|- (ft 8 ~ a 8 ) yz -I- (a 9 — c 9 ) yz + ( 1 — a 3 — ft 9 ) v w ~ (1 — c? — a 8 ) vw 
» (Pit -I- (ft 9 - o 9 ) (yz - wp), 

and 

0 = (|~ ft 2 ) ri — (ft 2 — a?. 9 ) «?; — (a 9 - c 9 ) yw — (1 — a 2 — ft 2 ) yw 

-h (1 — c s — (d) zv 

~ (1 — (i 1 ) u -I- (I - at - ft 8 ) (zv - y w). 

These equations tako tho placo of KuIcv’h. 
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I'Vom llu'ju* in lln* lin<( |ilmv t 

| I c u ,-;' (t> J c'),rrn' I (< J <r) yum | (n* • l> J ) ;un\ 

(I • i n't | (I /T‘) . ci> | (| r 3 

* (' • I I I* I r 5 ) {.»!’ yj t‘u) 

I (• * I | t' v | ri a ) \ . i rir - :nv ) 

•I' ( I I <l u | It 1 ) (iftrn .1 r//*) 

; ; (r u > • /)“) ;n<ir | (<t u ■ < 3 ) yum | (/« s ti 3 } t?r ; 

• I /»“//// | ' } ( I - - ti v ). »nt | (I /<‘) , rr |(l - r‘j . })'}!> 0, 

wlmmv nV -I - nit'. I (l ■ </ c j . u* I rlr. • ;! “/*, iln> >>< 

I'nnr/ry. 
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[FTJBTIIEtt, NOTE OH BIQUATERHIONS.] 

I 

T. 

'I’ll M two expressions "twice three are six” and "six is the 
product of two and three ” represent two different views of mul- 
tiplication, although they are written down by the same short- 
hand formula 

2x3 = 0. 

Accordingly they give two different interpretations of this 
formula. 

In tho lust interpretation 3 is a concrete number of tilings, 
Hay tlii’oo marbles, while 2 is not a number but an operation, 
namely the operation of doubling; and we may read the equa- 
tion u doubling three marbles makes six marbles,” 

Tho second interpretation regards 2 and 3 as abstract num- 
bora, and affirms tho existence of a third number 6 having a 
definite relation to them which it is convenient to study, this 
third number so rotated being called their product; and various 
meanings given to the numbers 2 and 3 may lead to various 
concrete interpretations of the formula. Each of these views of 
multiplication may bo extended to other things besides numbers; 
I propose at present to oonsider certain extensions of the first 
view. 

In this wo have regarded 2 as a symbol of operation, 3 as a 
eoncroto number, and 6 as a concrete number. But we may 
also regard all throe symbols as symbols of operation, and so 
road tho formula " doubling the triple of anything makes the 
(!IYU*V 25 
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a vector turns it counter-clockwise through a right angle, so 
that I . OA ~ OA', and if 

_ OM . __ MB 
OA ,b ~ OA" 

a and b being ratios of vectors in a line as just previously 
defined, then 

OB-OM+MB-a. OA + b. OA = (a + bl) OA, 
and it is clear that P = — 1. Thus every expression of the 
form a 4- bl is the ratio of two vectors. 

Every vector in the plane may he represented by 
a . OA 4- b , OA' by giving* to a and b proper values. For 
shortness wo may write OA=j, OA ' — h ; then Ij = k, Ik = —j, 
and we shall havo 

(a -h bl ) (cj 4- die) = (cig — bd)j 4- (ad 4 be) k 

In this way wo may havo to consider two classes of expres- 
sions, those in which the last symbol in every product is a 
vector, and all the others are ratios of vectors; and those in 
which all the symbols represent ratios of vectors. But, observ- 
ing that 

cj 4- die ~ (o 4* dl) j ; 

wo may make the useful convention that / is, if convenient, to 
bo understood as written after every term ; so that the complex 
symbol o 4- dl will now mean either a ratio of two vectors as 
above, or the vector cj + die. And then every expression will 
havo a double meaning as before, and we shall have only one 
kind to deal with. 

This artifice amounts to taking a definite vector as the unit, 
and representing' all others by means of their ratios to the unit, 
Tho success of the artifice depends on the fact that the product 
of two such ratios is another ratio of the same kind. 

Passing now to vectors in space, we shall find again that 
the operation which makes one into another is of the form 
a + bQ> where Q turns through a right angle in the plane of the 
two vectors. It will not, therefore, operate on any vector out of 
that plane; and the variety of these operators Q is tbe same as 
the variety of planes, or is doubly infinite. We may represent Q 
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a vector turns it counter-clockwise through a right angle, so 
that I . OA — OA', and if 

_ OM _ MB 
a OA ’ “ OA” 

a and b being ratios of vectors in a line as just previously 
defined, then 

OB “ OM 4 MS ~ ci . OA 4 b . OA 1 — {cl 4 bl) 0A } 
and it is clear’ that J a = — 1 , Thus every expression of the 
form a 4 bl is the ratio of two vectors. 

Every vector in the plane may be represented by 
a . OA 4- 6 . OA' by giving to a and b proper values. For 
shortness we may write OA —j, OA' = 1c ; then Ij = k, Be — —j, 
and we shall have 

(a 4 - b.I) (cj 4 dk) — (ac - Id) j 4 (ad 4 be) k 

In this way wo may have to consider two classes of expres- 
sions, those in which the last symbol in every product is a 
vector, and all the others are ratios of vectors; and those in 
which all tho symbols represent ratios of vectors. But, observ- 
ing that 

cj 4 dk — (c 4 dl) j ; 

wo may make tbe useful convention that j is, if convenient, to 
be understood as written after every term ; so that the complex 
symbol c 4 dl will now mean either a ratio of two vectors as 
above, or the vector cj 4 dk And then every expression will 
have a double meaning as before, and we shall have only one 
kind to deal with. 

This artifice amounts to taking a definite vector as the unit, 
and representing all others by means of their ratios to the unit. 
Tho success of the artifice depends on the fact that the pioduct 
of two such ratios is another ratio of the same kind. 

Passing now to vectors in space, we shall find again that 
tho operation which makes one into another is of the form 
a 4 b Q, where Q turns through a right angle in the plane of the 
two vectors. It will not, therefore, operate on any vector out of 
that plane; and the variety of these operators Q is the same as 
tho variety of planes, or is doubly infinite. We may represent Q 

25—2 
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as a sort of handle or axis of unit length perpendicular to the 
plane ; and the compound operation bQ , which turns through a 
right angle and increases in the ratio 1 : b, may be represented 
by an axis of length b. This being so, let Q, R be two such 
compound operations ; there is one vector a on which they 
will both operate, namely, the intersection of their planes. It 
is found that Qa 4- Ra is a vector at right angles to a, and that 
if S is the rectangular versor which converts a into Qa 4- Ra, so 
that Sol = Qa + Ra, then the axis of S is got by adding the axes 
of Q and R as if they were vectors. So we write S = Q+ R, 
and we have the equation 

( Q -}■ R) a — Qa 4- Ra» 

By the law of formation of Q 4- R it is clear that 
P + {Q + R) = (P + Q) + R = (P+ R) + Q = etc., 

this being a reetaugular versor whose axis is the vector-sum of 
the axes of P, Q , R. Accordingly it is called P 4- Q + R 
although the equation 

(P 4- Q 4- R) a ~ Pa + Qa + Ra 

does not admit of interpretation in general, because there is 
no vector a which is capable of being operated on by P, Q, 
and R . 

Thus every rectangular versor may he represented by the 
form xl+yj+ zK, where IJK are the three rectangular versors 
whose axes are the unit-vectors ijk. And we have two kinds 
of complex quantities to consider; vectors , of the form 
p — ai 4- bj 4- ck, and quaternions, of the form q=w-\~ xl+yJ + jz1C. 
The product of any number of quaternions is itself a quaternion, 
the units IJK being multiplied by the rules 

IJ = K~~JI, KI = J~- IK, JK ~ I ~ — KJ, 

But wo cannot multiply a vector by a quaternion in general j 
qp will only have a meaning if p is perpendicular to the axis of 
q, or, which is the same thing, if ax 4- by 4-c# = 0, And even 
then, although we have the formulae 

Ij = & = - Ji t Ki = j = _ Jk, JJc = i = - Kj, 
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wo cannot find the value of qp by direct multiplication, for the 
symbols Ii, Jj, Kh are unmeaning. If, however, we assume 
that they have the same value, the result of direct multiplica- 
tion will come out right whenever qp is interpretable. 

The artifice, by which in the geometry of two dimensions 
the two kinds of complex quantities were reduced to one, is not 
applicable here. For although we may write 

ai 4- bj -\-ck — (a + IK — cJ) i, 


and so represent every vector by its ratio to the unit i, yet it 
no longer remains true that the product of two such ratios is 
another ratio of the same sort. But we may attain the desired 
reduction by a simpler method ; viz., by using the symbols ijk 
in a double sense, as vectors and as versors. Thus in the pro- 
duct qp, if p be regarded as a rectangular -versor, the true value 
may bo obtained by direct multiplication 

(w 4- xi + yj + zk) {ai + bj + ok), 


the ijk now standing for what was denoted by IJK. In certain 
cases , namely, when ax + by + cz — 0, the expression may have 
another meaning, and ai + bj+ ck may be regarded as a vector. 
Hero the first i being a versor and the second a vector, the assump- 
tion ii - - 1 is unmeaning, but it is without effect on the result. 
Similarly an expression pqp is always interpretable if all the 
symbols are regarded as operations on vectors ; it is sometimes 
interpretable when p is regarded as a vector, namely, when it is 
perpendicular to the axis of (pq), provided we make the formal 
assumption that 1 just as in the other interpre- 
tation. , 

Observe that the artifice by which one symbol is made to 
do duty for two meanings is the same in quaternions, wine i 
deal with three dimensions, and in scalars, which deal with one 
dimension. Namely, the signs + and which are originally 
\n\it-veetors, indicating the direction of a step forward oi back- 
ward, receive the additional meaning of versors, retaining or 
reversing the direction of a vector ; just as the symbols ijk mean 
vectors originally, and afterwards are made to mean veisois too. 
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as a sort of handle or axis of unit length perpendicular to the 
plane ; and the compound operation bQ, which turns through a 
right angle and increases in the ratio 1 : b, may be represented 
by an axis of length b. This being so, let Q, R bo two such 
compound operations ; there is one vector a on which they 
will both operate, namely, the intersection of their pianos. It 
is found that Q'jl 4- Iia is a vector at right angles to a, and that 
if 8 is the rectangular versor which converts a into Qa + lia, so 
that 8a = Qa + Ra, then the axis of 8 is got by adding the axes 
of Q and R as if they were vectors. So wo write 8 — Q-\- 11, 
and we have the equation 

(Q -b R) a = Qa -b Ra. 

By the law of formation of Q + R it is clear that 
P + (Q + R) = (P + Q)+R~(P+R) + Q = ctc. } 
this being a rectangular versor whose axis is the voctor-suni of 
tile axes of P, Q, R, Accordingly it is called P + Q -l- H I 
although the equation 

(P + Q + R) a = Pa + Qa + Ru 

does not admit of interpretation in general, because tlicro is 
no vector a which is capable of being operated on by P, Q> 
and R . 

Thus every rectangular versor may bo represented by tho 
form xl+yj + zK, where IJK are the throe rectangular voraors 
whose axes are the unit-vectors ijk. And wo havo two kinds 
of complex quantities to consider; vectors , of the form 
p-ai + bj + cJc, and quaternions , of tho form q—w- b (cl -VyJ '+ zK. 
The product of any number of quaternions is itsolf a quaternion, 
the units IJK being multiplied by the rules 

IJ~K=— JI, KI = J—~ IK, JK — I—- KJ, 

But we cannot multiply a vector by a quaternion in general ; 
qp will only have a meaning if p is perpendicular to tho axis of 
q, or, which is the same thing, if a& + by \cz~ 0. And oven 
then, although we have the formula! 

Ij = k~- Ji t Ki = j = — JJc, Jh = i = ~ Kj, 
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we cannot find the value of qp by direct multiplication, for the 
symbols li, Jj, Kk are unmeaning. If, however, we assume 
that they have the same value, the result of direct multiplica- 
tion will come out right whenever qp is intorpretable. 

The artifice, by which in the geometry of two dimensions 
the two kinds of complex quantities were reduced to one, is not 
applicable here. For although we may write 

ai 4 - hj + oh — (a + bK — cJ ) i, 

and so represent every vector by its ratio to the unit i, yet it 
no longer remains true that tlio product of two such ratios is 
another ratio of the same sort. But we may attain the desired 
reduction by a simpler method ; viz., by using the symbols ijk 
in a double sense, as vectors and as versors. Thus in tho pro- 
duct qp, if p be regarded as a rectangular -vorsor, the true value 
may be obtained by direct multiplication 

(w -{- xi 4 yj 4 zh) {ai + bj + oh), 

the ijk now standing for what was denoted by IJK, In certain 
cctses, namely, when ax -\- by 4* oz = 0, the expression may have 
another meaning, and ai 4- bj 4- oh may bo regarded as a vector. 
Here the first i being a versor and the second a vector, the assump- 
tion ii as — 1 is unmeaning, but it is without effect on the result. 
Similarly an expression pqp is always intorpretable if all the 
symbols are regarded as operations on vectors j it is sometimes 
interpretable when p is regarded as a vector, namely, when it is 
perpendicular to tho axis of (pg), provided we make tho formal 
assumption that i 2 = j 2 = h 2 — 1 just as in the other intcrpie- 

tation. 

Observe that tho artifice by which one symbol is made to 
do duty for two meanings is the same in quaternions, which 
deal with three dimensions, and in scalars, which deal with one 
dimension. Namely, the signs + and — , which are originally 
unit-vectors, indicating the direction of a step forward or back- 
ward, receive the additional meaning of versors, retaining or 
reversing the direction of a vector ; just as tho symbols ijk mean 
vectors originally, and afterwards are made to mean versors too. 
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as a sort of handle or axis of unit length perpendicular to the 
plane ; and the compound operation bQ, winch turns through a 
right angle and increases in the ratio 1 : b, may he represented 
by an axis of length b. This being so, lot Q , R he two such 
compound operations; there is one vector a on which they 
will both operate, namely, the intersection of their pianos. It 
is found that Qu + Ra is a vector at right angles to a, and that 
if# is the rectangular versor which converts a into Qa + II* t so 
that 8a = Qa+ Ra, then the axis of 8 is got by adding the axes 
of Q and R as if they were vectors. So we write 8 ~ Q + 11, 
and we have the equation 

(Q + R) a - Qa + Ra. 

By the law of formation of Q + R it is clear that 
P + (Q + P) = (P + Q) + R = ( P+ R) + Q ~ otc., 

this being a rectangular versor whose axis is the vector-sum of 
the axes of P, Q, R. Accordingly it is called V 4- Q -\- R, ; 
although the equation 

(P + Q -j- R) a = Pa + Qa -j- Ra 

does not admit of interpretation in general, because them is 
no vector a which is capable of being operated on by 1\ Q t 
and R. 

Thus every rectangular versor may bo represented by tins 
form ml+yj +zIC, where IJI{ are the three rectangular vorsors 
whose axes are the unit-vectors yk And wo liavo two hinds 
of complex quantities to consider; vectors, of the form 
p = ai + bj -f* ck, and quaternions , of the form q-w-\- ml- 1- yJ-\-zK, 
The product of any number of quaternions is itself a quatornion, 
the units IJK being multiplied by the rules 

IJ = K= — KI = J~~ IK, JK = I- — KJ, 
/W 2 ==A 2 = --1. 

But we cannot multiply a vector by a quatornion in general ; 
qp will only have a meaning if p is perpendicular to the axis of 
q, or, which is the same thing, if am + by -f C£ = 0. And oven 
then, although we have the formula) 

Jj =/ c = _ ft _ Th> Jk=si M 
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Z:Z°\n a rtr Uui 4f «> ^ direct multiplication, for the 
,»v hi ^ uumeaui, 'S- ». however, we assume 

at they have the same value, the result of direct multiplica- 
tion will come out right whenever tjp is iutorpretablc. 

The artifice by which in the geometry of two dimensions 
the two kinds of complex quantities were reduced to one, is not 
applicable here. For although we may write 


at 4- hj 4 - clc ~ (a 4- bK — c-J) ?* 

and so represent every vector by its ratio to the unit i, yet it 
110 loil 8' eL ' remams true that the product of two such ratios is 
another ratio of the same sort. But we may attain the desired 
reduction by a simpler method ; viz., by using the symbols ijk 
in a double sense, as vectors and as versors. Thus in the pro- 
duct qp, if p be regarded as a rectangular versor, the true value 
may bo obtained by direct multiplication 


(w + ccz -f yj + zk) (ai + bj+ ck), 

the ijk now standing for what was denoted by IJK \ In certain 
cases, namely, when ax -H by + cz — Q, the expression may have 
another meaning, and ci/i 4~ bj-\-ck may . be regarded as a vector. 
.Here the first i being a versor and the second a vector, the assump- 
tion %i — — 1 is "unmeaning, but it is without effect on the result. 
Similarly an expression j) qp is always interpretable if all the 
symbols aro regarded as operations on vectors ; it is sometimes 
interpro table when p is regarded as a vector, namely, when it is 
perpendicular to the axis of (pq), provided we make the formal 
assumption that i 2 ~j 2 = jfc 3 = — 1 just as in the other interpre- 
tation. 

Observe that the artifice by which one symbol is made to 
do duty for two meanings is the same in quaternions, which 
deal with three dimensions, and in scalars, which deal with one 
dimension. Namely, tlae signs 4- and — , which are originally 
unit-vectors, indicating "tlie direction of a step forward or back- 
ward, receive the additional meaning of vevsors , retaining or 
reversing the direction of a vector ; just as the symbols ijk mean 
vectors originally, and afterwards are made to mean versors too. 
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But in complex numbers, which deal with two dimensions, the 
artifice is essentially different; and that which, by a convenient 
inaccuracy, may be called the product of two vectors , has very 
different geometrical relations to its components. It will ho 
shewn further on that all geometric algebras dealing with an 
odd number of dimensions resemble scalars and quaternions in 
this respect ; while those dealing with uneven number of dimen- 
sions resemble complex numbers. 


It is clear that the versors IJK may be represented oil great 
circles of a sphere whose centre is the origin \ and if these bo 
regarded as steps on' the surface of the sphere, it will be found 
that the consideration of their ratios leads to the whole theory 
of quaternions. In this interpretation vectors can only ho 
represented by points on the sphere supposed to have definite 
weights attached to them, proportional to the length of the 
corresponding vectors. Here then we have the gomnolrio 
algebra of three dimensions interpreted by means of a space of 
two dimensions which has constant positive curvature, namely 
the surface of a sphere. 


In the same way we may interpret the algebra of a space of 
four dimensions, which cannot he imaged, by means of a space of 
three dimensions having constant positive curvature, of which 
a clear mental picture may be formed. 

Consider any vertical line, and a series of horizontal planes 
cu mg it at right angles. In ordinary or Euclidian geometry 
these p anes intersect on the Won, which is a straight line 
in mtely distant. In the geometry of a space of constant 
1 ositive curvature, or elliptic geometry, tho horizon is at it 
cm am finite distance in all directions from the vertical lino 

whw.l'™ d n 7 G 8terted; lfc bolou 6 s t0 that particular lino, 
lini ' law!' tS .. 1Mfe * and is not «>» same for all vortical 
frl ,r f ltappe ” s t0 be a S‘«t circle wl.on viewed 

Xxt" e,S r b0m ''T d ° f HS ^ if wo ™re to gl Xt 

. examine it we should find it straight. Points of it which 

idenheT 081 ! 6 d “' e ° tions from a Point on the polar nro realll 

in beilg of finite k y itt tlliss P“o Xmhlos a eirc o 

it In ength ' 80 tiat if we travel far enough along 
U We blml1 amv ° “ our “‘“ting point. Every st^ghU o 
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has a polar lino, which is the intersection of all pianos at right 
angles to it. 

Lot us take a very small circle on a sphere, and suppose it 
to expand, keeping always the same centre. At the beginning 
tho circle will be concavo insido and convex outside j bnt when 
the expansion has gone on far enough it will become a great 
circle of the sphere, which is of the sumo shape on both sides, 
or is straif/ht so far as the surface of the sphevo is concerned. So 
if in Euclidian space v r o take a sphere and suppose it to expand, 
keeping always the same centre, it will continue to ho concavo 
inside and convex outside so long as it is Unite ; hut when tho 
radius has become inhnito, tho insido in one direction is tho 
same as the outside in the opposite direction, opposito points 
being identical ; thus the sphere is of tho sauio shape on both 
sides, or is a piano, viz., the plane at infinity, In elliptic space, 
just as in geometry on the surfnoo of a sphere, this takes plane 
for a finite length of the radius, not for an infinite length ; for 
every point there is a sphere having its centre at that point, 
which is also n piano. Or, which is the same thing, every 
point has a polar plane which is tho locus of all points situate 
at a certain distance from it; this distance is called a quadrant. 
Ho also ovory plane has a certain point, called its pole , which is 
distant a quadrant from every point in tho plane. All linos and 
planes perpendicular to the piano pass through its polo, and 
conversely. The polar lines of all lines in the piano pass through 
its polo, and ho do tho polar planes of all points in tho plane, 

Whou two lines arc polars of one another, ovory point of one 
is distant a quadrant from every point of the other; lumen the 
polar pianos of nil points on one pass through tho other, hi very 
lino which is at right angles to one meets the other, and 
conversely. 

In the Proceedings of tho London Mathematical tLociclg, 

| Vbl. IV. p. 381— 395*] I have given a sketch of a goomotrio 
algebra adapted to this elliptic geometry of space, which I 
have there called Biquatemions. 

In tho interpretation of quaternions on tho surfaco of a 
sphoro, roctaiigular vorsors are represented by quadrants of 

* [XX. supra.] 
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wo regard each rotor as representing rotation about its axis, 
each of those rotations is equivalent to a translation along the 
other axis. Tims rotation about a vertical lino is translation 
along the horizon, and vice versa. Honce tho resultant of tlie 
two rotations may bo regarded as a screw motion about either of 
the axes. As this describes tho most general motion of a rigid 
body, I liavo proposed to call the quantity which represents it a 
motor, AVo shall say thon that tho sum of two rotors which do 
not moot is a motor, and that every motor has two axes which 
are polars of one another. 

This being so, lot tliroo pianos at right angles ho drawn 
through a point 0, and lot unit rotors along their intersections 
bo denoted by ijk . Then any rotor through tho point 0 is 
denoted by ai -\- bj -I- oh. Tho ratio of two such rotors is a 
quantity of tho form w + di + yj -1- zh, if wo lot ijk mean also 
rectangular versors whose axes are Lite rotors ijk. In fact 
wo aro merely applying the results of quaternions to vectors 
passing through a fixed point and their ratios. 

.hot now to bo the oporfttion which converts any rotor into 
an equal rotor along the polar lino of its axis. Then coi, op, a>k 
[lig. 55] will bo rotors along tho linos of intersection of tho polar 
piano of 0 with tho tliroo rectangular pianos through 0, And 
since (as it is easy to see) any rotor may bo resolved into two,ono 
passing through 0, and tho .other lying in tho piano l 1 QH, 
whereof tho former is compounded of ijk, and tho lattor of 
<oi, <oj, fo/if, it follows that tho expression for tho sum of any 
number of rotors (i.o. for a motor) is of tho form 

ai bj *1- oh + m (ft -b (jj b hh) — « + o>/3, say. 

Suppose now that tho versors ijk aro allowed to opernto, 
not only on rotors through 0 which moot their axes, but on 
any rotors which moot thorn at rigid anglos. Thon wo shall 
liavo 

i (mj) « iok = toij j j (ciilc) = ai « tojk j k (a>i) = o>j « caki } 
which equations show that to is commutative with tho symbols 

i j, h. 

Moroovor, if o) turns a rectangular vorsor into a similar 
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*NOTES ON BI QUATERNIONS *. 


1. Axes of motor a-t-co/?, or 

If /4 bo an axis of a motor, fclio motor is a multiple of tho 
rotor fi together with a multiple of tho polar rotor <a/i, Thus 
wo may write 

|fy + ?;5 ~ ( k + cole) fx, 

Operating by £, y, wo iiavo 

£ ' 7 ~ (A + k) £>, 

y& ~ (h — k) i)fi > 

whence u = JtL. 4 . V^. 

* h-vk Vt-AN 


IIius wo have an iiulotorminato roprosentatiou of any motor as 
tho sum of two polar motors. .But if fjc, is a votov, wo iiavo 

Ty n 

h -\- k h '-h 1 


whence 

h Ty + TS 


l~Ty~n> 

so that 

/< = £.yy-H,,Z7S, 

and 

<*>//■ = £ * Uy — v • Z7S. 

But the 

component rotors along' tho axes aro 


(Ty±n) (g.Uy±y, US). 


Nor tho sum of theso is easily soon to bo equal to tho original 
motor £y -f- ?;§, 


* [Those “Notes” woro apparently written when Prof. Clifford was in tho 
enjoyment of vigorous health, mul occupy three pages of MS. pinned together. 
They are, I should say, intended to ho supplementary to liis London Mathe- 
matical Society paper, XX, supra.] 
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IHOl'i A 1 1 ; a 1 1 ■ 1 1 .l/iiji/f'tv ih’ ivpiV .'iia/iT frs i lyiiiinfift'i inititlinti i int, 

Min’o, Mi 1 tit. nut 1 li';< i i<i, intuit, 

I IHi7 Milltitnii liiiyiji-t iilt i-it'lu }' 

\ Kill (iulKiM. 

I ":t I IViHtwIi, lUn'Iriiu' i;f in ,4 /;/■'/>> n . 

I A III lIlOlllUiMI, MJli 

I" 1 1 I liii" >iimnii, Limnlr Aii'iiU'/iuuii’i^ic hiv, 

I It If* I ‘nil 1 1 Vriliilll, Mnilijitimtiutt » f rtvfnirf, 

l"Ut K ii Ji tin i II . J'hn/ualrt Jli'imt nrnf //mrimM l , ntiliu m t*, 

Cnut'liy, >lM)iii/Nin. 

t illtimlUIUHl, 

I "lit ivili-i', Li firin’ .(ssi’ifilfn i* .(/i/i'fiit, 

In Hi" Him v* • ntii»> I 'iiltiulii't it |<itiia hi iijutciHiM liy u fliimplux miinlirt.' 

wlili'h i« h I it uni »',vv>t!y i«f nyiuhiilu tin’ll it’pii c* nlinj{ a |nitnl; tlm <>o* 

Hll<|»u(i mi* i v», lly irjfitiilliii' iih ilin itiilinaty it^y mlxii fur a linn 
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THE CLASSIFICATION OF GEOMETRIC ALGEBRAS. 


when i is regarded ns a vector (not a vorsor). For thoso purposes it does not 
matter whether it is pnt= - 1 or+1. 

I propose here to extend this assumption to tho Grassmann representation. in 
general: i.e., I take n units q mwh that t, 3 =+l, and t r i,— ~ i,t f . All 
products of linear factors must therefore contain either terms of odd order only, 
or terms of even order only. There can ho no term of higher orclor than tho 
and the whole numbor of terms is 2'* as with Grassmann; i.o. in both canon 
wo have a linear nssooiativo algebra of 2 !l units, but tbo Gmssmann algebra 
is nilpotent, and only homogeneous forms occur; whilo iliis is idmpoUmt, and 
admits of odd forms and even forms, which aro not in general homogeneous, 
It is convenient to use selective symbols V 0 , V v ..V n analogous to Humilton’ft 
S and V, lor picking out thoso parts of any expression which aro of order 0, 
respectively. 

Tho Quaternion symbols satisfy tho ofiuation r}U= ~ 1, and this together 
with tho assumption p 3 = scalar gives all tho laws of their multiplication. If 
we put w=i 1 t 3 ...i„, this moans that in tho caso n - 8 wo may lulco w to ho a 
scalar. There is hero a very important distinction hetweou tho cases n odd 
and n even ; in tho former ease w is commutative with tho symbols t, or m.-hm, 
in tho latter case - no. Henco when n is odd w nets an a sonlav, when n 
is oven it acts as a vcotor. In putting «=to a scalar in tho former ease wo 
aro conveniently representing two different things by fcho samo syinhols, hecaiiso 
they havo the samo laws of combination. Wo tints roduco thn algebra to 3»-t 
units when n is odd. When n is even tho symbol « is of ovon order. In all 
cases we may if wo liko consider separately tho ovon units and the -odd units ; 
the former make an algebra by themsolvos, and by restricting ourselves to them! 
we get the same result as by putting * 1. Tims, n ----- 8, tho ovon algebra gives 
quaternions at once. When n is ovon wo may Htill further simplify; for tho 
symbol « belongs to tho oven algebra, and this consists of 2"~ 3 tonns (i.o. the oven 
terms up to order n-2 and half of these) together with tho products of Uipho 
terms by «, which is commutativo with thorn. Thus «=,(, tl,o oven algebra 
gives biquatemions, and tho gonoml expression is q-\. «r wliovo q t y am quater- 
mons. For n odd, we may represent tho odd algobra by tfio ovon ab-nhm • this 
amounts to making <o~ ± 1, 1 ' 


The extensive quantities of Grassmann, which Hnnkol has 
catted alternate numbers, namely symbols which havo tho 
property of polar multiplication ab = -ba -„n<l whoso »q lmm 
vanishes, a = 0 serve to conveniently represent tho projective 
geometry of n dimensions. In piano gcomotry, for example, 
lot the symbols s„ i v represent throo points; then 

a ~ a 1 t 1 + ry 8 -|- a a i 0 

will represent a point which is tho centra of inertia of masses 
" “» plliced at tlle fundamental points rospoctivoly. If tho 



tiii: cr.AsMii'rcATioN or ukumktiuc amikiihah. ,'!!)«) 

I »r« " 1 m l ?< ij r t^ s 1 m * taken In nmun llm 1 itmn joining 1,1m 

III in In I nl |itiinl<i, I lii’ii Him jmnlni’ 1 , 

f.y, i u jV | ,i (fj) ) | h Ja | /#/.,) 

( ,/ A "A 1 'A I (":/*, -'«,/*„) Vl I- ("A^ "A) V-J 

it ’i n* ’fii ’lit ’i tlm linn jiiintii}’- llm jininlH a, />; fur tlm euellirmiifa 
h| llm liiimi y jn mlin ’1 a ... urn rlenily llm niellieienU in llm 
ri|im!i"h i»l Hint liim lelrum! lu llm rum I imikmi t u .1 ( nuiij.>'li‘. 

In like mnmmr llm I t’liimy jnniliml, 

,,ftr : f ",* <»., 


ia |n m|iui I iniml l * * llm mimhhI llm h iunele u(n\ mill vmiialma wlmn 
Hm tin ei* I ■> >i 1 4 1 , nin i a 1 1 1 1 1 mn i', Alul .‘in mi. 

Tim i'l i|untt'i iiinmi tlillWa front lliia, iiriil in llml, llm 

■ s ■ 1 1 1 tt t « ' *i nl llm imil'i, hmleuil i*l Imiiij;’ '/.riti, im* mink* uijiuil 
hi I ; nn*l II. i-omll V in Hint, llm lerimrv jirnilm l, i % i t n in 
niinli’ i i|*ml i * * 1 . Tim inln jm-lul inn in ul Hm namo linm 

nxl mult 'I !>• l In i’l" iliiimiiniini.n, Init willi f his real riel imi j llml, 
v.lmiriin llm nlleumli* illiili ir|ni';ii»iil. tut if linen |minla in u 
an* I llm hv .t • ■in ilinln piimiuily willi junjiuH ivn mlnlmmi, 
I hmiilt’iiiinii nnifu lejire: mil Hum veelniu ul. rij’ltl itn^lra, itmi 
llm r*vnlvui in Hm iiiihtl.il la)i[.«iue>e «<l nmlrii’ul j^voiimlry Hllil 
ul" 

I ?.|mll hi* Vi rMuniiM* (In* i , uii , ii , ijiii’imi' of imiliinj.f, in n aval mil 
ul u nlhunut” nmiilii i.n i,, , ... t", llm J/Wf "t llm nmililirntmna 

juiit n ine •! ; lumu lv I nlmll Mipjnimi f tmfi llm I'niinrn of eueh 
ul He* unil s in I. I elmll Hmn emjiihe wlmllmrunv iiMMimiji" 
I toil run Im iMiiiln whhh in nniil";.'*imt In Hm tmentnl llmniltnhiuii 
luvv, »,y I. 

In lie- r>vel**m of ( ii ii- imiitu every jumluct of litmnr Ihelnra 
Jn le>i*e*e<-iii "im in Hm nnila ; imtuely llm |iimiiml nf in linear 
In*' tui -j j;, n linear lnnrU"M nl lit*' »i tny |un*limt:t wlmn m in imi, 
..i,.nlo|' Hum jiml in ;»»*»'«.» when ut>n, Jhll if \vn make llm 
„f every unit e*juul to -I, il iftfleiir Hint Hie pisuliirL 
m! m On n<*f, j^r* tiHr limit ») muy fontuiii ferum of Hm 
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order m, m - % m - 4, ... m- 2 r , ..., since the order is reduced 
by 2 for every substitution of - 1 for t 3 . Consequently evory 
such product consists of terms which are either all of odd order 
or all of even order. The same thing is true when in is greater 
than n, except that the highest order which can occur is either 
n or n- 1, according as m-n is oven or odd. The products 
of an even number of the units will therefore form an algebra 
complete in itself. We have altogether one term of order 0, n 
of order 1, \n{n~ 1) of order 2,... one of order n\ that is 
to say 1 + n + \n (to - 1) . . . + n + 1 = 2“ terms. Mo roovor wo 
have 

terms of even order - terms of odd order 

- 1 - » + in (ft - 1) - ... + (- 1)* - (1 - 0 " « o, 

or the number of terms in the even algebra is equal to the 
number of terms in the odd algebra, namely 2"“‘. 

Let us now write w for the product of all fcho units, 
m - qq ... q, and enquire into the value of ad, This is 

which after p interchanges of contiguous symbols can bo trans- 
formed into 

c-r‘- 

To find the value of p, wo observe that it takes n — 1 
changes to bring the second q between tho first q and q, thou 
n — 2 changes to bring the second q between tho first q and q, 
and so on. Therefore p + n = 1 + 2 + . . . + n ~ n (n -| - 1 ) ; am l 
it follows that w 2 = ±l according as hi (n -I- X) is even or odd, 
or according as n belongs to tho forms 4 m, 4 m -j- ft or 4 m -pi, 
4 m 4- 2. 

Next let us observe that qo> ~ — t a q ... but 

— (— ) n qq • •• qj that is to say, qa> = ± wq according as 
n is odd or even. Thus the multiplication of eo with tho units 
is polar or commutative according as n is even or odd. 

"We are thus led to distinguish four classes of geometric 
algebra, which are characterized by tho sign of nd and tho 
nature of the multiplication toi. 
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Glass I. n = 0 (mod. 4). «* = l, The even 

a gebui contains the symbol a>, which is commutative with 
all oven terms. Since every term of order r>J» can ho 
expressed as the product of to into a term of order n - r, while 
the terms of order Jk divide themselves into complementary 
pairs, each of winch is a. multiplied by tile other, this algebra 
contains 2”- symbols, together with their products by oi. Thus 
lor »- 4, the most general expression in the even algebra is 

w + ay, + sy. + « A + ci (*' + *V„ +Ah + / Vs ) = g + „. 
winch is precisely what I have elsewhere called a biquaternwa, 
locause the products i,(,, v,. V.> satisfy the laws of the Hamil- 
tonmn symbols i, j, h, and therefore the quantities q, r are 
quaternions in the ordinary sense. 

Tho most geneial expression in the odd algebra consists also 
or eight terms, namely it is 

- a {gf h -p ^ ^ _p 

The coefficients arc purposely so arranged as to bring out 
io tact that this expression may bo derived from the preceding 
y multiplying it by i i a). It does not, however, follow that 
we may always represent the vector xi t + yt t + u B + w'i i by tho 
proportional quantity of the even algebra 


a Vo + y« 8 q 4- aqq + w ' m . 

For if a, (3 be any two vectors, tho quantity qwa.qco/3 is not 
in general proportional to «0, This would require that the 
multiplication of a or (3 with e,w should bo either polar or 
commutative j whoreas in general it is neither. 

Class II. n = 1 (mod. 4) a) 8 = -1, The odd and 

ovon algebras may bo included in tho same formula) by putting 

w equal to the scalar J ~1; the case is thus closely analogous 
to that of u = 3 (mod. 4). 

Cta III. ns 2 (mod. 4), *) a = - 1, w = _ Lta . Here w has 
clearly the properties of a unit vector, and the system may 
always be treated as a degenerate case of the next. The general 
expression of the even algebra may be got from the general 
expression of the odd algebra by multiplying it by an,, 

CLIF. 


20 



* x 1. 1 v 


ON Till? TiriOOUV <>!■' srilKWrt IS \ or mx 

NT A NT msiTIVI-: i‘HlV A l t Uir 

Thm won I Uun will It.' Inn- \vu4 , m ,, w 

whom muhi/'uily mi } <lit To j lM> , m tS (>| 

COimluill, pnttiliv,. HUVi.fdl,. j, .„{,*< Ho.* <m. It 
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finding without, twin! ulotig m.y Im«.i i* a t)„i ,*,} iU 
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angular vorsors (rotations through a right angle about two polar 
linos), then tho product 


a v iq 7 


is tho most general representation of tho motion of a rigid body. 
I his may bo rogardod oitlior as a twist p ^ about a screw whoso 

axis ia a and pitch or as a twist ™ about a screw whose axis 
P 2 

ia a, and pitch Thus a screw lias two axes which are polars 
9 

ol each othor, and its pitch is only completely defined when wo 
have picked out ono of those axes for attention. 


Rotor Sum. 

A rotor has magnitude, direction, and position. The rotor 
AH will equal the rotor CD when they are in tho same line, of 
equal length, and of liko sonso. Two rotors therefore will not 
in general moot; and the sum of two rotors will in general bo a 
quantity of tho nature of a twist or a wrench, which I call a 
•motor, If wo suppose a rigid body to have rotation velocities 
about those rotors proportional to their lengths, tho resultant of 
those will bo a twist velocity about the screw which is their 
sum. 


llotor Ratio — Twist x Tensor. 

Tho ratio of two rotors is a twist multiplied by a tensor. 
For tlxoro aro two polar linos which cut tho two rotors at fight 
angles ; honeo ono vector can bo made into tho other by rota- 
tions about those linos combined with an alteration of length, 


Scale of quantities. 

Wo have thus a certain scalo of quantities, each of which is 
obtain od^by connecting the notion of magnitude with a certain 
geometrical form, Tho ratios of those quantities are the subject- 
matter of successive algebras, 


26—2 
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Geometrical Form. 

Quantity. 

Examples. 

If j 

Sense on straight 
lino 

Vcotor on straight 
lino 


lloiil | 

of “ 

Direction in piano 

Vcotor in piano 


Complies % «‘ 11 " 

Direction in space 

Vcotor in spaco 

Couple; Iran cl. vol. 
of rigid body 

Quftttn-i •**»'* 

Axis 

Rotor 

Force; rotation 
velocity 

Twilit 

Screw 

Motor 

System of forcen ; 
twist velocity 

IliiliinC ‘ f * *■ f ** 


It is to be observed that this is not an miifovn • l.y ***'•' 
series, but that the theoretic order has boon broke 1 1 * » ** ' r * * 1 

requirements of practical application. After Hm 1 1 i 1 l .« « 1 t \< » * | * * 
nion should come the ratio of two vectors in foil r < I i i • « * ■* * 
now a rotor may be regarded as tho logarithm of hu*1 i a *>» 
when the vectors are at right angles. 

Ratio of polar rotors. 

Let a and /3 bo two rotors; it is clear tlmt tho into*** f u 
which converts a into J3 converts also the polar of tx * 

polar of /3. Let that twist which converts any rn(nr it**-,* 
23olar be called w; (this is a rectangular twist about any ?n,-a v, 
pitch 1 whose axis meets tho rotor perpendicularly } t i»* a* 
result may be written 

/3 a>0 

- = suppose. 

Polar motor. 

The sum of any number of rotors is a motor; and Jf, k tl .„. v 
that every motor may bo expressed as tho sum of i\v*« * 

rotors, that is to say in the form * 

a + k.cdu = A, 

where k is the pitch of tho motor in regard to tho a x i n *% i 
motor - 

ha 4- s wA 
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will bo called the polar of A. In 
P^ch locipiocal of tlio former one, 


regard to the axis a it has a 


Erory motor may bo regarded as the sum of two, one having 
any perfectly arbitrary pitch and the other the pitch reciprocal 
to it., I* or tho equation 


gives 


and fchonco 


a + kcox ~ x (a + how) + y (hi + cox) 

1 ~,v + hj , 
k — hx + y, 


x — 


1 - kh 
I -A 2 ’ 


y = 


h-h 
1 - * 


Ratio of motors. 

K Lvo motors have the same pitch their ratio is a twist. 
For wo have soon above that 


0 — qx y <o0 ~ qcoa y 

from wliicli it follows that 

0 + kcof 3 = q (a -f- kcoa). 

Lot tho ratio of co0 to a be called the polar twist of q ; so 
that wo shall write 

030 0 

coq = — = — 

1 a cox 


{Obsorvo that q is a finite twist, and not a motor , or twist 
velocity; so that this must not be confounded with the previous 
moanings of polar and of &>.} 

The ratio of any two motors is the sum of two polar twists. 


Lot a 


0 

Jia3U s 0 + kco0 be the two motors; and let ^ — q. Then 


0 + ho0 __ (1 ~ kh) ( 0 + ho30) + (k — h) (h0 + x0) 
a-\-iio>A~ (I - A 2 ) (a + hcoa) 


1 — kh k — h 
- iZTJf * ? + fTtf * 


coq. 



XI.V. 


(tWAKKH ON A 'I'll Will V <!(•' Til K KXl'iiNKNTIAI, |,„ N( ,, 

mil ii.tt.. . '' 


TI0N HMIUVKD KUO a | TIIK KgilATloN ,f ” 

•it 


l"’ 


Am-nt "limvinj' Mm!, a quantity wliirli j M , , 

(iiiK’fi imumI, nlwiiv.-i iunvii i,. « , tf ,S . “ 111 

' " a " M u Ju it „,|i; 

wl ' i " 1 ' ,l "’ "nl infv , „„ , , 

1 ' ' “ /'». Hi* nmy 

full tint ratio n «tj' tin, < i , ,« 

> . . , * IO f llO | ' | * i \V 1 1 1 1 r f 1 11(1 li ( 1 1 <■ tl 

T"7 t . 

1,1 i“k»w « i!«"* Hi ii... iui,i„,i,. Ia „. ‘ 

'"i'.vi 1 ... 1 1.- tv,. "" 

Mi.v,,.|m „„ „ li,,,.. i.,.. « in ll , ; i l i|i ll |„ 

,l V * -'" r 11 I'* 11 ""' -I.. |.|..x „m K „|„„| l , 

(<>} a vi'ittiij* in Njiaro, 

«!■"„ /-1'1'i.iK Hu- mii„„r „, | „,, ni |v 

W « rutin ; juntifyinj, r n 

-■>-,» 

(ll) " <|lllllfllli„|, ; I'ntlH «|,j 1 .|| w , It . , 

, ’*i""""" i iii *-..1. „1 M 1IU " ; ' " """"V 

(ii "! q ^ 

Hm wmV.v t;,r . n j . 

><« Mi,,. 77 ? 

I «> l«.i *« tlimaoni, or )„, 

"r 1 " oik. l „, 11V(rii 

valiufH 0 unit m of /. tU 

1 (V. -IV, 111. J 
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NiHT.H ON VnltTKX MOTION, ON* TUN Tltll’l,K (1MNK- 
NATION OF ‘I’ll UKN HA U UUUVKS, AND ON Tl I M 
M ASH t’KNTU N 01" A N t lOT \ |{ KUHON «, 

(i) c >s Vhutkx-Muthin. 

I ,!• t' o he the velocity, uml t t ) ()n< rotation, at nay ]tui 1 1 1 , of a 
moving h. in known that l*v/r ; viz., Man in 

i'i|uiv<ili'ul tM tin. ()iii’t< (',|ua( imi’t niiSintu ily written (Jiuh: 

h* h 1 '* 
i\ u - h'‘ 

It, no*i cover, k In* 1 he rAftmtsiun, or I ho kigiu’illmim mto 
t»l' eliango of < Im< Volume, wo have k tiytr j vitf., ( Iiih in 

tfw*| r V ; '* I ^ the quaternion y, t-/ 4 j i.‘» aim ply yer. 
Tit** piohlciii Helved l*y Hi*i}v* h an a general ipieatimi of A nn lynin, 
mil*;* <|*i* ntly 1*y Helmholtz, far (ha k penial nine* of Hunt 
motion, may !“■ Hinted u.?t follow?) ; (liven tin* exjmUHLon and 
lit*' rotation »t every point of a moving nnliHliiuee, it. itt ivt|uir<al 
l«< find tin* velocity at every In ayhiholH, it, being known 

that if ■ ya, nn«l if In ing given, it in required to find tr, 

'I’lo* ttnlui i**i« of th«* pif iltli'iii in exhibited in it very niiupln 
hunt if we e*»nntder it a little more generally. 

A quaternion q in given at awry 'point of Hpitco) it in 
required to I md a quaternion r w» that Tlio Holutiou 

in that, and therefore r in tint potential of yy ; that in, 

J ’ 

* |Ft«ht lit* 1 of the ft-mb ■« *V*i ibmutiad Smicttf, VoJ. ix. No, 

i vs, i'j*. an anj 




VrllT!) M\ V*»N i !■: *’** I *i‘ * 

j'iu) n*. mi \t \-.-i i i *. i in >*v w M« i \m hiimn, 

|,cl ,\(\ b i, th NM..; *7 l" th». ImiS* h»i» si'if im>« hny. 

Uv IUl Mi (>t ht -i'i .*' ■ I In* Hi Mi-' ' >3i‘i •.•* h-‘ •.' » - 2 " 1 i f -.*1** it/'-’, 

ur-/, i itfib, fb- A f'\J. H bb I? fits-) )>. lilh 'l 

with llluHi’l *4 Itmli'HII » I ■ )i -5? . !?■■’ In 4 r * ■ UlilV |s«' htltliil hv 

U v t • I V omiph r>*ii-.!nn-li>«». 

Tin’ ’i**l ,* 1 J-> t'U-lh -t ? » i, !hs*i’ iv nh»t»'t mh 

itbfy. X * < vv til-' luiihilo - »•} tin- iVi-J* i »*3 mu iili»>w i|Uii*hi 

till< ! l:l) ill i* III *■»<' pl.SUr I tjJUi. flit 1 *' |-J .*i*l> }*)'■.*'* I llljf 

fill’ ■'! <hr:.r . jUi-h i3-.’< i .ii'l. ;4S?>II I*? ShvJM 114 ih |l<*illt 

; ninth, l-.sU-.iV, ili:* ;■ < •, J ► ; f < 5 li ;i J>..*|>rs hi I-*" |*|. -ufly i tit ' it 
(lull* i|, i will iViH fin'' c.\ ■: . • j,- f nl'.n f;j I*** ?h*< wi’tili 

Jl.illl nl fh»i '•:!■!! i»-.| (!»•*• -I *1, b, f\ i,f. /), I* S’ I h* * IM:I ‘Us 4' '“III I *’ 

III’ fh»> 1 1 i;il»!;'3» i S - ■ i 5 m*' - i hv fh*i S j a 2 > I > H i ■ '•’ J*'»nsS:» ml ilf, /■-/, »7s. T»i 
ti n<l /!, tlim ntst'ii t-fijJi*- “*!’ tin*’ \"Ut .(*>} J'l-nhii*’ if I 5 ' a 

jin Hint >ii‘i ■■ - 

'Hu- |>in"l fhitf. flii'' mi tliv* jiisim mil fin* Ititir Mia- 

1 1 1 * • 1 1 it itfbi-. .i-rfi -I, li at|7,h. ,?VnW th>» JM:J I'i'ltf in 1*1 il 
t i*l i ;ihi"li**M h fln» Mii-.ist j-nitf »*l it.s Vi i f i< *■ i , miwvijiir-iilly tin’ 
lilt** joiiitii;* !}j»> imvi ri-i'iifi*- »4 « » f h-r !-i I lv«“ iuhMh’ |‘- »iM( «>t tjh 

i'i tit; nil I hi,' f h*t j*-issuf. t n tn fh«" l.thn 1 . I?* I hn ts 
• *t 1 1 1> i i**h‘ I sin- ." S* ?. j -.jhi- .li :j f lil'- - iitiihJin ji-'iut i *»t bb, Ih\ 

I"*/, 1 h Hi m I hi* t 4 |:i s'*- h! 1 8 |i* * t *h».u f.n! Ulhir-llil Sit* 4 JM 

plillHJ |> i;:;»iij:' lh| ? *i|;.jlii fh'f jt-nittl M i-ntunl hy fill* i'thnVi 4 M*M" 

nl i ii* f iitii, tiii-1 ! l«»i i ihv isan'i.i ♦'• Mfi*- 1 *‘i th*< ninth' t’3 

ill tlii'.i |«3uian. K>4 4il!4.» if I'i 194 ll»‘» ntltut ih’tl't IMIlM'll 

hy ihvi'hit;i fits' fsmSs*! jjit-m t»-|.iiiln;*h it having fh* 1 

/<-/ I U>- * • nnm-* u s h i v *jti v? i’i »’ly, I il- (*• *t It •• 

uitU lh«i jfiitil jst. 

Thi»i ittmmfe ftvuf* U »*»* hv Hylvivtlni^ «**«u tf i urliMit 

Ihl ti.M nl i» t,’(rnlnnllsi! «**' wM’h 5| ‘ H 11 

mniph' hi hni, h% iMuhiiiK ll»s (•«»»•« »<r ahh t 

tthtf ; ili'-./, ff'f i fb/ t bhf ht 1 m in-jHtvlivrly r*»|*hmtU, u *' p-M 1 * 
4tt mu'i* in tliiif ji nlii tihii 
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UfrlMKriili'M. 1*11 1 > ill km 


Tin: ft <1 |n Vi ill!' I, i\ I »V iXn*’ < V *.f 

Ilifinn j'ivi’M liy Ml I'V-nn ■>, ill \\ \ I j. 1 V*. , i|, j| n |- 

l'nil. < 'iiylcySi (ii. ni. ui at 'ni if 1 . ^ ‘ » !>•«!.»' 

Till* hi In i' ai r- w.-u l.lsn-r, 11 }a ».]».. >if ji *| |ii i 

loilil I*i J'l nu| I, II I l*« r I ■-■‘I J. J-S.-J.. in < it ,. inch V 

i<i llui'i* »innt'ii?iin||(f, 


I. //' il A I I M 7 ritiiirn lo in 

lilh'i'ttl, tfuir i /iVrV^ »v; iriU x\U to tt<> ?*,r .-Mia** t ,ufu ,i.i ; : v 

’I'l"’ ilrifcwn Ihiin any jt- -m! (,* t » 

ilisi.'lilu .t in tint .nuinn t'.iiM & y, nvil m mii 

li I lll'l I'il'lt* ill** {inint I'M ftU.'li || m | „ny iv.n flit: r,n| } , 

Inuil lifjlf Ulljrl* <i ill \1 t i S !| ilia «• niH >'••'! v, nil K.I Jj.-Ks „,„ f | v:Ji 

Mllf lliiMlih ( l«.| nf a r> t!n< I- , u;, ;, u > » a ».| 


K' “ { * «• In in!, nlW», ’H,, »| l(l J 5k », 

nl liny f \Y(I «ii|»'<:f»k|:t U)J< t'Jl J*H i?jp \ t {■ £ , 


{/o’ fnii-f fht‘ tj'.h-uh 'Ji I ?)■■}■> f<'yirw>i Ij f,r nn 

li Hiy/i/', 


llnyy ail lin »tji (| t .- ilii, 

lim ;f, 


!'t>t f.h»v iatMlJiinn fill' {(t< 


! * ' •** -V lI'An-n* fl 

^ s .| *» 

M li iMXya-J m , ',v 


(nay !*.■:- j» .J 

•;• y li* mil 1 in 

♦ (Mil'll 
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(IKOMimUCAT, TIlEOllKM. 411 

•I*. finery coma through the intersection of two rectangular 
hyperbola', is a rectangular hyperbola. 

Thin in I, ho reciprocal of (1) with regard to either of the 
points of intersection. Thin is Prof. Cayley’s theorem of Yol. I., 
p. 77. 

5. The directrix of a parabola passes through the polar 
centra of every circumscribed triangle. 

This follows from (1) by sending one side of the quadri- 
lateral l.o infinity. If or tlio circles ou the diagonals of the 
quadrilateral an diameters become then the perpendiculars of 
Id ns triangle. 

(}, The polar centres of the tricmgles formed by four straight 
lines lio on the lino joining the foci of the quadrilateral. 

Thin lino is tho diroctrix of tho inscribed parabola, by (i). 
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O. To project at once two conics and a triangle into two 
rectangular hyperbolae and an equilateral triangle. 

D. To project at once two triangles into equilateral tri- 
angles. 

In each of these we have the problem of finding the line 
which has to he projected to infinity; this problem admits, in 
the three cases respectively, of 43, 76, and 108 solutions. The 
triangle might of course be replaced by a cubic , to be so pro- 
jected that its asymptotes should form an equilateral triangle; 
but this case is not particularly interesting. Every cubic may 
ho projected into a perfectly symmetrical form in this way: 
the three real inflexions of the cubic lie on a certain straight 
line, and determine a point-cubic upon it; let the Hessian ot 
this point-cubic he projected into the circular points at infinity. 
Then the cubic is symmetrically situated in respect of an equi- 
lateral asymptotic triangle. 

The form in Fig. [58] may he called inscribed, that in Fig. 
[59] escribed. The inscribed cubic may have no oval nor double 
point, and then will lie entirely without the triangle. 

Oubics with a crunode cannot be thus symmetrized ; but 
their reciprocals can. In fact, every tliree-cusped quartic can 
be projected into a hypocycloid of three branches. For, any 
four points can be projected into any other four points, i t ien 
the three cusps and the intersection of the cuspidal tangents be 
projected respectively into the vertices and centre of an cqui- 
lateral triangle, the thing is done. This proof ,s Prof. Cayley s 
We learn in this way that, in any tliree-cusped quaitic, 
cuspidal tangents and the lines joining the cusps etermmo 
the double tangent two point-cubies, whose common Hessian .. 
the points of contact of that tangent. 

Trinodal quartics have four double tangents, which are all 
real as lines when the nodes are real, bat .one -. a v ea ( ^ 

this convenient expression from Poncekt) oH • 
tacts. If the three pau-s of nodal tangent 

double tangent in the same anharmomc mho the q 
be projected into a hypotrochord, the contacts 
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XLIX. 


ON SOME EXTENSIONS OF THE FUNDAMENTAL PRO- 
POSITION IN M. CHASLES’S THEORY OF charac- 
teristics*. 

I mean by tho "fundamental proposition ” the following, viz.:— 
'If a variable system of two points on a right line be so related 
that when the second point is taken arbitrarily the first has 
« positions, and when the first point is taken arbitrarily 'the 
secon has b positions ; then there are a + b points on the right 
lmo at which tire system of two points coalesces into one point.’’ 

This principle has been admirably extended by Dr Salmon 
to tho case of two dimensions, thus : — “If a variable system of 
two points in a piano bo so related that when the second point 
is talcon arbitrarily tho first has a positions, and when the first 
point is taken arbitrarily the second has b positions, and that 
pairs of points, oach constituting a position of the system, 
may ho found upon an. arbitrary right lino; then there are 
ad- b + p points in tho piano at which tho system of two points 
coaloscos into ono point,” 

I ho principle admits of further extension in two directions. 
First, wo may cousidor a system of moro than two points ; and 
secondly, wo may cousidor tho systems as subject to a less 
number of relations than is sufficient to determine a single 
point, Wo aro thus lod to tho following propositions : — 

If a variablo system of n points in space he so related that 
when all but tho first point aro taken arbitrarily the first point 

* [From Mul hcmatioH from (ha P.duoalional Times, Vol, v, pp. 49, 60.] 



41 G EXTENSIONS OF THE FUNDAMENTAL PROPOSITION IN 

is determined to lie on a surface of order a, and when all but 
the second point are taken arbitrarily the second point is 
determined to lie on a surface of order b, and so on; then 
there are points in space at which the system of 11 points 
coalesces into one point, and the locus of such points is a 
surface of order a + b + ... 

If a. variable system of n points in space be so related that 
when all but the first point are taken arbitrarily tho first point 
is determined to lie on a curve of order a, and when all but 
the second point are taken arbitrarily the second point is 
determined to lie on a curve of order b, and so on, and that 
when all but the first two points are taken arbitrarily thorn 
are on an arbitrary right line;; pairs of points each constituting 
a position of the first two points, and that q, r ... aro the cor- 
responding numbers for the other pairs of points of tho system j 
then there are points in space at which the systom of n points 
coalesces into one point, and tho locus of such points is a curve 
of order -f <7 + r -j- . . . 

It is not worth while to state tho analogous propositions for 
Geometry of one and two dimensions, or the correlative) propo- 
sitions for lines and planes. I go on to exemplify tho appli- 
cation of these propositions. 

Let us begin with Mr Thomson’s cubio ( lieprint , Vol. II. 
p. 57 ). A conic is inscribed in a triangle so that tho normals 
at the points of contact meet in a point ; it is required to find 
the locus of this point. Consider now a variable system of 
three points, subject only to this condition; that if perpen- 
diculars be drawn from them respectively to tho throe sides 
of a triangle, a conic may bo drawn touching the sides of tho 
triangle at the feet of tlioso perpendiculars. Then, if wo take 
two of the points arbitrarily, we determine two of tho points 
of contact of the inscribed conic; that is wo dotormino the 
come itself uniquely, and therefore the third point of contact; 
and the normal at this point is therefore the locus of tho third 
pomt of the system. That is to say, we have a variable system 
oi three points so related that when any two of tho points 
are taken arbitrarily, the locus of the third is a straight lino; 
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consequently thorn avo poi n (;h in the piano at which tlio system 
" r coalesces into one point (that is, wlioro tho 

til run normals moot in a point), and tho locus of such points is 
a curve of order ( I I. -|- \ ~) M. 

1 0 complicate the question, lot us suppose that a conic 
in drawn to tench three given (ionics, so Unit tho normals at 
the points ol contact may meet in a point. .Hero, as before, 
\vn lake our variable system el throe points, one on each of 
the three normals. Take two of the points arbitrarily; from 
ouch ol these we ean draw four normals to tho corresponding 
conic, i 'airing these together, we have I(i pairs of points of 
contact. Now when we have given two tangents and thoir 
points of contact, tho munlier of conics of the system which 
can be drawn to tench a given conic is 4. Ily determining 
two points of our variable system wo have, therefore, deter- 
mined <>4 conies; on the third (jimn conic, theso dotormino (14 
points of contact, and tho normals through these may he held 
to constitute a curve of the (Mill order. Thus we have a 
variable system of three points so related that when any two 
"I* them me taken arbitrarily, the third is determined to lie 
mi a. curve of the (H*fh order ; consequently the locus of those 
points at which the system coalesces into one point., or Urn three 
normal;! meet, in a point., is a curve of the order (!l X (14) =* 102. 
More generally, if we substitute ler the variable conic a curve 
of order m, clans n, and deficiency f), or say a curve of tipticien 
( 7 / 1 ,//, l >) , and for (lie three fixed conics , l , -™ ./)•(• 2) curves 

of orders ///,, xq, ... and of classes x,, x tl , ..., then tho corre- 
sponding locus will hoof the order Jh/i(«i, a, /^).(/a,‘l*// l )(wq-h'» a )... 
where •/» (w, », It) in the number of curves of species (in, n, I)) 
which can lie drawn through (m I x — /) ]• 1) points, or touching 
(m I n '••• /> | I ) lines. 

.For another example, let us find the Incus of those points 
the fed, of the perpendiculars from which to four lines or planes 
in apace are ceplmmr. lit both these eases the locus comes out 
piimmily of the fourth order; hut the plane at infinity is 
evidently a part, of the locus, the remainder of which is thus of 
i-t.tr. 27 
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INSTRUMENTS USED IN MEASUREMENT. 


By Measurement , for scientific purposes, is meant the mea- 
surement of quantities. In each special subject there are 
quantities to bo measured; and these are very various, as 
may be seen from the following list of those belonging to 
geometry and dynamics. 

Geometrical Quantities. 

i 

Lengths 

Areas 

Volumes 

Angles (plane and solid) 

Curvatures (plane and solid) 

Strains (elongation, torsion, shear). 


Circmistmces of Motion. 

Properties of Bodies. • 

Time 

Mass 

Velocity 

Weight 

Momentum 

Density 

Acceleration 

Specific gravity 

Force 

Elasticity (of form and volume) 

Work 

Viscosity 

Horse-power 

Diffusion 

Temperature 

Surface tension 

Heat 

Specific heat. 


* [Handbook to Ike Special Loan Collection of Scientific Apparatus, 1876, L. 
pp. 65 — 59, LI, pp. 60—77. Tho object of L., LI. and other introductory 
Noticos in tho “ Handbook ” was to “ make the Exhibition as useful and in- 
teresting as possible,’’] 
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tfl ermine I er. Tim liquid iiiumI, be ho rluisun Mini, no chemical 
imlion lakes place between it and the solid immersed, nod that 
it. wt’l m flic solid so tlmt no air hulildoM adhere to llm lUirlnee. 
Tima mercury is used in tlm case of nmlals hy tlm iSlniidnrds 
! iimnl. 

Tilin' in measured for ordinary purposes hy tin' leii'.'lli ol' llm 
tire Inmed out. hy a moving hand on n circular cloclv-lacc. for 
aal roimnncal purposes il. ia aonml inma measured by roiml hip tlm 
I irks ol' a oh mk which lira In seconds, and catiumtin^ menially 
tlm IVaclioiia ot a second ; and in eases where llm period of an 
oscillation has to ho I'ouud, it is determined hy counting llm 
niimlii')' ot oscillal tons in a time nulVmicnl lo make llm nmnher 
considerahle, and then dividing' that time hy the number, Hut 
hy far I he most accurale way of iimasurim.*; tins' is hy mcaaa of 
tlm line l raced hy it pencil on a alien!, of paper rolled round a 
revolving cylinder, or a spot of li;;ht moviujf on a sensitive 
Hiit’aee, It tlm pnmil ia made lo move nloiip the leni'lh o| 
tlm cylinder so as lo indirale what is happenin'' as lime pees 
alonj;, the lime ot each event will lm tumid when the cylinder 
is unrolled hy umasminp llm distance ol lim mark rerun lino if, 
liolii I he end ol flm unrolled sheet, proviiled that tlm tale at 
which the cylinder j*oes round is known. In this wav Helm- 
I lot I ut*' a*si i is I I he rale ot I rnimnissioii ot imrve dist m hauce, 

A vei y common ca :se ot llm nma-tueumiil ot /love is llm 
hiUnmetel, which Ineioui'ea the pressure ot I he at mosjdiefe pel' 
Mipime iii' li ot m lace. This is determined hy liudinp llm 
height ol llm cohinm o|' men in y which il will support (nmicinial 
haiometei), or llm aliain which it enures in a hux from which 
(lie air has hccii lakeii out (aneroid harniimler), Tlm la iphl 
in llm I’mi nmr case may he measured diicctly, or il may hist 
lie cui\i iied info flm ipnmtilv of himiiip '*f a needle, and (hen 
read oil as leiicjh >»l ait' on a einduulcd circle j in the 1st In 1 
case fhe chain is always indicated hy a needle hnninp on a 
pindnnh <1 cin |o, 

The jmo.vi, and (what is propoil ioual lo il) llm n'ii<fltf, of 
ditfeicnt h-'du t at llm name place, me measured hy means of 
a balance ; mid nl Inst mphf this mode oi measurement seems 
diitel eitl lt<»m fliM.se which we have hifhcilo isat i'h’o d. I'm we 
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Blit in order to estimate a length in terms of these very small 
quantities, it must be magnified; and this is done in three ways. 
First, geometrically, by what is called a vernier scale. This 
is a movable scale, which gains on the fixed one by one-tentli 
in each division. To measure any part of a division, we find 
how many divisions it takes the vernier to gain so much as 
that part ; this is how many tenths the part is. The quantity 
to be measured is here geometrically multiplied by ten. Next, 
optically, by looking at the length and scale with a microscope 
or telescope. Third, mechanically, by a screw with a disc on 
its head, on which there is a graduated rim, called a micrometer 
screw. If the pitch of the screw is one-tenth and the radius 
of the disc ten times that of the screw, the motion is multiplied 
by one hundred. The two latter modes are combined together 
in an instrument called a micrometer-microscope. Another 
mechanical multiplier is a mirror which turns round and reflects 
light on a screon at some distance, as in Thomson’s reflecting 
galvanometer. 

Properly speaking, however, any description of a length by 
counting of standard lengths is imperfect and merely approxi- 
mate. The true way of indicating a length is to draw a straight 
line which represents it on a fixed scale. And this is done by 
means of self-recording instruments, which measure lengths from 
time to time on a cylinder in the manner described above. It 
is only by this graphical representation of quantities that the 
laws of their variation become manifest, and that higher branch 
of measurement becomes possible which determines the nature 
of tho connection between two simultaneously varying quan- 
tities, 



INSTRUMENTS ILLUSTRATING KINEMATICS, STATICS, 
AND DYNAMICS, 


Science of Motion . 

Geometry teaches us about the sizes, the shapes, and tho 
distances of things; to know sizes and distances wo havo to 
measure lengths, and to know shapes we have to measure 
angles, The science of Motion , which is tho subject of the 
present sketch, tells us about the changes in these sizes, shapes, 
and distances which take place from time to time. A body is 
said to move when it changes its place or position ; that 
is to say, when it changes its distance from surrounding ob- 
jects. Aid when the parts of a body move relatively to one 
another, i.e. when they alter their distance from one another, 
the body changes in size, or shape, or both. All these changes 
are considered in the science of motion. 


Kinematics, 

It is divided into two parts; the accurate description of 
motion, and the investigation of the circumstances under which 
particular motions take place. The description of motion may 
again be divided into two parts, namely, that which tells ns 

, . Chai ! ge3 f P° sition take Place, and that which tells us when 
nncl how fiat they take place. Wo might, for exomplo, describe 
the motion of the hands of a dock, and say that they turn 
lound on then- axes at the centre of the clock-face in such a 

“f. ‘ T l " aI ' VayS moves twel ™ ‘imes as much 

modon Wc “ j ! 18 Ule fe ‘ Part ° f the descri Ptiou of tho 

motion We might go on to say that when the clock is going 

conectly tins motion takes place uniformly, so that the minute- 
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stances of actual motion is called Kinetics. The simplest 
part of Statics, the cloctrino of the Lever, was successfully 
studied before any other part of the science of motion, namely, 
by Archimedes, who proved that when a lever with unequal 
arms is balanced by weights at the ends of it, tlioso weights 
are inversely proportional to the arms. But no real progress 
could be made in determining tho conditions of rest, until the 
laws of actual motion had been studied. 


Translation of Rigid Bodies. 

Keturning, then, to the description of motion, or Kinematics, 
we must first of all classify the different changes of position, 
of size, and of shape, with which we havo to deal. Wo call a 
body rigid when it changes only its position, and not its size 
or shape, during the time in which we consider it. It is 
probable that every actual body is constantly undergoing slight 
changes of size and shape, even wlion we cannot perceive thorn j 
but in Kinematics, as in most other matters, there is a great 
convenience in talking about only one thing at a time. So we 
first of all investigate changes of position on the assumption 
that there are no changes of size and shape ; or, in technical 
phiase, we treat of the motion of rigid bodios. Hero an im- 
portant distinction is made between motion in which tho body 
merely travels from one place to another, and motion in which 
it also turns round. Thus tho wheels of a locomotive engine 
not only travel along tho lino, but nro constantly turning 
round ; while the coupling-bar which joins two wheels on tho 
same side remains always horizontal, though its changes of 
position are considerably complicated, A cliango of plaoo m 
which there is no rotation is called a translation. In a rotation 
t e different parts of the body aro moving different ways, 
but in a translation all parts niovo in tho same way. Conse- 
quently, in describing a translation we nood only specify the 
motion of any one particle of tho moving body ; whore by a 

is ^ P-co of matter so small that then, is no 

need to take account of tho differences between its parts, 

which may therefore be treated for purposes of calculation as a 
point. 
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We are tlras brought down to the very simple problem of 
describing the motion of a point. Of this there are certain cases 
which have received a great deal of attention on account of their 
frequent occurrence in nature ; such as Parabolic Motion, Simple 
Harmonic Motion, Elliptic Motion. We propose to say a few 
words in explanation of each of these. 

Parabolic Motion, 

The motion of a projectile > that is to say, of a body thrown 
in any direction and falling under the influence of gravity, was 
investigated by Galileo ; and this is the first problem of Kine- 
tics that was ever solved. We must confine ourselves here to a 
description of the motion, without considering the way in which 
it depends on the circumstance of the presence of the earth at a 
certain distance from the moving body. Galileo found that the 
path of such a body, or the curve which it traces out, is a 
parabola; a curve which may be described as the shadow of a 
circle cast on a horizontal table by a candle which is just level 
with the highest point of the circle. 

It is convenient to consider separately the vertical and the 
horizontal motion, for in accordance with a law subsequently 
stated in a general form by Newton, these two take place in 
complete independence of one another. So far as its horizontal 
motion is concerned, the projectile moves uniformly, as if it 
wore sliding on perfectly smooth ice ; and, so far as its vertical 
motion is concerned, it moves as if it were falling down straight. 
The nature of this vertical motion may be described in two 
ways, each of which implies the other. First, a falling body 
moves faster and faster as it goes down ; and the rate at which 
it is going at any moment is strictly proportional to the number 
of seconds which has elapsed since it started. Thus its down- 
ward velocity is continually being added to at a uniform rate. 
Secondly, the whole distance fallen from the starting-point is 
proportional to the square of the number of seconds elapsed ; 
thus, in three seconds a body will fall nine times as far as it 
will fall in one second. The latter of these statements was 
experimentally proved by Galileo; not, however, m the « 
of bodies falling vertically, which move too quickly foi t ie 
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time to bo conveniently measured, but in the case of bodies 
falling clown inclined planes, the law of which ho at first 
assumed, and afterwards proved to be identical with that of 
the other, The former statement, that the velocity increases 
uniformly, is directly tested by an apparatus known as Atfc- 
wood^s machine, consisting essentially of a pulley, over which 
a string is hung with equal weights attached to its on els. A 
small bar of metal is laid on one of tho weights, which begins 
to descend and pull the other one up; after a measured time 
the bai is lifted off, and then, both. sides pulling' equally, tho 
motion goes on at the rate which had been acquired at that 
instant. The distance travelled in one second is then measured, 
and gives the velocity; this is found to be proportional to (,1m 
time of falling with the bar on. 

The second statement, that the space passed ovor is pro. 
portional to the square of the number of seconds olapsod, is 
verified by Morin’s machine, which consists of a vortical cylinder 
winch revolves uniformly while a body falling down at Mm 
side marks it with a pencil. The curve thus described in a 
record of tho distance the body had fallen at every moment of 


jj turnons* 


Tins investigation of Galileo’s was in more than one aspect 

ant of thl ° f r m 7 l 8d0nc0; bllt not 11,0 lmpm-1- 
ani of those aspects is tho proof that either of tho two *v,,y„ 

that the 8 . 6 \°l folHng boJi08 Other, Given 

that the distance fallen is proportional to the squares of Mm 

S. thi! h.Vn'V'T Vel00ity is l ffo P ortion “ 1 to tlio time 
itself this is a particular case of the problem. Given whom 

instant 'VheToT'f -° “ hoW &at i4 ia S°«>S at ovo.-y 

Method cf Fluxions™ f V °" by Nowt(m '« 

-hod soives the problem^Given ^ at 


INSTRUMENTS ILLUSTRATING KINEMATICS, &C. 429 

any time, to find its fluxion at any time. The method has 
been called on the Continent, and lately also in England, 
the Differential Calculus; because the difference between two 
values of the varying quantity is mentioned in one of the 
processes that may be used for calculating it's fluxion. The 
inverse problem, Given that the velocity is proportional to the 
time elapsed, to find the distance fallen, is a particular case of 
the general problem, Given how fast a body is going at every 
instant, to find where it is at any instant; or, Given the 
fluxion of a quantity, to find the quantity itself. The answer 
to this is given by Newton’s Inverse Method of Fluxions ; 
which is also called the Integral Calculus, because in one of the 
processes which may be used for calculating the quantity, it is 
regarded as a whole (integer) made up of a number of small 
parts. The method of Fluxions, then, or Differential and 
Integral Calculus, takes its start from Galileo’s study of para- 
bolic motion. 


Harmonic Motion . 

The ancients, regarding the circle as the most perfect of 
figures, believed that circular motion was not only simple, that 
is, not made up by putting together other motions, but also 
perfect , in tlie sense that when once set up in perfect bodies 
it would maintain itself without external interference. The 
moderns, who know nothing about perfection except as some- 
thing to be aimed at, but never reached, in practical work, 
have been forced to reject both of these doctrines. The second 
of them, indeed, belongs to Kinetics, and will again be men- 
tioned under that head, But as a matter of Kinematics it has 
been found necessary to treat the uniform motion of a point 
round a circle as compounded of two oscillations. To take 
■again the example of a clock, the extreme point of the minute- 
hand describes a circle uniformly; but if we consider separately 
its vertical position and its horizontal position, we shall see 
that it, not only oscillates up and down, but at the same time 
swings from .side to side, each in the same period of one 
If wo suppose a button to move up and down in a slit V 
the figures XII. and YI., in such a way as to be always 
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a plum* !rli*lini* tin a plum* m-.»v l*»» pm*ln* . *1 l«v llu* r> l ? i « / ul a 
rui vi* in mm*’ plum* npnit a mtv** an flu* **llu i, I l*u juuni i>l 
nnitin f m| f I im l‘.\.. nnu i ul any intan! in llu* in f ml nu -ui * 
rt'iilm ill lliaf iiuifanl. Tin* pmlt!*im Im in* <*uuii*l« j* il in tlii-i 
(Ulliju* I am I **l I VIM !> Hull's; (imii llu* iiiiiri ut ImIIiii;.; I*» 

litul llin path ■ t iln'*l |»y any p*<inf «<| llu* mnuii;! plan-; uml, 

(Jivi'H lit** p.afln »|n- uiiln*| I*v fiin ' «*J fln> iu*-uii;; plum* 

(i iinttyli la tli'h'iiniim ill*’ Mn*h">M| !•» liinl flu* mu* '• <>l mHmy; 

Mini flu* | Vi! In nl all niln < puhiN An nupnluni * a ** •>! flu* 

timl pmMrtn ia (In, if in wlajiji i*mu * h* 1»* mil l mi .muiln i, niffm 
infill" mi MHl aitn; l|o* mn vm «|n»* iil** *l Ia* jn*3Mt.n in flu* »m**vh»j 4 
plum* in** ti * ! *i l-*l |ln: l« nfli mI v< lim l'i. *i •* Mu’ ;:* * "lnl j<>i<|i!* in 
l*» l*int;s fin* \a)iiul»l<* uiul in»w iaj‘i«ISv iin-!*-:n>i»ii,r lln**»v *-i link- 
Uitrk, w Im ii, : >iai i in*.* 1 1 1 >i»i flu* Vj ** f uli'ii In l • I i • - 1 v » » y «>j mi ntn.-f 
pm all* l timliMii 1 » v M. 1 Siiin * Hi* » . Inm i • * *'ivr 1 an imnnaiin 

a ml liptvf liiinyp. . I * il iliVrlxj'lii' til uf llm liaml*> **| ITT n **i 

Sylvn ,»* »•, Mv M m f. am I Ml A n K- tup. 

I'aimiiij.? m«w f*i flu* apln litiil l-aiu ‘A flna m*»53>m. wn limt 
that I In* inhi.ni uu .-U'i *<ufm *T i.'fainm -iwlu*Ji i> t v 
u*pmul»'Ut la an innla)it!iin?mi.i im-’ p-*a Jn-n*ln'*t!.u !«» flu* plain-) 
>*» If Iilauu't hy an tn*(laul :Hn n*Ui avi-* juraam- flamryli llu* *-.«u • 
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mon ceotve of the moving spheres. In the same way the 
rolling of one curve on another in the plane is replaced by the 
rolling - of one cone upon another, the two cones having a com- 
mon vertex at the same centre. 

Analogous theorems have been proved for the most general 
motion of a rigid body. It was shown by M. Chasles that this 
is always similar to the motion of a corkscrew descending into a 
cork ; that is to say, there is always a rotation about a certain 
instantaneous axis, combined with translation along this axis. 
The amount of translation per unit of rotation is called tho 
pitch of the screw. The instantaneous screw moves about as 
the motion goes on, but at any given instant it is perfectly 
definite in position and pitch. And any motion whatever of a 
rigid body may he produced by the rolling and sliding of one 
surface on another, both surfaces being, produced by the motion 
of straight lines. This crowning theorem in the geometry of 
motion is due to Professor Cayley. The laws of combination of 
screw motions have been investigated by Dr Ball. 

Thus, proceeding gradually from the more simple to tho 
more complex, we have been able to describe every change in 
the position ol a body. It remains only to describe changes of 
sizp and shape. Of these there are three kinds, but they are 
all included under the same name— strains, We may have, 
first, a change of size without any change of shape, a uniform 
dilatation or contraction of the whole body in all directions, 
such as happens to a sphere of metal when it is heated or 
cooled. Next, we may have an elongation or contraction in 
one direction only, all lines of this body pointing in this direc- 
tion being increased or diminished in the same ratio; such as 
would happen to a rod six feet long and an inch squaro, if it 
were stretched to seven feet long, still remaining an inch 
square. Thirdly, we may have a change of shape produced by 
the sliding of layers over one another, a mode of deformation 
which is easily produced in a pack of cards; this is called a 
shear. By appropriate combinations of these three, every 
change of size and shape may be produced; or we may even 
leave out the second element, and produce any strain whatever 
by a dilatation or contraction, and two shears. 
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Dynamics, 

We have already said that the change of motion of a body 
depends upon the position and state of surrounding bodies. 
To make this intelligible it will be necessary to notice a cer- 
tain property of the three lauds of motion of a point which 
we described. 

The combination of velocities may be understood from the 
case of a body carried in any sort of cart or vehicle in which it 
moves about. The whole velocity of the body is then com- 
pounded of the velocity of the vehicle and of its velocity 
relative to the vehicle. Thus, if a man walks across a railway 
carriage his whole velocity is compounded of the velocity of 
the railway carriage and of the velocity with which lie walks 
across. 

When the velocity of a body is changed by adding to it a 
velocity in the same direction or in the opposite direction, it is 
only altered in amount; but when a transverse velocity is com- 
pounded with it, a change of direction is produced. Thus, if a 
man walks fore and aft on a steamboat, he only travels a little 
faster or slower; but if lie walks across from one side to the 
other, he slightly changes the direction in which he is moving. 

Now, in the parabolic motion of a projectile, we found that 
while the horizontal velocity continues unchanged, the vertical 
velocity increases at a uniform rate. Such a "body is having a 
downwards velocity continually poured into it, as it were. This 
gradual cliango of the velocity is called acceleration; we may 
say that the acceleration of a projectile is always the same, and 
is directed vertically downwards. 

In a simple harmonic motion it is found that the accelera- 
tion is directed towards the centre, and is always proportional 
to tho distance from it. In the case of elliptic motion it was 
proved by Newton that the acceleration is directed < towards the 
focus, and is inversely proportional to the square of the distance 
from it. 

Let us now consider the circumstances under which these 
motions take place. To produce a simple harmonic motion we 
may take a piece of elastic string, whose length is equal to the 

28 — 2 
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height of a smooth table; then fasten one end of tho string to 
a bullet and the other end to the floor, having passed it through 
a hole in the table, so that the bullet just rests on the top of 
the hole when the string is nnstretched. If the bullet bo now 
pulled away from the hole so that the string is stretched, and 
then let go, it will oscillate to and fro on either side of the hole 
with a simple harmonic motion. The acceleration (or rate of 
change of velocity) is here proportional to the distance from t he 
hole; that is, to the amount of elongation of the sir inf/, It in 
directed towards the hole; that is, in the direction of this elon- 
gation. In the case of the moon moving round tho earth, t he 
acceleration is directed towards the earth, and is inversely pro- 
portional to the square of the distance from the earth. 

In both these cases, then, the change of velocity depends 
upon surrounding circumstances; but in tho caso of the bullet, 
this circumstance is the strained condition of an adjoining body, 
namely, the elastic string; while in the case of liie moon the 
circumstance is the position of a distant body, namely, the earth. 
The motion of a projectile turns out to bo only a .special tmso of 
the motion of the moon; for the parabola which it describes 
may be regarded as one end of a very long ellipse, whoso other 
end goes round the earth’s centre. 


^ Theie is a remarkable difference between the two (’rises. 
The swing of the bullet depends upon its size; a largo bullet 
will oscillate more slowly than a small one. This leads us to 
modify the rule. If a large bullet is equivalent to two mimll 
ones, then when it is going at the same rate it must contain 
twice as much motion as one of the small ones ; or, an wu now 
say, with the same velocity it lias twice tho momentum. Now 
the change of momentum is found to be the same for all Imllnl „ 
;vhc„ tl. e momentum is reckoned ns proportional to tho 
J ma ei in the bullet ns well ns to tiro velocity. Tlio 
quant, ty of matter in n body is called its mam; for l, mile* of 

r t- of rr* simply t,,e < '< ^ 

oned'as l f 

(thtt'fto 6 f ate<1 ‘f™ 1 Ule Clmng ° ° f mon >e”tum 0, of ubmdy 

(that ,s, the change of velocity multiplied by the mass), doping 
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on lln* stain ol’ si min nl' adjoining bodies. KejjardtKl an ho 
depcndim.?, this rli!m;(n of momentum in called tho premiro ov 
tvnsiun of lint udjoininj*’ body, jict-oviliiijr to I, lu> nature ol‘ tho 
itl tain ; 1ml li uf Ilmen me included in lint uuiim stress, inlrmluoed 

I IV i »Itn!vilO', 

Hut in I In- ruse nl' projectiles, l int uerelerntinn is found to Im 
llm Mini'’ Ih i nil bodies at llio tiiunn plant ; and litis rule holds 
i*o,id in all fio.i-M til plmioltn y iiioliou. So llmt it semm im if 
lln> ill ju«t*« * nl velocity, ami not tint rlinuj.pt of momentum, 
depended up , hi liio position nt distant bodies. Ihit thin ease is 
In r, up, hi u i it l» «i' tlif nauir mlo ns (Im oilier by nuppiminp' that tins 
uni '■> "i lln* umvinp | n uly i>i |<i in* rrrhnimd anioiij* tint 11 eirouiu- 
t'fiiin'ra," 'I'ln* rliiupp 1 ol luoiurnlum is in this nmo called llm 
tiiiuii | i< in of piiivitutiou, and wo nay llmt tlm alt, motion is pro- 
l„,i i iMiml Jo dm nuo i ol llm uUnmlrd hotly. And this way ol 
I'ojn o'iot»i 1 1 1 1 r | hr lurt'i is homo mil hv tho rhsttriral mid nnij^- 
si.-t i»* uM un i ioii’, mid repulsions, wlmro the elmntfo of luoinrnUim 
dip* nd > "it I In* po if ion ami at a In of the ullracliuj' thing, and 
upon dm ihrttir el mi go or dm iinluml magnetism of llu* 
all i si t« d thing, 

i |o*n, is of t iv o Kinds; llm at mas of a strained adjoin- 
inp Ito.ly, and llm atlrmMiou «n* repulsion id’ a distant body, 
A Ho in pi, Intvo l iron made willi nmrr nr lens tunvess to explain 
rm h ,d llm o hy means of dm ndmr. In common discourse tho 
v,o»,l " |< a , < ' ’* means niu’.rular rllmt exerted by dm human 
hainr, In ibis rmo dm pail of llm Ininmu body which is in 
, 4.111.1, l wilt) llm object to Im unwed is in a stall' of Hlmin, and 
Iho |t >i ro, dynamically rmmidrird, in nl llih lust hind. Hut 
(hi > (clftJo uf itllull* is pi reeded Mild followed liy m.'l VUIIH dis- 
i hoipp s wh$. h in,' m i oinpauird by llm sensations nl clhni anil 
Ol too < oi l! (tln.in ; n omplirstmu «d nil runistaimrs which dues 
rn,( , u\ in da- m lion nl hmuimulo bodies. Wind, is ooinnnm 
l,. I ho I wo ,in. a is, that dm rhaii } .-a *d’ nmumutum depends on 
dm '!», on. 

Hauno thiiH explained tlm law of l'Wre, which ia llm 1mm- 
dsdon of Mvimmit s, wn may consider dm remaining laws nl 
nmiion. U \« convenient In alula timid Ural (W purtidiw, or 
U.dm>» so Mind) thid w>« nerd take ueenuntonly ol thidr position. 
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Every particle, then, has a rate of change of momentum due to 
the position or state of every other particle, whether adjoining 
it or distant from it. These are compounded together by the 
law of composition of velocities, and the result of tho whole in 
the actual change of momentum of the particle. This state- 
ment, and the law of Force stated above, amount together to 
Newton's first and second laws of motion. JTis third law is, 
that the change of momentum in one particle, due to the posi- 
tion or state of another, is equal and opposite to tho change of 
momentum in the other, due to the position or state of the first. 

By the help of these laws D’Alembert showed how tlm 


motion of rigid bodies, or systems of particles, might bo dealt 
vdth. It appears from his method that two stresses, acting on 
u rigid body, may be equivalent, in their effect on tho body as 
a whole, to a single stress, whose direction and position will bo 
totally independent of the shape and nature of the body con- 
Mfleicd. I he law of combination of stresses acting on a system 
o pai tides is, iu fact, the same as the law of combination of 
? cities * so ^ ai as re a ai 'ds the motion of the 83m tom ns a whole, 
us beautiful but somewhat complex result of .Dynamics linn 
been used in some text-books as the independent foundation of 
ota tics, under the name of the parallelogram of forces; 11 win- 

gu ar inversion of the historical order and of the methods of 
tne great writers. 


is thJT th * VeSU[ \ ° f ftH t- ^ e circumstances surrounding a body 
in emi^ 18110 !^ 60 ' —turn, the body is said to bo 

remain so "aH ^ lf the b ° dy is rt(i reHt > ifc avil1 

called Statics * T* 1 l 1S j. account ^ le stu dy of such conditions in 

C : ;i with the rr of **«“ >->-■ - 

external ‘ s treJT , ‘ Rouses m which the resultant of the 

nothin". B ,; t „:i“r actingoiithe bociy 

#»«. “'aw pa f t rf *•««» “ wuh. 

tiguous parts of them • °f m e interior of bodies between con- 

«ni>cr4«isite s urnj t l 7r “ S dep<m<ls ‘l^orminntinn 

loads. It is f ouuc i f . ,, S U1C lues w ^°h have to bear given 

given strain ^lepeml^on’ t]™ y ' Vl “ 0li . the St,ress 

physical nature of tho^ody 0 accordi “S to tluJ 

body, for bodies, however, which mo 
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not crystalline or fibrous, but winch have the same properties 
in all directions, there are two quantities which, if known, will 
enable us always to calculate the stress clue to a given strain. 
These are, the elasticity of volume, or resistance to change of 
size ; and the rigidity, elasticity of figure, or resistance to 
change of shape. Problems relating to the interior state of 
bodies are far moro difficult than those which regard them as 
rigid. Thus, if a beam is supported at its two ends, it is very 
easy to find tho portion of its weight which is borne by each 
support; but tho determination of the state of stress in the 
interior is a problem of great complexity.' 

Thoro is one theorem of kinetics which must be mentioned 
boro. If wo multiply half the momentum of every particle of 
a body by its velocity, and add all tho results together, we shall 
get what is called tho kinetic energy of tho body. When the 
body is moved from one position to another, if we multiply 
each force acting on it — whether attraction or stress — by the 
distance moved in the direction opposite to the force, and add 
the results, we shall get what is called the work done against 
the forces during the change of position. It does not at all 
depend on tho rate at which tho change is made, but only on 
the two positions. If a body moves, and loses kinetic energy, 
it does an amount of work equal to tho kinetic energy lost. If 
it gains kinetic energy, an amount of work equal to this gain 
must ho done to take it back from the new position' to the old 
one. Tho amount of work which must bo done to take a body 
from a cortain standard position to the position which it has at 
present is called tho potential energy of the body. The theorem 
may he stated in this form; tho sum of the potential and 
kinetic energies is always tho same, provided the sui rounding 
circumstances do not alter. Hence tho theorem is called the 
Conservation of Energy. It is one fact out of many that may 
bo deduced from tho equations of motion ; it is not sufficient to 
determine the motion of a body, but it is exceedingly useful as 
giving a gonoral result in casos where it might be . difficult or 
undesirablo to investigate all tlie particulars ; and it is especially 
applicable to machines, the important question in regard to 
which is the amount of work which they can do. 



440 INSTRUMENTS ILLUSTRATING KINEMATICS, &G. 

It will have been seen that tlie science of motion depends 
on a few fundamental principles which are easily verified, and 
consists almost entirely of mathematical deductions and calcu- 
lations based on those principles. It is no longer therefore an 
experimental science in the. same sense as those are in which 
the fundamental facts are still being discovered. The apparatus 
connected with it may be conveniently classified under three 
heads : 

( a ) Apparatus for illustrating* theorems or solving problems 
of kinematics, such as those mentioned above for compounding 
harmonic motions. There is reason to hope for great extension 
of our powers in this direction. 

(b) Apparatus for measuring' the dynamical quantities, 
such as weight, work, and the elasticities of different substances. 
These are more fully classified under Measurements. 

(c) Apparatus designed for purposes belonging to other 
sciences, but illustrating by its structure and functions the 
results of kinematics or dynamics. In this class the remainder 
of the collection is included. 



APPENDIX. 


[Among Clifford's Papers three Gakters lmve been found relating to Uio 
theory of Elliptic functions. Tho most complete of tlicso is entitled '■ Algol irniu 
Introduction to Elliptic Functions;” the second is “A Tract on Elliptic, Fime- 
tious; ” the third is without any titlo. In nil tliroo, tho elliptic functions are 
treated according to what may he termed tho second method of Jacobi ; viz. llm 
properties of the theta functions are first investigated and tho proportion of Mm 
o ipho functions are deduced from them. Tho three cnliiors appear to have 
een intended either as notes for a course of Lectures on Elliptio function h, or 
ns drafts for a treatise. They contain no new results, and porlmpH no original 
methods of investigation. Put ns tho mode of treatment adopted by Clifford i„ 
emp ojec in any Lnglislr treatise, and as information respecting it would 
mvo to he sought by the student in soattored original memoirs, it lias been 
T r g / ® dvi8 ^ 1(J t0 l >rint * this collection, nearly tlio whole of tho “Algebraic 
fTff 0t i C . 1011 ’ nad one sootion of tho “Tract.” Ifc is unnecessary to say that 
uuiord is nover a mere copyist, and that these fragment* possess an iudopemh 

H> * of th6ir own < oven when i-elato to elementary parts of the subject. 
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Definitions and Elementary Properties of the Theta Functions. 

Tho geometric Berios o+«r+«i a +... may bo easily expressed ns a sum of 
oxpououtinis. If log a = a, log r - /3, the series in fact becomes 

e a + e tL+P +e <L ' ¥ ^ + ... 

in which tho general term is e a+,,/3 ; nud wo may then conveniently write it 
Hero tho exponent of the n th term is of the first order in «. It seems 
natural to extend tho conception of this series by considering exponents of tho 
second and higher orders in n, which lead to tho series 

Se «+M0+n*V+«» e tc. 

. , ,, . r, a+«jJ+« 2 y iq 

Wo Hhftll in fact now oeoupy onrsolvos with tho series 
called a Theta-series. 

All these series may ho regarded as extending in both directions ; ho. » may 
1.™ allmtogcr vahj M, positive «d nogfttivoi but there* - ^ £ 
difference between the cases in which tho exponent is of an odd 
those in which it is of oven order. The geometric senes tor example may he 

... + C “- 8 ^p C a " 2 P ±c a - P + c a -\r*^ + ^ + ea+ ^ + '“ 
hut, as is well known, the series is always convergent towmds one end^nd 
divergent towards tho other, unless fl-0. But the senes -« M t {, 0 

convergent towards both ends or divergent towau s o i eu , 
real part of 7 is negative or positive. And a similar tlnug is hue 
serios in which tho exponent is of oven order in «. 

For simplicity wo Adi suppose .=0, which is Rivaled t» «vU,ng t » 
whole series by «*. W sbdl also ww use tho symbols S«, a mated ? a r 
This being so, the series 
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HI. 

The Addition- Theorem. 
Starting from tlio formula 


Qit.Oo-Ou+v, 2a. On -v, 2a-\-0 1 n+v, 2 a.OjU-v, 2 a (I), 

wo derive by writing n -|- \a for u and v + la+lcrr for v, 

°i u . 0jv=0^u+v, 2 a. O'u^v, 2 a - Q'n+v, 2a . 0 1 , u^v l 2 a (2), 

and so 0{u , 0,i>= 0/u+v, 2 a , O'u - v, 2a + O'u+v, 2a. 0,'a - v, 2 a (3). 

Write r=0 in this formula; thon 

0\ U . 0, = 20/ u, 2 a . 0 ,'m, 2 a (4). 

So from 0 t n . 0 x v = 0 x u + v, 2 a . Ou - v, 2 a + On + v , 2a . Oji - v, 2a,.... (5), 

wo got d, 14.^= 20 1 4(72« . ffMa, and 0* = 20, (0, 2a) . 0 (0, 2a) (6,7), 

Substituting in (2), (3), wo got 


Oi U+v, 2a . O'u ~ v, 2a - O'u+v, 2a , 0/u-v, 2 a=0,if , 0/u 


_ 4 Ojti, 2 a , Ou, 2 a , O’v , 2a , Q 1 ‘v i 2 a 
(0, 9 =) 20, 072a . 0 672a 

or omitting Oho 2a throughout 


0 , 0, (0,'it + v , O'u - v - O' n+ v , 0,'it - v) = 20,« , 0u , 0'v , 0,'y, 
0 . 0, (fii'n + v . O'u ~ v -|- O'u+v . 0,'n-v) = 2 0,t» . 0i> . O'u , 0,'n. 
Divido throughout by 0, 2 , 0'wfv . 0'it - v ; thus 


f{u+v) +f{u-v)~ 


20,» , 0t> , O’u , 0, f « 
0 1 2 ,0 , a+v.0'«*-'U 


= 2/a , gv . 7m 


d’fi 3 , 0'u a 

0' s ,0 f «+ V,0'W — -U 



To find tiro value of fcha doxtor side wo prooocd .ns follows. Wo 3m vo 

O'® , Oy ~ O'x + y , 2a . O'x ~y,2a~ 0,'<« +y,2a. O^x-y, 2a (12), 

, 0'y =0'x+y,2a, O'x ~ y, 2a -I- OJx+y, 2 a , O^x-y, 2 a (13), 

thoroforo die , 0'.u = 0'2a*, 2a . 0*0, 2a (14) , 

Multiply togothor (12) and (18), taking aooount of (14) on tho loft, and omit 
tlio 2a throughout; thus 

0’ 2 . 0'2x . 0'2y=0’x+y\ Q'x~-y 3 - Ojx+y * . 0/^ 3 , 

2x=u+v, 2y-u-v, x + y~u, x-y=v, 


or writing 
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V. 

Product of Four Theta functions, Smith's reconstruction of Jacobi's method. 

Consider four integers «j , « a> ?? a , w 4 , and lot jq-f H a +« a -l-« 4 =s, r,=s-2 ?q, 
j * a = s ~ 2n a , = s - 2» 3 , v A = s - 2«,j. Then tq r a + t> 3 + t> 4 = 2«, and 2s - 2 — 4%, etc. 

Multiply now together the four 0-series. 

Ox = 2 e { nfa + 2» r r | , Oy = Zc | nfa + 2 » 2 y | , 

Oz = 2e | nf a + 2 m 8 2 j , = 2e | « 4 2 a + 2n 4 u> [ » 

and wo got a quadruply infinite Berios in which tho exponent of the general term 
is a 2 >i 3 2 (ujir +n 2 y + n 3 z + npo) , 

Now 2r 8 = 42?i 3 , and. if w© write <r=sx-ky+z+w, 

then 2 (%* +- n^j -Hi a 2 + ?i 4 w) = vf + v a y + r 3 f-|- r 4 w, 

where 2 f =<r - 2®, 2 jj=o- - 2y, 2f-cr- 2?, 2w= ff - 2ii>. 

So the exponent becomes 

^aSr 3 + (*q£ + v s t} + J' s f + j> 4 w) . 

Horo if s is odd, the v nre all odd, and if s is ovon, they are all even. Thus 
the v and fyZi) must bo either all odd or all oven together. 

First let them bo ovon, and = 2pj , 2p 2) 2p a , 2p 4 respectively. Then 

Pi+lh+lh+Pi 

must bo ovon. Substituting, tho exponent becomes 

aSp 3 + 2 (p^+Ptf +p a ?+p 4 w), 

and this has to bo summed uudor tho condition that 2p is even. Call tho expo- 
nent P, twice tho Bum required is 

2*6 | P | + ( - f p e | P | , or tf f . Or ) . 6 ? . 0 « + ff £ . tfy . O'f, O' w. 

Next lot tho v bo odcl and equal to 2p 6 +l (7tc=l, 2, 3,4), Then ^2v=S!p + 2 
must bo odd, or Zp must be odd. Hones if P is tho exponent 
aZ (p+i) a + 2(p 1 +^ + ...), 

twioo tho sum is 

S^1P|-S 4 (-) Sj5 c]P|, or 0 £ . Opt ) . OJ . O^-OfZ . Ofy . Off. Of a. 
Honoo tho Theorem 

'Wx.0y,0z.0w=0%.0i).0t.Oo) + 6'!;.0 , y.Q , !;,0'u+0 1 l-.0 1 i}.0 x !;.O 1 u>~0 1 , Z.0f v .0 1 '?.0 l ’u 

= s ( - ) aP o* (£) . £>; (n ) . 0* (t) , o* («). 

T f tf'2 Og (i ^ 

To generalize this, add to tho arguments x y z w tho quadrants ^ ^ ^ ^ 
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The Addition-Theorem, 

Wo have found expressions for tho product of two difforent 9 functions of 
x -p y, x-y\ tho following vftluo for (x-\- y)0^ (x-y) is used subsequently for 

funollona of llio Hceond kind, as \voll as boro for the addition- tlioorom. Writing 

for Li id mb Uto values x - y x-\-y 0 0 \yo have for tho £a/3, y -y x « and ho 

a a 1 1 1 1 a a 

b b 0 0 0 0 b b 

«#>* . #;*•■!■ v . i ( - t*t*.f M * - ( - fV-O* (z)) ' 

Hut now writing for tho mb, at - y x-\-y 0 0 wo got for tho £«/3, y ~y at x 

an 11 11 an 

6 + 16 + 111 1 16 + 16 + 1 

no that, 

0 = > -I- thW . Ol n x*‘\- Oy / . -I- ( - fO'iP . - ( - )V - l .x» (IT) i 

then JMi( ~fl\' gives 

(>l (.« if/) • {* - it) o’^oy,o^M- ( - )"w • flj-n « a 

For example, writing «, hml, 0 wo liavo llio important formula 

O' (x •(•]/) , 0' (<» - y) O'h-., 0'f . dV J - <V// 2 - AM or — « 1 - W •/>/• 
Dividing by this orjuivlion Urn throo formula) 

O’, i; ■■I/. O^x + y.O. Or- 0,y . 0y . 0/® . 0'® -l- 0,'y . 0’// . 0 v v , Ox, 

O'M ■ ■ y , Oyv + y . 0, . 0' = ■• 0 x y . 0ty . OyV . O'® -l- d,V • Oy . opv . Ox, 

0\v - II , Ox + j/ . 0\ 0 ra O'y , Oy . 0\v . 0.r -l- 0/y . 0 x y . 0 /a> . 0 t x, 
wo find from tlio Unit 


i // (W, 0,y . Oy . 0,'a; . 0'® + 0,'y . 0'// - g t » • g - c 

" owPoy- 0 x v j . 0i'y a 


0 , 
0 'if+y 


or 


, , ‘ 0- f/ : /'0 


and. so from tlio hoooih! and third 

, . (I ® . (i>f -\-fx ,fy : hx . hy 

If {x -|- y) ss — - x _ foyfcj , 

. hx.hy + WX'fy.jfX.OV 
ft (.* + !/)» “ * 



AlTliNIiJ X 


(>/ i; lx - 

I>HTorriiitifitt' ihn ('ijmilioii 


w {.<■ I 


■ Of/'. o’ 

» v - 'Vr . iyY 

I'VidO with IVUJUtH til y; 

Wl» l l t>('li|| 1 , (live i: 

•?iv* ly 


('!'•*' I // . (>‘.i y (I 

'■>■ 1 it . « ; '.i 

Vi'y.t' 

1 ' ! ■ 0 - ’’iYs/ • Aj i/ . r» ‘.t 5 . 

('''V|y.oV-.y 1 , y. 

,v > ;/ i y 

-a 

ty * 

In thin pulp nfl; {?» n 

• -a (!*■(/. 

‘/ 1 i* ; ; 

'? * *,i (i 5 .’// , tij'y i ,y . t 


ft'.r • ('■ ,\"J II O' ;* 

’ , IV : \ 5 j 


fl'.r *V 

tV a o' 1 



W «** - , 

fr.*’ (/ 

1 • t 

0* ‘ Os'* 1 

Yi 1 /..* 



m-ivtn WiUl.ii; ,v \ Sl , | 1(tV|J ; v ' , 

. '-"CO 

f ^ Hu*#*** ( , • . ^ £ 1 _ , - 

. . /kj \ v» l< 


Intern! Inn fi'oiH o (o h ( we <; , :1 


I l* fiti* n !-,i, 


Jf y m it, <hj,. N /<i y J( i mi ,j vu; | lW 


/** 

I A' ! !r||* (I, III 1- 


j > ,t,j 

I'i 

■*V. 

♦?7 

/» 

) « % i 

! < % *' ' 

, 1 ■ ' 

^ & 



My* 

m ?-K II..M .!„« ,( luv 

r. 1 

* l! 'L s/\ ' ‘■•l-Vi-V. 

/. , 'A ‘j'lV ,/M 


/■ yfv\ 

« s ", t 


,, /sif Bjj 


' . 1 

^ *M ?!? S , 


"JA / <* *« 1 y\ 

V SPA* ) 
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FitHi'fftwi »/ tin Third Kind, 


In llu> iMjimllou 

lujai liif'UvUlilnii' llttxiou in H’Kjii’i'l »•!' ]/; lliiti In 


* y ; i-w./v 


. N//i/ . /ir/ ./// 


«V I**IS I U 'V !'T, <» // * Imji l»’f/ J , j,,jyi ( -J 


In ii -'j" *'l • >>' t> In .!■ ; llnni 

(*' i 1 / f l it . . - {* PfPd.i', 


■i It'll I 

f/'.t' I (/ 1 ■'* 


Jl 


^ O ' A" U ') (*'/i ) cn r i'il t* tin i'i -1 nil 0 inln 

"U"") *W) 


VI. 

.Ifi.fi. Ill /.'till "/ ffl.' tlddif I /iflifi'lll, 

r On 1 I'm vii 

1/ .>’0 -vj(l IV) 

If tv* i Vullt' ,v *•— rm® 1 1 , 

jj„u r/ i> 14 « rn min ii, 

Ittnl *>>,, » y Ji. iiil nil lilt* HU if Ulliy Im tl' U'il. >1 1 >>' il l J'itVllHM'tl'V II. 
tM U ; t Hurt 1 I ttl Ill'S H'IUi .1 lt,v ill" itllili(;l*l Hi' 1 * 

(y » t/i/ I s 

H„; iil.^iin^nt *■! lli»> if i"iiltu l u»t' !>>' I*»m in|H«lintl 

M jl fvj* ,) (I /.«. (, l it}' ft) 0. 

K y,,i nmy ( t <) in O.i t i ,|M!ill'*M, v," mIihH h1»ii viuy llit! rimt'i of it, Tot v 

luiiv nny t'f llttt llt' ii vitt I'lniU Ihino 

vVn.lv r,; !■ 0 -(*•)*!{ iK'-vO- ,|L 

i'o.w rin^n • -il, ifij x i l '} 0 " A V 1 1 -.■■■> 1 ( 1 1 

i If ^ (1 ’ ■ t *‘) 'i'l’l j| ( 

Oil Py) *'* 

Hunt iltiti iv.|tisiU»m f.ir ilm lluv* wh-i* *,*»****'«• tho imm 

,,f ilw **,»>.) lrnn« Vtmlpln-t. hinl III" til’ll l «««« i‘"‘ « 1, “ - ,h ’ llc,)c<i iutc ’ 
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‘I""*:. If 11 ' ' 1 "< fl ' ^ ' U •’ » w« know UmU+F-MttO, ai: 

1 "‘ n (( H. m. .. *f n nmin lmv<> nix imiiitiii tu, Until at t», flu < 

tl.i, *>!...«« lU' It... »>„ „r n.ht^d (( f la, lt!l hunniii inlloxlon, nil 

lit. If in i> / t»f IImiii. 

It, l li“ | .» ■« i if <» of i.r f. .nr limnimlit fn.m u nu> 

1,11 ' ,h ' 1 ^ 1 ih ‘ * 1 , lilt. Him HiiiitK two nf thorn mcotn U 

,tM * , hvu Ml til.. uuMd. [Tltrnr.y „f mr^mdiiid point*.] 

*• ‘»iiu...ii«.t.»r.» ••• 01 -lint’iUi ; . .i 7>/j . .,.•(! 0 In lt» n culilo ol 

II,.. t. i.nifti . -fv, .1/ii’mi.l |<H'i,on ( . Dm (limn iulumuotiw 

tn-.[. I ‘t U. »t<r ».r llii'U i .'Hi hl.l.ui, l' lU /«,. ( j/j Wlild a, ( 1 , ^ 

i' t •’ (! I > . •' I •» V I <t, <t | h u i {l t 

uti.:,,.',. V.|. fin l .1 It h H 0 Y li ill 1 i'A" or l( | lh'\ 

I h' <!l i'h. H >*'■' lift** t-l ioui hlitllp.li. ft. i* j Ml l),ii l.ilrtlich, 


VII. 


'll,.- Ihfl.i juii:1iv>i* iMjiiyuUji ill jltliuitl' pliliita'tn, 

T.f i ij lii” J'l.-iltMl i.f rt t i 

It'* i 1 I f * ' I'll 1 1> (I l ,M)(U r 1 ., | 

ill |i ti’, r|:j i-f Mi'll (till U fcj'Ut|»4>*!t i*, 

f I < jy \ jy 1 | ... | ;t, 

h‘»>w $»» th.- |.*»~ Ifi. ? v„. i itil.t i| lu'i'.imt'it lilulli),lM liy l | 

r.U t tliX. s.li- =1 t'V I H , JSlit if ,i, l 1 vu* rli:iit[!u ,V lllltl j\i’, it liit’iHilin 

n i s j.,*t ijiy.ii i it> n> n r,\\ 

l -J.ti' hSIv v,». su\|«l lirilM i' ll ! i M .V J — . ( 1 fi ). llllt 

I'll » *'•■:}-- 1 'i i|' # » O * I i|'j * » ‘V,I ' ' < ••• i U'» I' »>,, l) •*“. 

M U j • .* +- 1 i (r>v i I) i ij-.s } ; i i {iv** I i'” 

t ” jis-.ilii),* fv-. Iti 'i* >i!*t »>f lit, 4 ' i J*, Vwi lin.1 

l ■■ r" 

»*»■> l'»* « I. l'i j r . 

I »'• '» 

i'»* tYr-i'/’lJV* M *’ i'j l’i * j . ( f 

{ . r“ ,J 

J'« »Y»' -JV" 1 JV*. r*^^* 1 yi 

-- H... 

1 r. ^ 

r* i Ov, *iv* f r* “ r r« j . r v r ’‘ '* 
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Lot tho product (W) (l ~ r' J ) ... (1 ~r") Do .cnllutl « («), Tlw.i our rcimlt 
may ho writ ion 

Jl" y n j/""i 


n y ...y 


&'(»)'” '''«{« 1 ll(u> 15 ) 'll (:•)'• r ' 


All r ftppiouol It'll tho limit I, (ho lYm-lim, j n , r , ( .u iJh> || mil )> 
Iliilico tho Morion junl obtiiinnl |iiiiimi<u into tint hlmmihil t1o *.r,«in. 1 

To oxpiuul tliu pnnhiot of Dm two fuolmiuln 

!.'«*)( I I .rfi) ( I | ;n r< ) (t | *) 

H" , “ l ) .(M.,; h) {l| a V')(l |,r 1) 

111 pomtlvo mill nt'/jnlivo |imvun of wo in it u-t hillmvn. J„t i.»,<h factor 

M rc r * or Hio nmm.l ho by a: ' *(t , 

in tnpml; thou (ho fimtoiial hociuiii'ii 

ll"(l.M"V' s ~ ) ) | .rr <)(t *j(| , , (1 , ,,t ^ 

nml lu Hi In form it In won (it I'*' a tho f.om.c f, t . tmiat huoUm.hi 

for nccutlvn imwcni of r. To pul thorn th, tll v,| ' 

with tho lout fiuitor of Urn mm (1 | , u ' (a t (hl>< ho onllo.l I | ,, ii,.,., 

*-V umlwolmvo J 

n ».( i .|., w a ‘" 1 ) ( i ' i '»“ V'"'V 1 / I „) in ,„V|(! I (I i II ) 

Hut by our provloun mmli 

I j 

‘ U-TJnl 1 ll'I-hi I j ’ U ; |t| 

l jj^il 

„ 'll'iari ■a|-«*|a| 1 ’ ' - 1 1|<|;!..| , '"' S " 

«T-M'“"'l!|:-„ I,tt |l| r '” 


' ' 1> ' ' - 1 tv i-o tn 


M ' " ' U- 1".- 1 1 U 1 1 ' r 


<’< « 


.tri-ip 


thnrcforo 


i '* « 

I » M \ 

It-'ianl 1 


^ J ' ,f 1 J IM (1 1 *> n» ( 1 1 ^ 1 / ») _ ! fr(r|t 1 

i 


’ j ., 1 * 1 

I I r»i >4 1 ••• 


i 1 ,V ” • 1 ' > l ’“ s ,.l » -'• - *» * ’4 

+ (i+ * i 

r w s |y«j 
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leim Hum 1, nw\ M Thou 


( V ,! / * 'Iv.i* i * i*" } u " w " mU " r 1,10 Uw[m x 1 ’ > 


t « 


Ul'l'l' 


miln'M tin* vultm 1 i''" ; lliH' f"!" (ho UmUlnit Vrtlim o( (ho oxpnuiiihm 


1 - i 


il( On lh.' Hi’ht Imittl nhlo th»« funl.mi mipmioh tho 

limit l; Oii’nl-Mt wn ltus« 

... , I II, ;■ (l I r* ")('•*' "in.' (,' i i r« (..» i .« ») 

l."(.ti|a!*)liiUl. 

w.it.w, r... n .... i 

r>[‘<\ liro ■» tl 1 J 1 1 1 *V Cf» I tty 11 non <!■/• t , 

* • • r< (;/, (• <(»</) it t/t /r/, 

jmUim? I * f-v '**■ ,h ” w ' ,lmVi ' 

... . ir ,, O ! •/* ) 1 “•/ 1 V O'*" •!•/*■' Vuw'tyT.,. 

* ll1, " U *' ■ 

|„ IlK, f..« A i 11 


UM-" 1- 1 1 


A S ’* ) - 1 1 iV t .! * I t'V l i’ ! .r J I l r' 1 .!! ... 

» i » « i « « » 

I ' " s ) t rty.o ■l-.n " ) !•...). 


U, tl , v< i lin ./ f..r U »>"1 o ' (i ‘ (<-r :v, ih*'» «■’ «“'* 

* !?* « ;( ,, „ . tit I I. 

,.»1 . j.',y r-..;.nni |’,M ) 

I a «A 

.-V ji *'" 3 t,V| tty* I"./* Oimfii/fl- ... 

In (hi ■ If v.ii A-ailK.;. i B »*.’>.««; « 

u i ( , j . y,/. ..in v' nr t * a/ # * * -v* < •/* 1 »ht '!• m 1,1,1 W 

•i tty * Din fi(/i 

fr.w nhoxithw »»•'! (h-B (hit « ^ » 

• 4 0 t i'‘ ' (l i ■/' ' 1 

which liv^nioii* 

«», 

(o 


t»-u« i!* , ,»« « - 1 * 1 Jl,) 


m ' M* 

• (.1 » n*i 


, ^ «,>« w m M (>•) *'<* W - # »• 4 • 
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I,. I iihw ( <, n il. it.it. ■ » i *, > >i « (f ) ^)rf), im.l ht 

1 1 ( * ! ( „) 1 K 11 ■ (' |h i M- t {> I \\uiy) ' (* |( rf i ((■HUw) ’ 

It tunh r I (tiiil ih" tnllnth' Vuluril nf I IV) it inlllllti’ly tllllll UlO 

i 1 1 1 v i . v l * i v .tliv i "t «\ t!>. tv "hull Jttit.it 

l‘ i 0 . II Ml ■’ V 

V <)/ 


Mil. 


//jir-vi/ tif I'.niOi/ iiifiiii/i- fiu-(<‘riih, 

A I.wniu, { hi.; U ( l ! ^ . ..i.i i'hS'iji ii .l*ti,My (iiiWillo iiuuiliw of fiwtom 

, 1 , ..!i t. .i \oiUM.. ini. n *, i, ill lift fully il-'ihml tmlil w.i luivu Used 

UJ ,, lU tit., u-|..ili..,nT ,.| lit*. hMiiiit" Vitivu- 1 t.l n mul I. IrtiUlmmi ho l iWil tM ll« 
lin-vlra ■ t o j hi » ).tun>i; |lm, w.» limy tlml Hut |tV»"luol III 

j j- , ,15 v.ii), t itm 1 ..I a f v.ltioll II" 111 It t'. llltill l'li"it*l WlWtl l«»'- 

i. iMn-li)'.;: (!■,., ..If, i.n. itt! I til li tit. 11 thin ,111V.' ill ill!., Will liM'Stmml vlllumt 

li.tsii i.-i.r-vi tii ii,- 1 ..ti.,,.... ( 1 1 ii.il" 1 Mt; II mi. I "iiiillitrly iiiliiuii’.l in ivmml l«» tin* 

,.ii, in. J lu. .jii', illy it.imU" J.i.i hti t ' n i.h I illt.-.l Will lh Jil’lul ill tfOUilltl OJKItl lilt) 

r.- ): 1*1 1 ■ ■ I tf 0‘i ‘i i 'll H' 

K ih.t nmv.i |.t lint" ill" mMh f*ir ft n’lilio, l.i\ tlmt fivc-ry lino 

ii. !.." h ih" ..-«ii:s« in |.i«f"Utl h' Ji. »*'■ » ‘ "/ ,llr wil1 >m 

( j , i}f) ft. . y ..,-sy!i'.r, ■.# .1 /. i- fi.r l 'n i' twi tutrvt'ii Id 1m 

itilv'ii h,oi.|i o’. I,, r (in. I M 11. II' h" Wm |'r...l»Wtn MoiminfJ 

|.< tin f.t T !v<'i» 


I / H ■■Xl-aili. ) 

\ K 

li." o.itnmwih". li.Ut.f? |I«.-;.D \*\w* M *, t whit'll n»n t ltponil to 


l .t 7 v 1 

,-v , v 

\f. I ) y (», «» 


... ‘ 


v . u ,. M ,! ... . "It, », Jvnv ?: • -a h. i-itttiw t'f Om lijiuimilry ; iui<\ 

■ (*. 1} 

M | j.-, j 5 1 1 - ih'.tU • I ?; 1 .in v^iih wl.h'li nil utihwiiiii'iit loimi 

r . al!T1 . ^ ri*!-..i»i.i ii.th.U" wh. ii Dm pui vih itrt) liiort -m-A wiilmut 
!« H l"h.r' .UT 

hi- hiitU’ ll’-at H'll'.' H 

*M 1 * ,, 0 )" ;,LH ( l ’"(*» «*• MH-MwO’ 
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But 


xiri 


(.+ ««+(* + !)** (s+i)jrMt + i) ?!f' 


Qx-0;JI fl + ^r-)=(?.n 

\ (s, t)J 


xrn 

a 


(s+ £) 7ri + (i 4- J) — 

o. e ^,o (?*!, £) 

\ a a ) 

K°- t) ’ 


since, in order that the II may represent 6 ( — , — V wo muab linvo — =0 ; 

\ Cl ft J S® 

the former arrangement regarded the piano ns an infinito rcotanglo, infinitely 
longer iu tho direction of t than in that of s ,* tho prosont ono mahes it infinitely 
longer in tho direction of $ than in that of t. 

Wo must now determine A so that c Aafl 0 (^~ , may bo maUorocl 
when x is increased by ttu We havo 


= c a a . e Ax 0 


/ xtt i j rr 2 \ 
\ a ’ a J 


wheuce A = - and tho formula may lo written 


” 7, (3>+9Hr^! a 


A(x+my £\ m 

v \ a a* a) 

1 

= - - , and tho formuh 

«(o 

Obsorvo that the formula may also bo writtou 

1 

"■'(t* ?)= e M 0 ' i)- to=l, ( 0 ’ 

Similarly for the othor 0 , wo havo 

*•=*’• n i. a) | oua Ilii=sai A _ * x . 


sin 2 f.,s-f : £. a 
A . .' ^+8 T| j' 

. Bmi.(.s + g + $.a) + ^ , a <tt 

sin i , s~+|ft ~ (s+i)a \ i , 8 + fT 
\ / 


fVy 


Wi+^UWi +s== ® — ) , 

\ s+%,a/ \ s + ^.a+iiri/ 



far, o) 

( {», t) > 

V» / 
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iif" h! 


«\ r 

1' . II 


?, /'-..A 

Mill tll> 

•<> li 'tmnliii v, 

i> iiiuy i 

1 

'i,. II jl 1 

In i\ Hiii l 

( ', o' V' /' 

l.v 

1 ‘ 

liaillil.DIMIllioHM 

(«. 

} . l» ! J1 . . 

“M 

r ' i r 




| <*.■ I', . , 

" " | 

J J ’ 

f' M( . 


1 o V v { . w/’m 

(«■ ".’i 

1 -*V 

■* 

1. l< 

" J 

1 1 " ' / * • 

1 , , 

1 .. „ ' 1 1 II 1 J. Hi , * 

vj u ; ij n , ; th. ■; i f hi { 

m l*P <•> 

\ " 

« h, 

M 4 

U,. 1 

f * ' ‘ 1 

llml J t 'll fuf f ( ii \ | 



;l - - 


•) 

hi \ 

■“ \ •« / :>■<■ 

ii< >n •• 

t, 

■ • ' ■ t ■ ’ 

’•III 


r.' 

1 Ml A')/- li/zya 

. ; i 1 ■’ i i I ! 


.1 i: Hi 

in J uf 

in. it fmn’iitiU!i, 

' 1" ' ■ 

' - • • - •'*“ •• 

' 

1- llli 

: l.f 1 

> 'Hi|. tin finti (i.*ii i wo I in vi > mtly (n 

I). .? 

* ’■ l ’ { ■ ' :! ' 

niiiil'iH 

* h.O». 

‘ ‘ i 

* i'tln It «ii nl \ i. ii ii’ii'Uj mi that wii 

it 

** 

v V, 

;; " 

II 1 

ill- ' (lii lltlv 


if » * ' * \ '*■ M |l 


' , ,lM 

'* ’ ' • i > I’ll /,’) 


5a.. • ■•’••• '■ •• '“-'‘i *< !■)>> ■ !■!' I !i-j .i, lii viiltiu itf tlni 

"I •>-- •! i»t- t . V, t i|n 

■■ - ■■ ■ '■« ■' v. .in • • , v '(i i >.■ i.uivi, 

■?-■■■ if ft <\ 

:A 

. • 8 ; e. A • V ! i h 1 I ’ \'l I f, 'Oil' i,'.) 


. > u 4 1 ■ , I- } i 

:l s l-H.i 


4 * ) • ? , i v » i tluit l!ii> litisii>l'<iiiiiutiiiii 


n/! 5 vi -Hi 


* Ms 


tu 



AITIINIUX. 


•Hit; 


/VllM-lli t'f /ill 'll) /»,,?! I .ni-tJli ')!■<. 

Tlif IrmiMloinmlinn Ju- t I’.ntulil. ir-l mnmml • t . im Jut. ,.f i),/. 

mill IM lIiut; fur 111*' ftllll lit<n t> ^ ^ ) lnr. Ilu- | , t i.. | m „| (J„, 

jii'iimi jfi, Jf « ft y H (Ui* v\lh.|.' muni-- 1 i, Ht.- j i • m t„ . j » , » # //,, 

u’hii'h him l/n' fi <>)'•<'/ u i, i t ill iiinl ittr i/n t i y,-> i, .f ( .it i ,’i.i ,,, ,, f ff tl . () ( - 

ti'if/i /i-n.'t/ ni un«/ /<. iim,/ it i‘i , T ( ni f,.i fn.M, , tl> j 

WO Willo n,n / i,7.» i.', it i' 1 i“ r m‘, Hu* i» Inn. i 


! inn i u |f ( > ^ , 


NnW i 

(til fly I , [III will, ft Ilm (| : .vi f (•> I. Iln. [ Vl4 , 

lltiil •ill iV /III’, II II. V Y'-'i "“1 "■> <)»' 1 - i ■ '- * U 4 miiiil.i |i; t)„ 

tlli'll of lilt’ J>itMl|i't'>|'|iilli hn'hlh | In ... ..‘ill’.. ,mm II < tin,! j,,. | iy „ 


Hll*l <•. ‘1 If’ '|tt»li' ut H ^ , *'* '' ’^1 i " ' | i : !li, |, , !„ ||„. ,| ( 


ml'Iv ii 


fliiltf l-U'iltt 


' 1 " ( 


i > i i t« i 


I, , }' t *'► 5l'l* !l will'll III,' |>! HI t|r jilt',. 


I'Arilnl nil uti intlnit.i ),!iiiiU. t.i |: i .on v.!i • .wiT-, i, u.,,’. t,-.n n„, r.., m. , 

niitn iitfhiiit 1 v i!U :iti 1 (Inin dll' J;i!ln. H. n, <■ n., Inn .. 


I f.rni m'tti \ 

V m ' I' / , 1 1 ' <*.■ | -■ ) ,, 

■ I' ) if 1 , It. t.| ■ 


* \ i • t 

(l '■ 


To ili’h liultm .1, nl r . i vo llml ihc fcfi fimt t f i t i« nn ,5f ,, ( 
t'M'lfii'.l l.y wltirli In uwi | jli. * 


lilt'll, fnid 


;l(l i n*i :y v ,, 

‘ p . i " 

l <««i f ;i i) . i, i 


il 1 * 1*1 | // I I*-, ,jc.N l 1 .; Y',-. 

i>V » (M .|.|»4 i fi',, * ”, iW4 

Hi’M'-n «-/ ll/l Hit. I, » |n, l ,J ft, fill, „a ... u iu „. I 

* s '" w 1 “I r ‘ 1 ( r ! *I“‘ I ff.»s s u « |*.i j y » > i ‘>1 
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XI. 


Schr'ilter’s Theorem for product of two 0-functiom . 

We propose to find the vnluo o f the product 

8 (x, pa) , 0 (y, qa)=’Lc | m 2 pa+2mx | . Se J n 2 qa -I- 2ny | 

~ SXe | m 2 p + n^q . a + 2mx + 2mj | . 

Let n-m when divided by p + q give s for quotient and p for remainder, 
so that n - m^s (p 4- q) + p, (p<p + q). 

If then wo make 

m — l- qs, 

we must have 

n=t+ps + p, 

and the numbers m, n will take nil integer values from - <a to -f oo if p takes 
all positive integer values <p + q, and s, t take all intogoi* values from +eo to 
- a) . Making this substitution, the oxponont of tko general torm becomos 

(t - qsfpa + (t +ps +p) 2 qa + 2 {t - qs) x + 2(1 +ps +p) y 
~p?qa+2py+(l 2 .p+q, a+2t . x+y+pqa) + (s 2 , pq.p+q.a +2e.py~ qx+ppqa). 
Consequently we have 
0(x,pa) 0(y, qa) 

H-p+q-l iPqa+’ly.y 

=» t 0 (* + V + W a * P + q . a ) . 0 (py - qx ppqa, pq , p + q, a ) 

li=p+q- 1 i&pa+Zyx 

~ e 0 (* + tf + m> V + q.a)0 (q,v -py + ppqa, pq . p + q , a ), 

For x, y wnte y+x, ny-x, and for p, q, I and n rospootivoly, in tho Bcoond 
formula •, then 

0(x+y, a) 0(mj~x, na) 

p-n n^a+ty.x+y 

~^ Q e 6 (" + 1 ■ V + f«*i »+i «•) 0 (n+I . a? + pm, n . «+l «). 

Assuming now that n is odd, write for a ; thon 

O’ (x+y } a) O' ( ny - x, na) 

,a,+y (-) w o (jThU. .y+pa, n+Xa) 0 (n+1 » +#■»«, ».n+I ff ). 
When we add together these formula), only thoso terms remain on fcbo right 
forwhioh p is even; wo may therefore write 2 p instead of p, and thon 

Ox+y, a . Ony - x, na + 0’x +y, a . O'ny-x , na 

m=o 6 ® ^ 4 1 , y + 2 pa, n -)• 1 a) 0 (« H- 1 , a; -p 2pm, n . n + i a). 
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0 -^ <«,-«) 0 g^flL-a) 

i\v fiiuco us=« 1 -l-« a , [wo havo, transforming tho expressions for 

a-' . a'« . a-'?/', -i- « . a'« a + «, a/ . a/a . s-jX+Tj . a/i^+u', 

ioli tho second vanishes, by tho formula for the multiplication of four 
functions, and adding tho results] 

a'« . a'«7Trt . a'« fl -i- « = a' « + a . a'« . a'» 1 . a'« a + a/u-i-a . v« . a/w, . a/w at 

c 2 c __ - »■ • a^t . a'», . a'»« - a/» - a . a/a . a/w, . a/» a 

a'n + a . a'« . y »j . a'«„ -i- a,'« + a . a/« . a/i^ . a/« 2 ’ 

y/if. . a/« a . a/tt c~ v a' (u-u)-p? a' (»+«) , a , — # 

ax; y « g :a'« "V * a/ (a - a) .KXC W> - BU a ^ XlX - 
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If wo multiply together two series — for example the series for e z and c v , we 
yet » result of this kind : 


1 + 

.x s , 

* + 112 + 

* + 
n3 

*1 + 
114 + " 

+ 

.(. + 

+ 

+ 

V + 

,x 2 » 

«* + S5 + 

x*y 

Tib + 

ill + - 

-l- 

l/ 2 . 

+ + 
m/ xY , 

+ 

x y 

+ 

xY . 

112’ 

XI2 r II2 .112 

rib . H2 

n4.H2' r 

+ 

ii 4 
118 

+ + 

xf xY , 

+ 

xhf 

+ 

X Y 

■ lib + 112 . XI3 

113 . XI3 

114. 113 + 

+ 

+ + 

4* 

+ 


... x M y n 

Tins may he called a doubly infinite series; the general term is II|fl>II " ■ 

con turning 1 mrinblo integers m, n, anil we obtain tho series by giving to each 

of iltOHO nil poftllivo integral valnee, zero inolutal. In enmmmg this eev.ee, bo 
tonne may bo Into in vavlona orclove, Wo mny firet tale all the tern. >n bo 
Hint horizontal lino, then nil tl.oso in tbo eeooral, nnd so on; this p.csonlB 
norms in tho singly minute form 

c K + i/e J! + ^i/V + ... 

tho sum of which wo know to ho Or we may take the left-hand column 

in*, thou tho second column, and so on ; this presents the senes m the fonn 

ev+sc& v + £®V + ... 

i in A* The former process approaches the quarter of an infl- 

srS£,«=-"--s 

vortical rcotanglo whoso breadth to Increased without hunt. 

Wo may also roduco tho sorioe to n singly inflnlto ono in tho iollowmg way. 

Namely, it is equal to 


/ x 5 w a A ( rc3 

.+(®+»)-i-(fia+*tf + iraJ + Ua 


yh) 

+ H2 + 312 113 


i) + - 


(x + y)" 

= l + oi-H/+ — jj2 — ** 


(«+»)* , 


113 


ninco, hy tho binomial theorem for a positive intogor ozponont, 

*» a,H-i v . v * - ^ 

Ti«, 


(iU-1 'IfY 
Hr 


+ + n^^pTa + - + n7r s nCT* 


(a + b~») 


no. this n. 0,10 of summing tho doubly infanta series tabes together the terms on 
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an oblique line joining corresponding terms of tho top row and left-hand column. 
It approaches tho quarter of an infinite piano ns a triangle iu the sliapo of half a 
square whose size is indefinitely increased. 

Wo may sum this doubly infinite scries in yet anothor way which loads to a 
useful result. Let x = uv, y~^‘, and let moreover 


/»=i+»+ (iSp + 

= 2 


(112)2 H ' (118)3 + (H4p + - 
1 


m if(/c+i) ii2 ,ii (* + 2 ) 
u* 


'h . . . 


Then wo shall find for tho procluofc e'"\ev the doubly infinite BOi'ies 

- 1 - ... 


1 

+ uv 

?/ 2 u 2 
+ H2 

+ 

« s u» 

113 

+ + 

VV~ l -f- It 3 

+ 

, « 8 o 

+ n2 

"h 

+ 

W*» 8 

ifF 

+ 

+ 

+ 


-i- 


?i 3 u -1 

+ «* 

i 

U 6 V 

m 1 

+ 112 

ns . ria 

T 

ITS . 113 

+ 

+■ 

+ 


+ 

U 3 V~ 3 

« 4 U.~3 


A 

u a 

113 " ‘ 

f 1X8 

113 . US 

r 

118 . IIS 

+ 

+ ’ 

+ 


-t- 


+ ... 






“'! th0 l0 ™» on th » ral<Mlo (liaeonnl B oi..„ 
on either side, a»d »" t "°“ *“ *" ^ «» 

In this formula write fa for ». ami fe® for m th(lt 

«(»!•»-.)= -arsine, J^.oBiYo+1) , 

l " on *i-«— 

so that “ /( '■*’ + (i) ” ' » («+ !”•). 

The fauetion^, ^ '*!“**' ... 
nlij denoted by J n p*). " ° BeSS “ 8 fu " oCio “ ol u >° K "‘ order, nn.l in 
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Tina process of Bumming tho doubly inflnilo sorica approaches the infinite 
area ns an infinitely Iona fifjuro parallel to tho middle diagonal, whoso breadth 
is iiuloflnitely iuoreased. 

Thun wo havo considered four ways of approaching tho infinite piano, and 
each of thorn consists in talcing an area of ft cortain shape and then allowing it 
to expand indefinitely. 

If tho two numbers vi, n which dctovmino tho plane of any torrn in tho series 
are allowed to talco negative as well as positive values, the doubly infinite sorion 
will eovor tho whole piano instead of only a quarter of it. The process of sum- 
ming tlio series will still consist in talcing an area of a certain shape, and allow- 
ing it to expand indefinitely while it remains similar to itself and similarly 
situated, in regard to tho origin. 

Who cpiostion is, does tho sum of tho sories dopond upon tho shape of this 
aroa V Wo may show very easily that it does not ho depend when the tornm are 
all ronl and positive, For let V he the sum of tho series when it is Hummed in 
one way; then the sum of no portion of tho series, however selected, can exceed 1\ 
If thou ho an approximation to V made by talcing a large number of steps to- 
wards the summation that way, Q' a similar approximation to Q, the sum ob- 
tained by another arrangement; then V' cannot exceed Q, nor V, And sineo 
V- V, Q Q‘ nan he mudo ns small as we like by proceeding sufficiently with the 
ituiiin m lion ,‘it follows that V cannot exceed Q, nor Q, 1\ and consequently V » Q, 

Htmcio us hefore tlio sum is independent of the mode of summation if tho 
serioti converges when we substitute lor each term its modulus. 

Himilur reasoning applies to multiply infinite series, or, as a particular ease, 
to products of any number of singly infinite series. 

Now in tlio ease of the product just considered, and in that of tho products of 
^-functions to be presently treated, it in plain that this condition is satisfied, 
Tlio lent mien nations of this section, tfioroloro, are all of them valid. 
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NOTES OE LECTURES ON QUATERNIONS* 


Wo will define the signs + and - as indicating stops, whoroby any mogul- 

m 0 mn ^ iuei ' e(i9e[ i or diminished, or by moans of which wo may nuivo from 
one point of a progression to another. 

Let the quantity which has tho progressive values ho measured along n Hue t 
nit vo shall suppose at first that tho numhors stand for amounts of any himl of 
quantity, not necessarily longth. 


-3 


-1 


r 

•t-1 


i 

+ 2 


r 

+ fl 


iimr 11011 /!! 61101 ''^ 11178 ft 2610 va * uo nu< * encoosaivo values marked oiT, above 

** 3 * *>“”"8 k ™ 

G gnen quantity, while the sign + or ~ before thorn moans a slop is to bn 

to tafl *»<“««™»‘VI>tUO 

Thus the equation 

u, ° ** 

OB « zi“ e tws nma ° n - 

positive aadi^tlr^Zl: 4 « * tta 

And then our equation would bo 




.tafS\"o”^XtZr ,a l ?r' V0 **“ 10 H “ rf «"‘ “■'<! «« 
» twolatorp L lZiT “ 6 * — to «“ '«"• ««« 

Again consider this form of tho samo truth 

a,,. 5-8 = 2. 

iliis may mean first— 

stops bnotwari!Zr„M! “" d .‘’"™ 

consider the scale as one of steps, ° V lt itmy nic »”. H wo 

towards the close of 18770 ^ E ^ afS ° n ** <IlCS ° ^ ° f ,ccturM do] Svcml n t lb it, •orally College, 
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A step 5 to tho right and then a stop 3 to tho loft leads to the same number 
as if starting with tho Bame wo took a step 2 to the right. 

Now lot us combine two forward steps, 

2+8 + 4=9 = 2+,7. 

This moans that if wo start at tho place 2 and take 3 steps to tho right and 
then 4 to tho right wo get to tho place 9 5 or this is tho same as starting with 
the placo 2 and taking a stop 7 forward. 

But if this is written 

+ 2 + 3 + 4 = +9, 

wo should interpret it thus: 

Starting with any number and making the steps to the right represented by 
2, 3, 4, is the saino as making tho stop 9 to the right. 

Further 

2=9 - 4-3 

may mean cither that starting at tho placo 9 and taking 4 stops to tho loft and 
then 3 again to tho loft wo got to tho placo: or it may mean that starting any- 
where, making a step 9 to tho right and then steps 4 and 8 to tho left is the saino 
as making tho stop 2 to tho right. 

On tho whole then wo havo two modes of interpreting theso operations of 
addition an<l subtraction, 

Tho corresponding forms of tho last written equation uro 
2 + 3-|-4 =9, 

+ 2 + 3 + 4= +9. 

Tho common interpretation would bo 2 things and 3 things and 4 things all 
treated in tho samo way malco 9 things. 

I. Tho first equation oonsists of a number with two stops performed on it, 
loading to a number. 

II. Tho second moans altogether stops, which lend to a stop performed on 
any number. 

Whenever as a result wo got a negative expression, it moans a stop of decrease 
of a quantity or of direction. 

Wo now go on to tho symbols of Multiplication. 

Again ovory equation 1ms two distinot interpretations, as well as tlio common 
arithmetical ono : 

2x3=6, 

may bo road ‘0 is tho product of 2 and 8’, in which oaso numbers avo treated 
in just tho samo way. 

But wo shall leftvo this meaning out of aooount and read tho equation 
eithor as 

I. Twioo throo avo 0. I perform an oporation on throe things by tho opera- 
tor 2; or, 

II, I take any munhor, double and triplo it, This is equivalent to tiro ope- 
ration of soxtupling it. 
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Now let us consider tho multiplication of steps instead of things. 
In the equation 

2 x ( + 3) = + 6 


the last term on each side is a step, tho first is an operator mid tho equation 
means by means of doubling I can turn a stop 3 to the right into a stop (S to the 
right. 

Wo notice in passing that in Multiplication tho operation to l»o porfonuoil 
comes first ; in addition it comes after tho thing or stop oporated. on. 


Now what operator is required to turn tho stop - 3 to tho loft into tho slop 
+ C to the light ? 

First we reverse tho step by an oporntor whioh wo will call r, {?■ (- 3) -= -(-»} : 
thus it becomes +3. Now double it, and the whole operation is writ ton, 

2r ( - 3) = + 6, 


bo tho required operator is 2r, which menus rovorso and then multiply by 2, 

But wo may chango tho order of tho process, viz. douhlo and tlion revontn 
aud we get tho same result 

j'2(-3)= -(-6. 

Now we will construct au eqnation analogous to this but whioh shall consist 
entirely of operators. Hero wo havo two stops. 

Let A3 mean triplo without reversing. Aud let us suppose any atop Ink on, 
tripled, reversed, doubled and reversed again. Tho two reversals will dourly 
destroy each other and give “no reversal” or h , and wo shall have our stop hox- 
tuplod without reversal. This may bo written as an aquation liko tho lust. And 
in the same way we have two others in wliioh tlio direction is roYorsed j 

I. ?-2 < - 3) = + f>, | } -2 (-f 3) = -fi, 

n. r2 (r3} = AO, | r2{A3) = r6: 

and wo are led to assign a new meaning to tlio symbols +, ~ ; wo may imo 
them instead of h and r respectively. 

Thus their meaning is extended from that of indicators of stops to operators 
on steps. Unless this extended meuuing is homo in mind, many equations would 
bo unmeaning, e.g. tho familiar one, 


-2 (-3)= -f-0. 

For thoro is no meaning in Multiplying ono stop by another. 

We may assign two reasonable interpretations. Either both - aimis moan 
reverse, or tho second is a step and tlio first means reverse. 


In every equation of multiplication the last factor on each sido may moan a 
stop and then all the rest must he operations, or they may all ho operations. It 
mil he necessary to examine in tho particular oases whether both meanings aru 
allowable or whether only one may bo given. 
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insider the multiplication of steps instead of things, 


equation 


2x( + 3)=+0 


the last term on ench side is a step, tho first is an operator and the equation 
menus by means of doubling I can turn ft stop 3 to the right into ft step 6 to tlie 
right, 

AYc notioo in passing that in Multiplication tho operation to he performed 
comes first j iu addition it conies after the tiling or step operated on. 

Now what operator is required to turn the step - 3 to the loft into tlio step 
+ G to the light? 

First wo reverse tho step by an operator which wo will call r, {r ( - 3) = + 3 J : 
thus, it becomes +3, Now double it, and tho whole operation is written, 

2r ( - 3) = + G, 

so the required operator is 2r, which means reverse and then multiply hy 2. 

But wo may cliaugo tho order of the process, viz. douhlo and then reverse 
and wo get tho same result 

r2(-S)=+6. 

Now wo will construct an equation analogous to this but which shall oonaisb 
entirely of operators. Hero we have two Bteps. 

Lot h'i menu triple without reversing. And let us suppose any step taken, 
tripled, reversed, doubled and reversed again. Tho two reversals will clearly 
destroy each other and giro “no reversal” or h, and wo shall have our stop bgk- 
tupled without reversal. This may bo written as an equation like tlio last. And 
in tho same way we have two others in which tlio direction is reversed : 


I. j’2 ( - 3) = + 6, i r2(43)=-6, 

If. r2 (r3) = kG, I r2(*3)=rG: 

and we are led to assign a new meaning to tho symbols -f , wo may uso 
thorn instead of l and r respectively. 

Thus their meaning is extended from that of indicators of Bteps to operators 
on steps. Unless this extended meauing is borne in mind, many equations would 
bo unmeaning, e.g. tho familiar one, 

-2(~3)=+C. 

For there is no meaning in Multiplying ono stop by another. 

AVe may assign two reasonable interpretations. Either both — signs moan 
reverse, or tho second is a stop and the first means reverse. 

In every equation of multiplication the last factor on each side may mean a 
Step and then all the rest must be operations, or they may ail bo operations. It 
will be necessary to examine in the particular cases whether both meanings aro 
allowable or whether only one may be given. 

Let us now take lengths to stand for quantities either commons nrablo or 
incommensurable. If they are incommensurable (that is if they ni’O among 
the values of a continuous quantity) the only way to represent them is on a 
certain scale. 
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. Quantities of length are generally added by placing them end to end treat 
mg them simultaneously in exactly the same way. ’ 

But wo shall always suppose one length given and the other numbers with 
their signs to mean operations to be performed on it. Addition shall be re 
presented by a step to the right along tho lino of the given lenr-th'and sub- 
traction a stop to the loft along the samo line, 

With the meaning of a quantity so far developed tho product of two quantities 
represented by lines will bo given by the rectangle on these lines. Then any 
product of higher degree than 3 will be unmeaning because it will* be 0 f higher 
dimensions in space than 3. 

Wo learn howover tliatboforo Descartes, this linear way of representing quan- 
tities was tho only ono used for the solution of equations, Vieta, in liis treatise 
on Algobra imagines spaoo of 9 dimensions in ordor to explain his equations. 

Tho different orders began with Linear, Planum, Plano-planum, and went 
down to, solido-solido-solidum. 

Tho equation 

•t 3 + + bx + c 

was interpreted as tho sum of a number of solids, viz. 

cube of x + a linear .r 9 + 6 planum .r + c solidum, 
ami tho equation was actually solved by cutting up a cube. 

Just as in tho first treatise on Algebra introduced into Europe from Arabia, 
by Cardan*, tho oquation a: 2 * 2.?; =15 

was Bolvod by a construction in a piano [hog Fig. GO] whioh gives the valuo 

a; = 8, 

DoBCftrtos first gavo another moaning to tho product of two quantities. Ho 
arrived at tliiH l>y lotting numbers stand for tho ratios of quantities, Tho 
length of any lino would then bo tho operation whioh is necessary to eonveit 
tho unit of length into that lino. 

And tho produot of two quantities bocomes tho ratio compounded of the 
ratios whioh they hear to tho unit. 

With such a change of moaning wo can write as* without supposing a figure 
of n dimensions. It will moan simply tho nth powor of tho ratio of tho line x to 
tho unit. Tliis is clearly equivalent to our second way of looking at multiplica- 
tion. But wo may also uso tho first way as well, ab may now mean, not the 
rcotanglo on ab, but either 

I. Tho lino whioh boars tho samo ratio to 6 which a does to 1, 

II. Whoro a and b avo both operations ; tho ratio compounded of tho ratios 
of a and b to tho unit, 

Just as boforo, tho only ohoioo wo have is with Uio last numbor on either side, 
■whioh nmy bo either ft quantity or an operation. 


* [ffc ArUhmctlca, lib. X. cap. v. ; cl. also daisies, A per pit hlstorlque, pp. 489, 541.] 
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Or if instead of ft scale of quantities wo have a scale of Btops, 

(a)(-b)=-c 

may mean 

I n step b to tlio loft and increase it in the ratio a to 1 ftiicl you get a 

Btep c to tbo left, or 

II. Take any step, multiply it by tbo ratio b, rovoi'so it, multiply it by tbo 
ratio rt,— then tbo result is the step multiplied by c and reversed. 

As yet we have considered only scalar quantities ; which are eithor stops of 
addition or subtraction, i. e. steps of position on a straight lino, or op orations per- 
formed on those steps. These last may bo equally considered as ratios of stops. 
Wo extended the meaning of quantity from simple number to those two ; steps 
and operations. Wo were led to ‘steps’ by the appearance of negative quantity. 
But there is still another unexplained symbol, namely tbo square root of a nega- 
tive quantity. Descartes’ method takes no account of such a quantity. 

Wo again define the symbol + by the equation 
OP = OM-\-MP, 

so that + now means a step in a plane [Pig. 01]. 

This equation bolds as a definition whouovor a step can bo mado in two in- 
stalments. 

Whatever may be the anglos mado botwoon tbo oomponont stops wo shall 
write [Fig. 62] 

HC = <?& + &£!. 

If Oil/ and MP are to stand for the ratios of theso linos to a unit lino, wo 
must have a unit in tbo direction of Oil/ and another in that of MP. Ihon if x 
aud y are ratios, 

OP~x times OI+iJ times OP. 

x and y are scalars, ratios of steps to tbo unit stops, x is positive wlionoYor F 
is on tbo right of 0 aud y is positive whenever P is above OX. 

Thus two scalar numbers a; and y must bo assigned in order to determine OP, 

We will lay down a rule for adding two stops. Place tlio beginning of tbo 
second at tbo end of the first, then tbo lino joining the beginning of tlio first to 
the end of the second will bo their sum. 

In giving this rule we mako an assumption, viz. that the stop PR in tbo same 
as OQ. Assuming this, 

Oit=0P-l-0<2, 

But wo have also 

OR=ON+NR. 

And ON is tbo sum of the horizontal parts of OP and OQ anil NR of Ohoir 
vertical parts. We may express this by tbo equations— 

if OP—x times OI+y times 01' \ and OQ=x' times 01 -\ y' timos OP', 

OP + OQ S5.T+V timos Ol+y + y 1 times OP, 
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The rulo then for finding the vector-velocity from the position or vector-radius 
is— multiply this last vector by n and increase its angle by ~ . 

Wo havo gone on the supposition that a and p nro at right angles, aud equal 
to each other; but the result is true independently of this, sinoe 

d ( coa nt, 9 sin nt 

always equal - n Bin nt, n cos nt respectively . 

If then wo take the elliptic projection of the circular motion, we may still 
conclude that velocity of p=n.oq if oq is parallel to the tangent at p [Fig. 73]. 
For tho velocity atp is always parallol to tho tangeut dtp, 

Now consider tho volocity of tho point when it arrives nt q. For this point 
p~u co3 \nt+ -f (3 sin 0 . 


Honco, multiplying by n and increasing angloby ~ , 

a 

(for q) p = na cos (nt -1* tt) + n{3 sin (nt + w) 

— - na cos nt - n(3 sin nt 
=> ~n, op=sn,po. 

But this velocity must be in tho direction qs of tho tangent at q. Honco we 
may conclude, if wo draw oq parallol to tho tangent atp, thou op will be parallol 
to tho tangont nt q. 

Tho oharactoristio proporty of conjugate diamoters is proved of tho projections 
of diamotprs of a cirolo at right angles to each other. 


Wo havo seen that 


op ~ oa . cos nt +ob . sin nt, and also op = om + nip, 
oq = -o« . sin nt-l-ob. coant, and oq=on+nq. 


Honco, wo have 


om 

oa 

n 

ob 


and from these equations 


-00s nt, 

-|t 

1 ! 

sin nt, 

=cos nt, 

01l_ 

oa~~ 

- sin nt, 

1 

nq 

on __ 

mp 

ob ’ 

oa ~ 

“ 'ob ’ 


a result which is thus interpreted : 

Wo have two pairs of somi-eonjugato diamoters, oa and oh) ancl op and 05. 
Tho projection of op on oa is to oa as tho projection of oq on ob to ob. And the 
projection of oq on oa is to oa as tho rovorsed projection of op 011 ob to ob, 
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Tlie Jirst of these equalities is the same ns 


om _ or 
oa oh ' 


Since p is n vector tlio expression for it may be treated in tlio saino way ns 
that for p. If wo Ukc « nil improper fraction so that oq'=n.oq, tlio extremity 
of the vector p will trace out an ellipso similar find similarly situated to tlio first. 
(Jenerally, the curve which describes the way in which the path c»f a moving 
point is gone over is called the hodograph (of that path). In tho case of uniform 
rectilinear motion p=a + fit, p=p, and the hodograph reduces to a point. 

For uniform circular motion it is a circle with dimensions n timos those of 
the first circle; aud for harmonic motion in ail ellipse, n times that ellipso. 

We will now consider tho velocity of q as it moves round its ellipso. 

We havo 

oq~p=na cos (nl -t- -Jtt) + «/ 3 sin (jit -|- Jtt). 

The process for finding its velocity is the samo as in tlio onso of op, Ilonoo 
p—n^a cos (a< + 7r) + ?i 2 /3 sin [nt + ?r) 

= - n a . op 
=n 3 . 2)o. 

Thus wo learn that in harmonic motion in an ellipse tho acceleration of tho 
moving point is directed towards the centre of tho ellipso aud ia proportional to 
the distance from tho centre. 

Wc will now consider a now kind of motion of which the equation in 
P =ac lU +l3c” nt . 


Tlieso exponential functions are quantities which aro equally multiplied in 
equal time3. 1 


Consider quantities, s, defined by this property. 

Vi o may see at once that tlieir rate of change at any instant is proportional 
to tho value of the quantity at that instant. 

We . havo by def. $ 2 =ks, and moving tho interval ? 3 ~f, along tho nxis 
[iig. 74], we still have « 4 =fo s . Houco wo infer tho rates of change of tlio 
two quantities at the beginning and end of tho interval aro to each other as 
1 i hf or 

Hence we havo tho pro 2 >ortion 


s i J: s a : s 
s—ps 


it 


aud therefore 

Calling p the logarithmic rate, the Inst equation declares that s is a quantity 
winch increases at uniform logarithmic rate. 1 y 

„uLz:ir ° m “ il ° f timo ,rom i " to f bcMmoa * ihm ° cm 
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in Z7l\? V6n T' ? e <inantifcy varies ftt logarithmic rate p, we are requited 

IT" r J a rr * ** <■ — >i'i“ i» i”. m » Lna» , iZai 

i by 1 , mi n must bo a commensurable number, whole or fmeliouol. 

, eefond after thoHmL 6 ; *1 '7 "*? 8 ! V ° °“° Tll "° lo «/?. b*«» «t half 
a second after the time at which we begin, e will have a perfectly definite value. 

may bG (l0finC(1 by tWs PV^oal property. — Let 

a quantity - T vST 8 8 fi iU thi3 incommen8U1 'ahlo time. Let us take 
a quan ity -1, which increases at logarithmic rate 1. Then at the cud of 1" 

' 1 haV ° f reflcllctl a l ccrkm dofl«ito value. Call it e. Then e is the result of 
making umty grow at logarithmic rate 1 for 1". 


Then, I say, the result of making unity grow at logarithmic rate 1 for t"=c*. 
For since in 1" it is multiplied by e, in t seconds it will he multiplied by e«. 

Now change the unit of time to n seconds. Wo see then that the rosult of 
making, unity grow at logarithmic rate 1 for nt" of old units = c nt ; therefore in 
the now unit e nt results from making 1 grow at logarithms rate » for l". 

The rate of change of e nt is then nc nt (« =p s ). 

If the logarithmic rate is negativo the quautity decreases. Bate of change 


Wo wroto the equation of the curve p=ac nt + ft e~ nt t where a=o«, ft = Q b. 
But p = op = om + mp. [Fig. 75], 


Hence 

on ' ob 

Hence om .mp^zoa. oh = const. 

This is the relation between the vector coordinates ofj>, and hence its locus 
hyperbola, W e soo that the axes of a and ft are asymptotes to the curve. 
For leaking nt largo enough, that is the length of 0 W* very large, wo can 
make c n or the length of mp as small as wo like. And by taking nt small 
enough we can make e~ n or mp as largo and e nl or om as small as wo like, 

1* or the flux of p wo havo 

f>=nae nt -nfte~ nt , 

“ 01,1,0 10 U "“ f ” p i b”‘ « 1» t™d roxind the a avis so that the B 

cooidiuatos aro negative. It is shown by tin. dotted lino in tho figure. ‘ 

We see that tho tangent at p is parallel to oq, 

oq = om + mq -om- mp. 

And tho volooity whioh is measured in this direction is n timos oq. 

Tiio figure is drawn for «=s^. 
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The locus of q is tlio conjugate hyperbola, and op and oq aro somi-con- 
jugato diameters. In the ellipse both of them meet the curve, but iu the 
hyperbola one meets the conjugate branch. 


We have, 

p=ae nl +pe ~ nt = ( a + p) J (e nt + c “ nt ) + (a-(3) ?j (e nl - e “ nt ) . 


Wo will call 

l (e nt +e nt ), the hyperbolic cosino of nl } he . nt, 
and }j(e nt -e 5!f ), ,, „ eino of tit, ha , nt. 

If wo also write 

a + /3=Y, a-/3=;5 t 

the last formula becomes 

p=yhe, nt + Mis.nt. 

Wo thus have an expression for p in terms of two soiui-conjugnto dinmotors, 
analogous to tho one we found for the ellipse, 

7 mid S are clearly tho values of op aud oq for t = 0. 

Tho corresponding expression for tho flux is 

p~n(yhs , nt + She .nt), 

sinco each of tho Amotions hs.nt, he.nt has for its flux n Union tho other. 
Or wo may see that this follows from tho first expression found for ft. 

If wo take any two semi-eoujugato diameters, OO nud O.D, and also two 
others OP and OQ [Fig, 76], we have, 

p=OP=OM+MP 


Honoe, 

and 

Honce, 

From these we find 


“ • tllr T VII S 


OM MP 

O0 -he.nt\ -hs.nt, 

£ = OQ~ON+NQ 

=7 hs ,nt+ dhc.nl. 

ON iyD 

0 Q -hs.nt\ -^= he.nt. 


OM 

00 '' 


NQ ON 
OD an<l OO : 


MP 

OD> 


for any two pairs of conjugate diametoro. 
These equations declare that, 


The projection of OP on OO is to OO ns tho projection of 00 on Ofl k 
tho projection of oi 1 on 00 is to 00, ns tho projection of OP on OD 


OD 


is to OD. 
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Prom the equation for f>, wo seo that the hectograph is a ouitc of n times tlio 
PGiholft 10118 ° 10 ° 0IliUgate hyporljoltl ' and is similarly situated to that by 

Por the acceleration, wo find, 

p-ii* (ac nl -hpc~ nl ) 

=»Vi 

by repeating the operation by which p was found. 

Thus tl,o decoloration of « poiut P moving on a ltfporbold i» in the direction 
01 OP, but away from tho contro. 

In tho ellipse tho acceleration is directed towards tho centra. 

Vel0 A ° 1 1 ] tl !f mK ] ft I CCGk ' rfttious resombl ° sf °P s in having magnitude and dircc- 
t on. All tliroo belong to tho class of "vectors,” which arc characterised by 
cso two properties, and also by a third, not pointed out by Hamilton, namely 
that tlioy have no definite position. “ r * 

Honco we must consider vectors as steps, not of points, but of a rigid body 

T ,arly ’ 7f l0C1 ! 103 nnd accclomtioils must bo regarded as velocities and 
acccloiations, of translation, of a rigid body. 

Thus tho uniform circular motion which wo have discussed, is to bo con- 

S; 8tl : evolution of a rigid body, round a centre, so that all its particles 
ciescnoo circlos of tho samo size. 1 

Any enclosed area may bo represented by a lino drawn perpendicular to Us 
plane, and of ength proportional to its magnitude, so that there are as many 
linear units m tho lino, as thoro ara square units in the area. 

Now tjie area is not completely defined until tlio direction in which wo go 
round it is known. This direction may be either cloolc-wiso or tho reverse, and 
tho corresponding vectors would bo drawn in opposite directions, upwards in tho 
ono case, downwards in the other. 

Tho rulo for drawing tho representative vector is this i— It lnusfc be drawn 
so that, when wo lookback along it the area appears to bo gone round counter 
cloak-wiso. 


For tho area shewn in the figure [Fig. 77] it imiet thoroforo bo drawn un- 
wards. 1 

. If w0 J lf wo a figure of 8 [Fig. 78] bounding two areas which arc gono round 
in opposite directions, looked at from ono aide, tho true value of tho whole area 
is tlio difforonco of tho two parts. It is represented by tho differoneo of tho 
lengths of tho vectors whoso lengths correspond to their magnitudes ; for these 
are drawn m opposite directions. (Wo will call tho rotation opposite to that of 
tho clock-hands, positivo rotation.) This method for the addition of areas was 
given by Mfibius, 

Wo may take a more complex piano curve [Fig. 70], It is easy to see that 
tho two areas m the oentre are to be counted as 0. Tho lower ono for exam ’ 
is soon to be formed by tho overlapping parts of a positive and a nogativo ai 
and tho superposed parts destroy ono another. 
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The addition of areas in space corresponds to tho addition of veotors which 
are not in the same straight line. 

If we want to represent an area on a curved surface, for example, r cone, 
we break it np into small areas, nearly plane, and di-aw from each of these its 
representative vector in tho manner before described. These linos will not bo 
parallel, and must be added together according to one of the rules for finding 
tho resultant of vectors in space. Their resultant represents the area. It repre- 
sents not tho nctiml size of tho area, but in a certain physical sense, tho area of 
the contour. Hence every closed surface may bo considered as a quantity 
having a certain magnitude and direction. This point of view was first takou 
by Hayward*. 

If A is any plane area, its projection on a piano making an angle 0 with its 
piano is A cos 0=:A'. 

Wo know that for any plane area there is a sot of pianos on which the pro- 
jection is a maximum, viz. all parallel planes, and anothoi* sot on which tho 
projection is a minimum, viz. pianos perpendicular to tho first. 

All this holds good for areas, not piano, which are represented in tho way wo 
have described. 

Tliero is a certain set of planes on whioh tho projection is a maximum. 
Call it A. On all other planes making an angle 0 with tho maximum pianos, 
tho projection is A cos 0, And tliero is a piano on which tho projection is zero! 

Take as an exnmplo of a non-plane area, two triangles and a parallelogram 
in different planes. [Fig, 80.] 

Lot ah, be, al bo tho vectors ropresonting tho areas 1, 2, 3, thon ad represents 
tho wholo aroa. 

If now wo projeofc tho areas 1, 2, 3 on a piano D, it is clear that tho now 
representative veotors are tho projections of tho linos 1, 2, 3 on a lino perpen- 
dicular to tho plane D. 

For tho angle between two representative vectors = tho anglo botwoen their 
pianos. This being so, the projection of tho compound aroa (1, 2, 3) on any 
plane is represented by the projection of ad, on a normal J) to that piano. 

Honce all planes perpondieular to ad aro maximum pianos for tho compound 
area, and its projection on thorn is A, tho projection on any piano making an 
anglo 0 with thorn is A cos 0. And tho projection on planes parallol to ad 
is a minimum. If then tho maximum plauos aro known, and tlm maximum 
projection, wo find tho lino representing tho compound area by this rule Draw 
a lino perpondieular to tho maximum pianos, of length A. 

Consider first two triangles in a plane, having a common sido and vortex ; 
wo can provo that their sum is the trianglo having tho same sido, with its base 
equal to tho (veotor-) sum of their bases. 

If 'tho two triangles are [Fig. 81] OAJB, QAG, it is to bo shown that 
OAD^OAD+OAC. 

* [Proc, of L Mathematical Society, Vol, it, pp, 280—01, ’117.] 
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If we complete the parallelogram with sides A 0, AB, the triangle 
GAD=DAJ3, 

for their areas are equal and tho motion round both is posLfcivo. 

Taking account of tho way in which we go round thoir contours, 

OAD = OAC+OCD + CAD 
= OAC + OCD+DAB , 

Now, OAB = OCD -i- DAB, 

(for, drawing perpendiculars to a lino nt right angles to Alt, tho areas aro, 

OAB — \ln . AB, 

DAB~£mn . AB, 

OGD~\hn. AB. 

Heuco OAB^OCD + BAB.) 

substituting, this gives 

OAB = OAB + 0 AG. 

If wo agree to call tho common side 0/1 tho height of tho triangles, wo may 
writo tho last result thus: — Tho sum of two triangles with the same height, is 
a triangle having tho samo hoight and with its haso equal to tho sum of their 
bases. 

Wo may now extend this to triangles in apaco, which avo represented by 
vectors. 

Tako two triangles standing up from tho piano of the paper, and first sup- 
pose their common " height ” perpendicular to tho piano. 

Wo lmvo to shew that tho lino representing OAB [Fig. 82] is the sum of tho 
linos representing 0/10 and OAB . 

This is at onco soon by looking at tho space- figure. Wo may represent OAG 
by a vector perpendicular to AG, numerical ly equal in length to AC. Let this 
bo AC', Then OAB and OAB will bo represented in the snino way by AB', AD', 
Those representative vectors must bo all drawn in tho plane of AB and AO, fclmt 
is, tho plane of tho paper. For each of tho triangles is perpendicular to this 
plane. Tho now vectors aro tho sidos and diagonals of tho smne parallelogram 
turuod through a right auglo, and wo see that AG' -b Alt' = AD' . 

This proves tho proposition. 

Wo may easily pass to tho gonoral case where tho hoight OA is not supposed 
perpendicular to tho piano of AB and AG, 

If wo draw through 0 a piano perpendicular to OA it outs tho piano of ouch 
triangle in a line perpendicular to 0/1; Tako OAB [Fig, 83} for example; then 

area 20AB - OP x AB = 04, ~ ' r .AD 
OA- 

= OA , AD , ooe 0= OA , OF. 
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{Similarly, if OG, Oil are tlio projections on the plane perpendicular to OA 
ot the bases AC, All, their areas will be OA . OG, OA . OH, respectively. Now 
the lines OG, OH, OF are the sides and diagonals of a parallelogram ; honce by 
the addition of vectors, OF—OG + Oil, And since we may represent tho 
triangles by lines drawn from 0 in the plane perpendicular to all their planes, 
nt right angles to tho piano of each, and equal in length to OG, Oil , OF, 
these representative vectors form tho same parallelogram turned through a right 
angle. If they are OF', OG', OIF we still have 

OF'^OG'aOIF, 

and lienee for the corresponding areas 

OAD = OAB-\- OAC. 

In tho ancient geometry the product of two lines was tho reotnnglo contained 
by them. We will now extend this representation of n product, and say that 
the product of two lines inclined at any angle is the area of tho parallelogram 
contained by them. Thus the product of two vectors is the vector perpen- 
dicular to their piano and proportional in length to the area thoy enclose. Thus 
we niako tho definition OA .OB = 2 . triangle OAB, 

Eemeinbering tho convention about signs of nroas, we soo that OAB is 
positive. 


By interchange of letters, the formula gives, 

OB , OA = 2 . triangle OB A . 

Now OB A is - OAB. 

Hence wo leam that the product of two vectors is altered in sign whon tiro 
order of multiplication is reversed. 

We may now interpret tho proposition about tho sum of two triangles in 
space, by this formula. 

Their areas will be 


—J1U, JlVy 

2 AOB=AO .AB, 

2AOC=AO ,AG, 

- siuco AOD—AOB + AOC, 

AO. AD [=AO(AB+AG)\ =AO , AB+AO . A C. 

Hence we conclude that veetor multiplication is distributive. 

Using shorter symbols tho theorem may be written 
W Ha + Va(3 -t- Vay. 

We have seen that (OA . OB =~ OB . OA, or) 

< 2 ) Fa£= - Vfia, 

This shows that vector multiplication is not commutativo. 

mi ° r c ‘ oh te ™ of 0<1 '"“ ion {1) ' '™ cl, ”’ e8 «“> •*» 


( 8 ) 


V{f3Ay)a=V i 3a+Vya. 
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This however is not tho same equation as (1). Tito signs of its terms are 
opposite to those of tho terms in (1), 

Grassmami called the vector-product of two lines their “outer product ” 
because it lias no existence uuloss one iB outside the other. 

The following proof of equation (2) was given by Sylvester. It shows on 
What geoinotrical fact the rule dopends. 

If OA and OB coincide they will enclose no parallelogram, and wo shall have, 
(*) Faa=0. 

This being truo, try it on V (a, +j 3} («+/?). 

This product is broken up into four parts, 

0 = Va (a +/3) -t- Vp {a + p)= Vaa + Yufi-\- Vpu+ Vpfi. 

Tho first and Inst terms vanish, and hence 
0 = F«/3-|- Vpa. 

If wo had assumed (2), equation (4) would follow at once from it, for wo 
must have Fa 1 — - V (a B ). 

This kind of multiplication has been called " polar multiplication.” We see 
then that any kind of multiplication which is distributive and whore tlio square 
of any quantity =0, must bo polar. 

Wo nmy now use tho theorem about the geomotrionl representation of 
products by areas, to investigate tho rotation of rigid bodies. 

Let tho angular velocity of a rigid body about tho axis ah bo u. Any partiolo 

of tho body dosorihos a circle round (ib, At this momontp is moving perpen- 
dicular to the piano of tho paper and its velocity (arc doscribod in 1") is, t > . mp. 

If xv o mcasTiro ofi on nb a length nb proportional to w, tho velocity of p is 
twice tho area of tho trianglo ubp, (Fig. 84.] 

It is necessary howovor to tako into account tho direction of motion of p, 
and to givo a differ out sign to tho triangle which represents tho velocity. 

Suppose ah measured so that, looking back from b to a, tho motion of j> 
appears to bo countor-elockwiso ; p must bo moving at this moment hack from 
tho paper, Wo make this convention hccanso tho sign of tibp ib negative, and 
thoroforo its roprosontutivo vector must bo measured downwards, or in tho 
negativo direction, 

Wo havo found, then, 

p — w . mp = 2 . abp = Vab . ap ~ Vwp, 

Similarly for ovory point in tho space occupied by tho body thoro is a certain 
vcotor representing tho velocity of a partiolo at that point, and which is expressed 
in terms of its position-vector p. Tho aggregate of theso vectors forms n volocity 
system. 

Wo might have also an acceleration system ; that is a doflnito acceleration 
belonging to ovory point of space. Both of these arc vcotor- systems, 
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Now if wo liavo to compound two vector- Ryu toms wo shall compound the two 
vectors belonging to fclio systems respectively at overy point of space. An an 
application of this wo will compound the velocity systems corresponding to two 
rotations about a fixed axis. These rotations may ho called “ spins." They am 
completely defined whon wo Imow tho rotation axis and tho angular velocity. 

The problora then is to find tho resultant of two spins with angular volooilioB 

w 3 , and with axes passing through a fixed point a. 

Wo have /» t = Fwjp, Vw s p 

for any point of space whioli 1ms tho position-veotor p. 

Since tho voloeitios aro ropresontod hy tho areas uhp, ac.p wo have for tho 
resultant velocity {(idp=abp~Yacp) [Nig. Bf>] 

fi-Pr i‘Aj- Viatf-v Yu„p 
-“F{wi TWji)p. 

Honco a velocity system compounded of two spins is a velocity systom with a 
spin whioli lias tho sum of tho component angular velocities. 

This way of writing tho tlioorom of distributive vector multiplication is only 
a short-hand for tho gcomotrieal proof of tho same proposition. 

This expression for tho resultant does not moan that tho body him first a 
little tiirn about one axis and thou about tho other. The spin of tho body in 
nrndo up of two spins but it does not got those spins actually. Wo limy easily 
oxtond this result to find the resultant of any number of angular velocity uystomn 
with axes passing through a fixed point. 

Wo shall ho led to consider unotlior hind of product of two vectors j Hi,, 

scalar product. 

In tho ftnoiont geometry llio product of these lines was ropruHontuil hy Um 
rcotangulnr parallelepiped which thoy contained. 

Wo will oxtond this to tlio parallelepiped contained hy any throo linen meeting 
in a point, and wo may then make the definition 

OA . OH . OtfwO x tetrahedron OA IK ! . 

Now if wo draw OM perpendicular to (hi II and proportional in length to 
20AB [Fig. 80], wo have 

oa. on, ( ia si om , <H i, 

Now 75 . OA HO^OM . ON-. Oil/'. 00 cos tf>. 

Then, if tho lengths of OA, OH, ()(!, OM are <t, ft, d we have 
OA . Oil . OO •.■so . d . ooh i/s 

Wo must now take account of signs. 

Tho volume of OA1HJ shall ho reckoned positive when tho lliron points 
A, B, G, looked at from O aro gone round coimlor-olookwiso. The volume 
m tho figuro then is negative. It has boon neon that the product of two vectors 
OA and OB is a directed quantity for it is an area, considered as to uize and 
aspect, aud may therefore bo ropresontod hy a vootor. Its magnitude in «ftsin o 
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tniil it in porpcmlinnlar to tho piano of OA and Oil. It i H tho vector. prod net. 
I!nt now llm prodiml of tliivii vnolnni Inin uluo boon reduced to llm prmhiot of 
two, viK. OM imil <>(!', And niixui llm in a volumo, it can only havu quantity 
not diroolion, moi it iu called Urn ucalur product of two vectorti. In tho Hcnlur 
product, wn itnrmidor ono of I ho veotoni 0,1/ m, (],» area, tho other uh ii vector. 
Wdiilrt in 1 1 1 m vnuLor-prodiiol both tint eonaiderod nit veitlorn. 

1 1,1,1 ,,i, | lhl,,,in " between two Itindn of vecloru wan Unit mudn l»y Maxwell. 
Unti Mud of vector 001 rciqioudn to a lom*, tho other to a How. 

'l l"' I'viufnol of two Down or of two Ibmnt will Im a vector* product. Tho 
jo oduot of a fount and a (low will bn a miuliir-prodiiel. 

Tho point td vlmv wo liiivn lulcon iu conuidoriiq' an aroa ait a proiluot of two 
vontnm of tho IIHIIIH Itiud and a volume an a prnduol of throe voolntn of tho imam 
Kind, in Hint of ( IniMiinmnii, not of ttuniillun. 

Mlimo tho volumo repronoidod by or . OM in lo lm neualivo wo unfit draw 0.1/ 
no that bmltinq Imidt uloiq; it {ho rotation of (),| to Oil in [ u Min noj;iltivo dirni- 
ll" 11 ' II' I" *1 l'ttw 11 rijfltt (lion in lht> llnuro. If |,bo parallelepiped worn reel. 
imiptltu- OM would fall on Of, and mtppo»iii|{ it of Urn tiuniti hmqlh wo ahmilil 
liavo 

Sit* • ■ mpiured lenjd.li of «. 

^ o may iti'o at onrn (hat a nculur.prodiif l in not uttered when wo ohiuqio tho 
older of the footoi ii, For iuten<huiijtiiq{ Od and OM, tho ni|;n of </, In alloroil 
but not that of omi i/i. 

Therefore S/ln, 

o limy dellon I he eeatiii'piinliml of two veeloiri penmctrieully an a mil id, 
one ol tho vei'loi'ii li*'in|{ an area | or phyniently a t tho ] irmhinl of llireo voidorn 
of llm I'aiiio Mini , Mi in I In rly the veetor. product may bo debited aciutietrictdiy 
ail MU area eonnidered In aitpent and ni.ni or phyeieally an llm product of two 
veutora of tho niiiun Kind. 

Hltutu tbo uealar.prodiiel of two vectorn in one veetor multiplied by tho pro* 
jealioii of tho other upon itu dirtuilion, wn ran at oneo deduce llm dinlrilnitivo 
law for ucalur multiplieaUou, or 

i 7): Sufi i- Say, 

iiioee (ho projection of /I t 7 on « in tlm namo an tlm hiiiii of tint projirlimm on 
it of jl ami 7. { Fi|{. ny, j 

( Hunt i’ii 1 Imi of a milar produet in phyidrn. Tim rale of doinp wmK by a 
liody movioq with a Velocity n ami aided 011 by a force w Sup:. 

Anolher illuidiaUon. 'I'ltn Kimdla enerpy of a rotaliup body N.npitix 
moment of mouieiilum. Hindi of tlienn lanl quantiliim in a ventor, 

AHtiiu, if a plain in bent out of Uh piano or deformed iu itu plane, 
potential cnerpy ft . drain xitlrena, 

lleealliiq; tlm doiiblo bib uprclatiuii of tlm equality 1! xlh dt; vl;:. Id, and 
H Iiiultipliml topeilur j;i\o (1 j tlnd . II (operated mi) by ‘.i pi ven II ; wo will 
1M.IF. 1)0 



Am KIH V. 


■m 

timid! u c'tn<'Hjntn4iit!' M- ioi'l In!* i (in 5.i[ l.iii ilia | t,,,hn t j VVll 
JiliUd', mill tl-K wlml t'l'i t:t!i'*n HIM 5 I'l' J'ltt**’. tin 1 in in \(< i t.i J|,, M N 
into imnlln' 1 '. 

Tit I’lmtlf *<» O I lulu <'/i I mu S )5 tit .5 !•-, isutrsl*. j {.. , . 

It'iijilh In tlml i'l tU i mi l lli-ti Imn t£ On..n: !>, mi m-,. !. .* » i . . 4 » j; jj ([ i i( 

Tin' win'll' nf l!i" >■)■< iiit*'i t< I iu * i ilt i {.< ,lu {iij,, ..., j 

mlli'il i/. 

»»/r, {I'l,.* " , j 

Uiiivvinj.; ii?. |>;iuilli 1 til *.•< in 


If \vi> Wiiitl t" njijity !lm ■ .j > , ..{I,...!, , i( . v ( 

llmw Hlliillnr limli.'l.' ore, ,n;.| li i 5 iv • ■s-.iil.-.j ,V..J „ j ti u; .. ]U1 , ,.j 

0,1 //, I I .! t I , ! I ■ * I / ■ I ! ? a 

Till" J'lHJ'l'Oiilll V..lUM »t-( 5 -"!-l ( ■ 1 {• . f i ' J ... ; J ., , , j f . . 

lltlli Irlit liijfil, 

\Yi> III"!, II Hill III {In' I I t • ; v ■ -i . . . I ,1 it , f , , • 

liUI", 

h lift 1 ., I'ifi', <)* ) f j I ■ . ‘''‘I S'H. a V < •• 1 1 .tv. \ ‘ .. m ( .. 

Iilmllt |« ; mill it (!).* j'.ii.ilii V,,-,. \4 t j, s- j. r Vl u e j, r , x , 

llil> lll:ltl(;|ii Ilf..’ i'l fiililii.lt 5-» « ■■■ I) t:-.. Vl t . I «... * 

H *>' “ 4 VJ < I . \ lit 

tlli’C III H, 

I It t !'•' til*' Vtl" S !•!*. :• \ i-.! ■ i', i)..-. 


A'l'liui? v.v Imu' 


lllt'l I’fl'll* III" lll-tiljifi' ijf .’ i;j f.'i;.... l J. ltl! 7. „ i 

imiy .«ii|,j...i ns s i5J {? i; , j t , p,.. t h- J-.,*!* i-utcl R nl 

HI'llH’t", 


W" HHiy ti.iimvr ! 0,,i j.-.-j.fsi , , ■ f , J jj... 
fh JUnl il t, >■» oil n, , j,i / >. , N ,. 5 j . , { . 

'I Icltj l'» Cil'i* 1 li.y irf. ; - |. ... J 3. s ; 1 S J .... : ,_.J J,. £ , 

III" i'lltll! l|> l. I }-.j |>t .. IJl.i;.,.; 3 , ( j 

IlMIM lit"? It f.iittci v-. 5,i)A-. 1 -,ij ii..,. .J, ... .-j 

ill "itil.1-4 I .jmilh- Vo Si VsifSi i I?.,,., j 

Tii" i.l<r»At*r 1 / Vl jil'.lj vi.-f Lfiu, K„, t, u |J„. 

till* l'*llfn I’f It" It | - 1 1 


• : '. :. ,5 Jj?T. f. 







s itj " 


NOTES OF LECTURES ON QUATERNIONS. 


409 


I f [Fig. 90] 

q . OA - OB, and OZ/= OHI+MB, 

OM MB 
q ~OA + OA 

- 9A r MIi 

OA + OA ' ' OA 

, OA' 

= a + b ‘OA' 

hero (i and b arc numbers, with positive or negative signs. 

Wo want a symbol for tlio operator which turns a stop through a right tingle 
in tho samo piano. If i stands for this operator 

q — a-\-hi : 

i may bo regarded as a handle perpendicular to tho piano of OA and OB which 
turns OA through a right angle. 

It is at onco soon to be a property of i that if it i 3 used twice on a vector 
it rovorsoM that vcotor 5 or 

i 2 =- 1 . 

Wo can now use tho operator i to establish somo important results. First 
liowover wo must find an expression for tho rato of chnugo of a product of two 
numbers, pq, Take their values p 2 r / 2 at the tima f a , and p i q l at tho time t u then 
for the mean rato of change of tho product during tho interval wo have, 

Pi'll ~ Mz ffiJiffa n 

h~h l ' h-h'™ 

Slaking tho beginning. and end of tho interval coincide, we get tlio nctual 
rato of chnugo of tho product ; that ia 

0*P2=OT+^4 (!)• 

Iu gottiug out this result all wo Itavo assumed is that multiplication is 
distributive. Henoo tho rosult is truo when p or q or both of thorn aro veotors. 
Letting q only equal a vector p, wo havo 

(PP)~PP+1‘P (2). 

If both arc vectors tho result holds good for eithor tho scalar or tho vector- 
product ; lionco 

d t V(ap) = Vap+ 7«/3 (3), 

(aft) = Na/3 + Sufi {•!), 

Wo may apply equation (2) for ono quantity a scalar and the other a vector 
to tho problem of resolving the acceleration of a moving point along tho tangent 
and tho normal to its path. 

• Tho volooity of p, p, is in tho direction of tho tangent at p, and its mag- 
nitude equals s=v, wlioro s ia tho length of tho curve up top, measured from 
a jlxod point a, [Fig. 91.3 



GOO Am.Nhiw 

Ht'iifii >\ ill u wrlor of unit l.>ti|:(li ]>utull.l to r i. J,, i ,o|,i,wni it . U)ll | 
ilminln it hy j>', 

’.rf tt'u hi’ liuvi' 

i’ V 

I It'iu'n liv i'<|nn{|on (.!) Un* H’ , ivti.) i iiiiin of/, in 

i’ 'V i V- 

Till' iUr.L 1'iu t ill till' I. union I'limll. I to til" 

•» '' mn1ti|.ll. .1 by tin. Vi’Im. ii v „f j, ( „|, V|IV|I )j( 

tlin nut i.l* ii unit vi'i’loi il l |Mtli b, a ,.j, ,<1,., „f a.ttUuu I, n,„ 

of I- ill nlwi.y.i in n iliin'lioii |.. i In , m.,1 to ,f. Oml in ( |m 

l.ovmil!. (ill lllll’-'llitll'l" till' IllIjMlIllI I.n ily of Ill, It in of Mm /lfi 

I ho niaiMiilmlii (In n of tlii> iminmt i'oiii]'»i|i til of Mm hiv«<]«'iatinii j„ j| l( , 
v. liM'ity i.f lli» I'oiiil mutt i]'|h it to Mm into of [nini,,,; i..m,.| of Mm tm,,!. 

Illlt. HU liHtUV Mint, 

l'>‘ into of tmiiiiu' 1 1 "in. I of im )>i 
•' \i lofily of ji 

JUto of tliiiiiiijf louml of full;;, lit I"’ I unit li-iijit), of , iti 
0111 VllillW. 

ll ' 1 ' ii'V' t* lution I ‘ . unutmu, (HM tiilmu Mn ( j inoitmirml by 

it lino ihntvji iiloni; Mio 1 1 m t < . t iiniuml In f)m r.iovo. 

It I'oinl Of I'VoliHf of I'.iiul., ti,{Mly .’"HU.. -I . I, in n 

Hi.i.-ll lltini »li.\.-:i t.V.I- It lit. .t t;,o Ii of Ml j, !,y Onll lll 

oonniiiti’iil V.llti > if l hilly. ’Ill", toumt, linfii.of uih-f, itnyMmi in (tint It,., 

of niiy two j.oiof,, i.inultiM ioM'.I.imI, Thtu t., Mm ,| m{ 

v, lo.’ity of uti.v fn'Ilil Volutivolv iumiv ollim in jn (|i. u.ltmtluy to Mm ||„>, 

llo iu. l ot- i liu o >«f< of . "Uni., Hi „ ,1 M I f tll . H 

till 'till Ilf, fi otriil ) y lino rn |n t f. Ht-lir !l}"| .jf,, 

If HO l-olHt'oHU.t V.ift, Mijn < lOct.'lll W itt| 

lIH'iUy, fin Mm mtiim .. mol /•. M,o t. of t, „ |„ ,» Ii,,,, 

J" l|n’|l'iit’,|l!ll to O/., it ?:S,t!l’llM,! !>|< J" t|„ H.lioutiir f,« MfO |,h|M» of Mill 

I'lij-of, 't 'Jiott Mm "its ml of Mm »*,„ - 1 ... id, ■> of t, »M It 

|-"i|M ii,li,-u|.„ 1.1 , If,. II,-. I,, ., M,0 ii noltmi of I u-i. v. lo. il> 

1 'fM'Ul v’ in it \< to. it» i.yot. 1,1 nniRi ii.-iti wiM* lijfUily. }f no }nno 
in.v Votm ily . ty nt. Ill of itiin tutlmo in %t,i. h smitm j.oinl o HHoinj., nlM| u 
1 . 1 mill u t.n-Uy loot o.Mit.iim v,lM» it „ nmlj..,, of fmiHiInfim, , \ {Jm n Jmf.l *»>*», mi, 

I ’liml lllol Offonif" in ,|i|, "(ImH ft,., of Mi y, fooily in M, nlnoi .l nml 

Mi"»o it oj'Sii ut.mit a m* . Htio, f 'fHivot i <••! v, nil'.' \ I y nuloui 

i.l ilont with ilftMUv i" nm i" uji „f n t„m-4i,t!n,( m, l M w|,i„ r„u«„| jmfiit, 

Knw l"t n<» Hie I un f-'ti't»>4i.n for tim my, linaMoii of nuy V nn.vjnu in 
it m'nlMjf Htnin. At any nnnm .,1 |l... ,.f p j* , ui n« *mnu, j oint 

*i nliiuJi in t%i]itn| flm ini’tiHitniH t.nn i-, 
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Wti Imvn Dion 

/’ i . ii 

wlmni w in Dm unKulnv wlnoHy tdnnil n. 

In iioimnil Dm Innlimtiiimnmt imiil.rn will nmvii u1i<mt ; mill limn wo find from 
i>i|imlinn (’.!) for Dm Hot’i'li'iiilinii nf V 

}' I , III 1 , w | / . a /' . ci 
/(/» <1)m i I . n/'.ii 

iii', lit' 1 1 1 . ni', <:» * / , () , til (i), 

wlmi'ii wo hnvn unml llm i'\|'iv'inlnii for n n* nymlinlii'iilly in lonim nf ]mmtn, 
via. 

til' f> n, nl‘ ji ii, 

tmtl liuvii tlii'ii milmlilntril l’"i' /' itn viilim, i . nl', m, 

U. in ini|n>i Innl (<i nnllon Dint, .i nut mi’iin tint Vrlnrily nf Dm ]n.lnt n 

wliioh in u | ii ii ii L ll till! in tin* jtlitim, 1ml tlm Vi'I'ii'lly nl' Dm iiinliuiliiinnnn ('"iitn*. 

Tim Hint ("ini in tlm i'S|H'"ii"inu for l‘ in Dm iimnml niTi'Wiilimi nf /*, 
iiil|i)nm[n(! it In nmvo utiifnimly i •niital n. Tim imiminl tiim In Dm limi'i’iilial 

imi‘i'l"mtiiiM, 

Tim Diliil ("t ut in tlm invi l.-nilmii nf /‘ lit rijrlil nni;l'''i In Dm Yolm'Uy nf Dm 
lufitimtinmnim n iili". 

Wn will u |.}>1 v Dii» ri'imlt In mwinihm llm ninlinn nf Dm i n ■; t n t it iiiii-mm i*i'iili'n, 
l."l ill" /' I'niin'iil" with lit" imitniilinmniiti i'.«ii 1 1 ; Hilllni; it W" liuvii 

«'» /.i'i.i 1 , 

liilll'f) III' ltd ViHlit'lli'il. 

Hri" ii i.t Dm imivl.mtinii nf Di" ).ui»il O, Urnil in Dm inmiint |>i.um, .i in tlm 
Yrl.mit V nf Dm iti'iliutlnm mm r. iilm in Dm lit. <1 jilmm. 

Tlm j.tnlili'lii la ill" hiHM" n l Diut nf il"l"l liilniiiit lliiMt'liilivo nintind nl Dm 
Iwn j.lmimi. If wo tmi'l""" limn lim it iilt.iimt.ly. nil inii'iilnr v.'lm'llmn i'f llm 
lln>l with ii itniil In llm m "innl will l>" llm ii|>jit‘.»il" nf llm i'"i»"n|'nniliii|{ volnrilion 
nf Dm m i-mi'l mill lijtnnl In tlm in I. 

H.'imo if o, i'l U I'nint ill Dm nlln »’ |‘lii)n> (nu|«|nnn'il llxi'il Irnfmc), WO JiUVO, 
iiimm m in I'lminmd in ni|»u. 

O, M 

wlmm .i, in nnw tin* wlnrity nf Dm InOnnl.im min <• »tio in llm i<lmm wltioh wmt 
lunvill|{ li.'fnm mill in ImW i'M|i«|i|"liil Id lie' ll. 

Hut Dm tt< 0 "li litlimi nf r» in mm |>luun will* m Inu Jiniill. O, i'nimnli'ro.1 
lin lim r, l in Dm nllmr in lit" mini" ii*' tlm m't'i'li inliuil of llj with IVi'iilil It) D 
ommltlorml id liXt d, nnly in Dm rnwmnt ilii.'iiimi; tlml In 

«l O I 
f ,il, . W f . 1*1 . W» 
n, ti. 


Dml It 


■Wh:ni.|\. 


ad:! 

V,,,< Mf ill-it’lltliStl, . 

in„.. in. ■ i , 1 1 j ; , ;; ; 

ih.hi, r iii.r Hr.- ,.i„ ■;* r " 

4 -" h -ii„ .. 

■ ,,,nl ''•*"> 

oii-iior, -i 

Wo , 1 , 1 , 11 1 -,* I.M., 

l'' l nr, I*.; Mi- in-inmi |j|, j i()t j , j 

1 * ' i 1 n 1 1 1 - 1 1 • { , , > 



,i„ 

Al„„ ' 

A ' 1,1 

^ ■ 

M<">« , (< 1 

N "* V "< I Ht Ml,,.* I, , l(l 

l«f M,l- , nun ,,f r , v- 

I ll lire IMS Jun^f 


y • I'!." 

i-!,n 
Il„ . ,,, 


9 «. 


'li -■? r 


i it, M;v 


*1 rn.s |SH» rit.tc 0- r.. f] 

mi.} lit, |i)„ j.;, | nv, j-!, 5 ’ •' ''' 

nl till. ’■ -n<vli m is 

l l r«.f f .} j(i 


I ’ 71 C '- v ^ ! vj % 1 j 6 
! ‘ S; ‘ ,s "i i -n*i; S.ii ,.j j ) ,, 


I' 1 ' 35 * »•! iMlpii; :»,• . , , , 

,« rit 


«l» Ml 


l-lj Ha Must „ * .. . , .. 


h il Mils, . u;l, M ,i ;: u 


•>v ia J..1 




l »*r Ha* 


i. ^ ; |J, | . „ j 


l )<« H !}(,; . 

I* «<(»¥•■* h " ■'* " *■« |„ i« 

W o w j ,j ,» , *i( , 

«'««•- -..*, 1 -;.:!^:,; •■‘■in 


1 1 * 1 Mi« ' i'iii- lo 

MtlilO I},.,:., 
*' 1 1 ,u,{ J, v 

»* | ■* Uv, ! y 

*'• l1 ' ’Imf-.UII , 
'* 'I l**ll t-it , 


■ \v I 

*''i U: >Jii‘,s 1 1 1 , 

- *“V> n.i , M„, 
J . ''Mi li.lv,! 


I’-i-ii f n J • t (util 


M < I 1 "IIhm| ( 


1 ,-., 9 , 3 ! 

tUMlIfij.Siijijj 

•« fil »*}' 

K Misti ,-a 


n Milr-rJii si, 
>iv *814 at , 
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!iU|»)io n> ( I, Tlii'it \vi> linvt' 

r< 1 1 ' ' :t 1 i ! ‘I.li, I 1 

Wo <’“ti tin’ "bp , l by op. ialitti' <m o.i I by flu i tinicii, 

“M'l'l'y. ’I’t"’ Unit livn buti-i lnli« lump to j 

’ i‘"Ui> point. viy ». ,u ililn pivm. Mm > n.i of Oft nli-pi'. Nmv lift an,-!,, iiuMmulrtl 

l.y Hf> mo .1 /• :.V" ; /: 1 m Ilf o f I!... point ||„. rh-.i|.i wli.um nr« mt-innmi.} 

fit. Ml I Ilf. Iiollmi. 'tlui't. (in. iii'linri v , uh 1'ilit'ii I, lift not ,(/•: | /, jj, 

foi - Oil" 1 'iMnt (l 1 1 VO I linvo \o> lilt it lint itfitnini' |M\ r n |,t , 

l iitlii lltf li;;i)iti v.o Imvf, if now in uuy mi’ t, 

u/ off [ .1//;, 

'•>' * ” m > / i i fill t, 

| li If It toilo Of’ l;> I if- t (it| r Vi f *’ ill I (V l lilt. Ill’ 1 1 I’ll lor till' "hill "llll CtlMHlII 
to j i.winn of |h« it opli , 

Aliy ! ( > of t;o :il' i 1’ uplli Onin Ilf liflim., In (hurl |.\piyiu ml 


v.tf’if » i i Ilf* li m;0» "< Ilf- fit 1 * ; ti Of mi j'lo il itmlo 'i v.illt O,),' 

> •pt ilio >i r-'i v.n mu lifi flir oi-llnl uifl hmmv.'iniil volmi ilii’il mnl 

If"' rl' Itlliolfl 

. .J j . ; i> 

(■ >■ t Iti'l' , 

j* t> i'"- U' 1 ' l i l-lij'i* | ti*J v*'\ 

ft" !l. llf Jltjtlli’.'t |i|ll| 

V. It Villi I. l tit M t-1 l if! i;r*i! Oil f r.tini.ti ml i ■ >ll i ■)' li i'l"tl|>ll|l|V Yilnl". 
ill OH" J • 1 ; 1 1 1 ■ 1 if Ilf- ll- i > of Cl'l, fill | IV. I'lj "If ,t', V. Il IniVlt 


Cm::-)' 


i . i f(0 i .» ii-i niiy vt-oiMi . 

\ if. imfiiiln# t~. Of- of oii’.i v.Utli imiii it vtvlor lltiMiipli a rljjht 

(UljJ If in it •) j.fiif-. oji'l .ft.if'.iu" if. V*f itinv tin u oj'iciiiitl il by n bimtllii |ti'ijii'ii. 
•tlfulm l>» |lf> I'litfu to v. In, b Of Im njji( j Ml"" p! tii'i* mnl i*f b ii'tOi inimt’i'Ii'iilly 

* flint l » 0 hi *>Oio in Vtlti li Of !"ti|-<b of Of w.'b'i' i i t>' bn iilli'iftl. If Util 
bull U" it of b'UfJli 1 fill! Vi i'f"J S" Iftt nil* f it' I, Wit Mill IflW tHtlflilll'J' wllllt 
ill Jiii-itn8 by |]i . .1 r.iltit of Ivoi I < i Hi jplbts l, "i I, 

If W'ifl If'lO- 

•V “ If ^ « v» 

o J*‘ so .1, If tout r si" o .■ imtoiilm li.ov Vitii wm »»'j>ri;ivvnl <\ 

I'f I! Mi I it 1 b" in |bi: Muni j'btf. 'Ib«il ui* Mlllitt I iili'i Of Vi'i'toi’ OJii'inb'il 

i.s'i iiJi' ti?;is f.t . ,irb «.f t? f < uifl lb* loforn |*t:i|H ailiimhu' lu lln.-ir 
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APPENDIX. 


Suppose it is oflongfch 1. 

Operating on it by the two versors successively we see tlmfc A turns it down 
10 the plane of the paper and increases its length to A, B also turns it down 
nto the same plane and increases its length to B, Ap is of course perpendicular 
rp: 'n/ f liendl0ll]ft ;' t0 1 B - The re3ult of both operations is then Ap+Bp 
rjf lf U0 '! y Q ask wl)afc versor wonld he required in order to bring p into 

d oulir to I0 lTn IT “ Ie ^ th> , tbe Rnswei ‘ olearl y versor poCpen- 
diouai to Ap+Bp and equal to it in length; tlmfc is C, the difwomU of the 
parallelogram formed by A, B, ° nl 1 lhQ 

Henco A+B^G, 

of tw!v«t" s tW ° “‘’""’S” 1 " vo ‘' sor8 f, > in »>= *>™ way ns 11, o sum 

To find the sum of three rectangular versors not in the same piano, 

A+B + C, 

I‘“! c ^ lh V’ re “f "6 rul ° °" a U “» “<>■! resulting rectangular 

Wo sco lh„t » “ ,n ° , h0 ta wMoh »° #» l>«irs is indifferent. 

' ° “ . 11 “ neeees«>y to take tho operations in instalments if wo nvo to 

riptao tbora 101 ' l ° f n,C00S T *<* 11 A ’ B > 0 «• »«• «11 ta tlio 

nme pluno, tlroio is no vector on which tlioy can operate simultaneously., 

w „“ n “ Uni " ll, “ r«<Iing rosnlt is independent of tho length of ,, being unity. 
ZZi good* *“ °' ‘ ,10 »ml the result wS 

aimmt, TJ°2 'of frJ” th ° llro ' ,u ‘’ 1 ° r tw0 OTtangulnr versors. Wo 
nMty - L6t ‘ tou bo ^ " ,ia B <* *■> 

on ”Vwm bo'aht °" T‘ plnC ° t ' ” lhnl “ ,to A op«*tad 

°1 ‘ , 1 “ “ b '° *° “P“to on it. It must therefore bo in tho piano of All 

Slf Z B 2 M b °", 1 “ WiU 10 >“ *»o .-WO" / mZ 

dionlai to B anti n tin, same piano. Tho oKeot of tho product is thou a versor 
not rootangular, which turns p through tho snpplomontst angle of 0. 

Since BA turns oa into ob t we havo, 

om , mb , 

whore I is n unit vector perpendicular to tho plane of AB. If those versors 
shin have 611813 X> V> ° b Wm ° f ° 0UrS0 b ° Xy timGS tbo lon 8«i of oa t and wo 
BA = (- oos 0 -j - 1 sin 0) xy, 

, N<W lwvG soe “ tbat W is tho acalar-produot of B, A, regarded as 

°.! S ' . ° Sftw also fcbat Isin 0 * X, J was their voctor .product. Wo BhaU now 

say that those are rospoctivaly tho scalar and vector part, of tho product and 

BA=iS.BA+ V. BA, 
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In order that I fiin 0 . xy may represent the vector part of the 'product wo 
need only agreo to measure I bo that looking back along it B is turned into 
A by n positive rotation. 


In the ease where the two versors are at right angles to each other the scalar 
part of the product vanishes and we can at once trace tlio analogy between the 
double interpretation allowable hero and that which we gave to equations of 
multiplication in arithmetic. 


Wo said that when two factors are multiplied together, either they nray both 
bs operators or the first may be an operator and tho second a step. Similarly, 
when quantities can be measured in any direction in a plauc, an equation of 
multiplication for two directions at right angles to each other may be written 
in two ways 

BA = r.BA, Ba=V.Ba. 


In tho first equation hotln factors are versors ; in the second, tho first only 
is a versor, the seoond is a veotor. 

Wo saw that in' arithmetic tho rule for finding the product was the same for 
both interpretations, e.g. 

(- 3 }( + 2 ) = - 6 . 

Buie, Multiply tho numbers together and remember that like signs give + , 
unlilco signs - . Tho interpretation is either — 

The product of tho operations of first tripling aud reversing, and next 
doubling is equivalent to the operation of soxtupling and reversing; oi, 

Tho effect of the operation of tripling and reversing on the step +2 is to 
turn it into tho stop - 0. 


Similarly if B and A, or B and a aro at right anglos to each other, we have 
tho same rule for finding tho product in each case, viz. moasure off the product 
of their lengths along a vector at right angles to then- plane, and drawn so that 
looking back along it, wo go from B to A , counter-olookwiso. 

Tho second factor may bo either a veotor or a versor, but the first must be a 
rectangular versor; and in both cases tho directions must bo at right angles 
to each other. 


If however B and A arc not at right angles tho doublo interpretation is no 
longer possible. Wo must not regard A as a vector a. For a versor can 
operate only on vectors perpendicular to it. In this case both B and A must 
be rectangular versors. Then also tho scalar part of the product would not 
vanish. Wo should have 


BA—V-BA + S ‘B'A, 


Tho rule found for tho addition of rectangular versors enables us to repre- 
sent any one in' terms of three units at right angles to each other. 

If i t j, 7c, aro unit lines at right angles to each other, then any veotor 
rectangular yorsor may bo represented by 

tciAyjA'Zki 

whoro x, y, z are components of its length. 
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Au d ij =bcca= bc*a =~ba=ab — k, eto. 

Thus the secondary rules iuay be considered as bound up in the primary 
rules, if wo agree to lot i, j, k stand for these binary products. Wo may suppose) 
a, b, c are points or Btars at an infinite distance in tlireo directions at right 
angles to each other, then the stop ah will clearly bo a rectangular vorsor. 

Siueo any verso? not rectangular is tbo sum of a scalar and a veetor part 
and any vector may bo expressed in terms of ?, j> k, we are led to consider 
quantities of tlio form 

w xi + yj + zk, 

which may also he written 

?»(cO3 0-t-/sin0), 
whore lit 3 = ,r 2 + y" + z~>. 


This is called a quaternion since it involves four numbers. It is the opera- 
tion of turning ono vector into another iu tho plane perpendicular to I, that is 
to tho rectangular vorsor xi+yj +zk. This is its most general form. We may 
oonsidov how over that wo lmvo already studied quaternions iu which tho vorsor 3 
wero in tho same piano and in tho sauio direction. 

If tlio quatornion q is ropresented by 

q=w-\-xi + yj +sk = u+p, 

its conjugate is 

Kq -w - .t i - yj - zk = w - p. 

Hamilton calls tho part p tho vector part of the quatornion. Strictly speak- 
ing it can only bo a rectangular vorsor. For a quaternion, and therefore each of 
its parts, is an operation on a vector. It is convenient however to regard a 
rectangular vorsor as a vector. They are subjoot to the same laws. 

Tho stretching power of Kq and also its plauo are the same as those of q, 
but tho anglo through which it turns a vector is in tho opposite direction to tho 
angle through which q turns it. 


If 


OB 

q ~OA 


OM MB 
6 A + OA 


[Fig. 07] 


wo shall ha vo (by definition) 

OM MB _ OM MB' _ OB' 

K<1 ~ OA OA “■ OA + OA OA ’ 

Tlio offoot of q . Kq, or of Kq . q is merely to lengthen the lino OA. For the 
turning successively through equal angles in opposite directions brings OA back 
to tho samo direction. 

And in fftot, tho expressions for q and Kq in forms of « and p give q.Kq 
a scalar quantity 

q. ICq = (u + p) (a,-p) = ^-/> 2 = wH^ + i/ + ^ 

Tho fundamental property of tlio conjugate of a quaternion is that it is 
another quaternion such that being multiplied by tlio first it gives a scalar. 
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AVo will now oxamino tho moaning of Kq.r . q, whcro r is any rectangular 
vo r am'. 

If llio lines horn drawn [Fig. 90] represent great circles on a sphere, we see 
that A(! in Kq . r.q. That in llio rcHult of putting r between a quaternion and 
ilu e.mjngulo in to idido v along llio groat oivelo of q tbrougli twieo tbo length of 
llto urn q ; or to mnlco r rotate round llio polo of q through twieo the angle of q. 

In nupponing the ares drawn on a Hphoro, that is afismniug tho vers ora do 
not nlretoh, wo have really miulo no restriction. AYliatcvor tho stretching powers 
mo, tho ntretehed vectors from tho centra coino out at tho same points of tho 
nplioro. 

A i|uatnniion in an operator which turns any ono vector into another. AVo 
will now I'.imnidor an operator which turns any two vectors a and |3 into two 
olh. rn 7 and 8. Hamilton called this a linear and vector funotion. AAo will 

donolo it by •(>• 'I'hen . 

f/»«i=7, 

0/3 « 8, 

Tho lunl equation expresses what is meant by tho funotion hemg linear. 

Tho effect of u quaternion, operating on all tho vectors in a plane, for 

osniimhi a picture, would he to turn tho whole picture through ft certain angle 

U1||l u , lumtmis0 its ai'/.o, no that the result is a similar picture. 

.„ l0 (l f the funotion 0 would ho that while all parallel li»« 

M " “Ct 

si :,»« 

mo different for different vectors." 

\ w.ml.l oUU*». l f « «“ c “" aU0 " ° f “ 0W ° , ™ ! ' *“ 

i.a.. u... (D, 

if « and ft are cinuil and at right angles. 

Operating on this with 0 wo get 

,f t p r.3 0(t cos 0 -l- <l>p Bin 

0p 7 • cos 0 -I- 8 « sin 

l,„ , ... "01 oi" nl - - «— • “ l " iS 

i quation nf an alHl'M* oqimt ion ifl that of uniform 

V..UI..K 0 l.avmonto motion in .... ollip.0. 

mu thm in a oholu , ftXC8 of lbo oirolo are at right angles to 

lUo '■ tor l ’“ Uo1 lta “ T 1 
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oil. 


Then nil wo lmvo lo do in lo conutruet an ollipMi on IhoHO linos as axon 
mol llm properly In <|un»ition Mii|{ true for llio axon in lit onoo proved for all 
llio diiunot.mii. 


Wo lmvo nee.mod Unit 

</. (»«)-••■- i {oh), 

</i (ob) v; | (oil), 

Tlion wo lmvo Um function of any other dinmolor [Fi({. i.()()J, 
*/■ '/’ (nm)-l- »/>(»«/>) 


mil 

iHt 


'M'wH "‘hi •<1>W 


, / nut m /1 \ 

• t — . oU I , .on 

\ vu no / 

: i ■ / (m/ i- oh) { mui (It) }». f» 1.0 j •> - t . 0 1/. 

I tenon pnni at min of o body l<( thin: -Nvory lino (dinmolor of llio atridn 
olliprio) In chained into olio eipml in hmi'lli to tho oonjunalo ilia motor and por- 
pi’iidioiiluv to it. 

An exaolly ulmilnr proof upptioii to the hyperbola whuro wo Blurt with the 
nupponUlon 

*/> (on) ■ {,o/i and i f . ini, 

that in wo Hiippono ok in lo vo rood in dli'celmii, Thun 

Wo may Inulndn both on in tho followinj{ thoormn i 

{f i/i (on) ii i . tdi and if>{oh) i . on, 

thi n 

'I'lm upper oi|;n appllmi to tho hyperbola j tho lower lo tho ollipiio, 

Tlimo In ait important difference between llm two iitraiim. Tho ollipiio ntruiii 
til Um only mm which ucniini in nature. Mima am not rtivomid in Htndii. 
Hyperbolic' nl rain in however tho minio an elliptic Htmin, followed by InrnltiK 
tho hoily round lluoii|fh an iinjdo of eonthiimthm, Hyperbolic iilmin in an ldunl 
eami if wo urn moiety repioNentinn a nimbi by tho function «/». 

if however llm linear fmietlon of a vector reprommtu llio dliiplncomont of 
a point at llio end of that vector, both the ollipiio and tho hyperbola can lift 
need, Tim dlopliieemeiil of a point limy ho in the poiiilivo or mijpUivo diruoti(m 
iilmiK tlm vector to that point. 

Wo ehall thol that if tho dicplueomenlH of poinlti round a fixed point o aro nil 
oulwurdrt from, or inwarda lowurdo that point wo muat lino an cHlpao. ir noma 
mo oulwarda and immu immr.hi wo mnnt mm a hyperbola. Of ooumo all wo 
lmvo to do ia to examine whether the two principal diaplumuontii nlontf o«, vb 
are niitwardi* or inwarda. 

Tahiiifp mi la fore, live mdruijpihir vectors on and oh Midi that 
fjt (oil) mi % . oh, $ (lib) : ; f . <m, 
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appendix. 


Suppose a scalar quantity having various values all over a piano, iho height 
of the plane for instance is such a quantity. At any point in a sloping piano or 
on tho side of a hill there is one direction in which tho height increases most 
ramdlv If we draw ft lino from any point in tho direction of tins greatest, 
increase and proportional to tho rate of inoroaso, this is called tho slope of tho 

height. 


If & is the height, slope of z-id^+jd^. 

Wo must then set off lines representing tho rate of inoroaso in two directions 
at right angles to each othor and take tlioir rosultant. This will give tho mag- 
nitudo and direction of tiro greatest increase of height, that is tho fdopo of 2 . 
Suppose for example that going northwards [Fig. 102] wo riso one foot m BO, 
ami going eastwards, 0110 in fifty, tho resultant of tho linos „V and h \ i» tho 
slopo. 

Now take a scalar quantity u having different values at different points of 
Bpaco, The slope of u is thou 


i3*w +jd v u + kd B tl, 


It is the rate of inoroaso in tho direction in which u increases fas tost and 
is found in this way: measure off, in throo directions ftt right angles to ouoii 
other, lengths which represent rates of inoroaso And find their rosultant. 


Physical examples of slopes . 


If tt= potential energy, y«= force. 

If m= velocity potential, yu= velocity. 

lu these cases y oporatos on a scalar. Tait investigated tho offoct of y on 11 
vector. 

Let a vector <r have the constituents p, q, r. Thon 
y 0 - = [id x +jdy + kd v ) (ip +jq hr) 

=- (d x p + d v q + d e r) S- i (d y r - d a q) -l-j ( 0 c p ~ 3 x r) + k (d x q - <%)>), 

The quantity in tho first part is a scalar } tlio remaining part is ft voidin'. 

The two parts Imvo definite relations to tho vector cr. Tills vector may iinum 
the velocity of a fluid at any point. 

Then - S . ycr represents tlio expansion, that is, tho rato of change of unit 
volumo. In general there is ft certain spin ftt ovory point of ft lluhl, V. y <r 
represents twice this spin. 

If a lias a different meaning the interprotations givon to tho two parts of Uh 
slope are of oourso difforonfc. Supposo it moans the vcotor calloil hy Faraday the 
“ electro tonic state” or magnetic iuduotion. 

Then a law of eleotrioity is that 8 . y<r equals 0, But -S , ycr is tlio ox, 
pausion in a moving fluid. Maxwell .therefore intorprots tho law thus ; — lliera 
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in no nxjMinmnn of Mm oilier in iileclvmal inolimm. Bui tlio analogy in not exact, 
for Urn oloolmlimio nltiln a ro|u-m»mt:i a momentum, not a velocity, V , ya- liura 
rnpvi'nmilu Iwlno Hu* mnipmlio in dual inn. 

Tim u1it|io of tint I'lnpu, V' J «- Inisi no moanmf? for a iliml-motion, l>ut for 
ir. :lhu nluolroltntln uliilo it mflwmi otcrlromollvn force. 


Tim liijiiuliou 


V<r .S' . y<r-|- V . ya 


in hitorpnitml for ir tiny vector, 

olnjin of a voiHor ■v<ifmv<5i*rtonco -l om , l, 

V V • (lm ulojui of dm nlo|)». . : tlio con oon trad on. 


r.fi|.!iio«'u oiiorfilor 
in llii'i iiquuvu of 


• (iy j TiVi‘V) ' : V 5 

fiy-t p v i wyv* 


IlmiiiHon laid great nliviiii on hiti liavinff tluin iliiwovisroil Uio ii(|Uimi root of 
Diiu npitvalnv, wliicli In of Innuu'lumu) in many iihynioal iuYUiitiyiUioiiH. Ilu 
pr opts it In 1 1 no) iiu out ii ii run nil'll ill ilo way from lio yrnpovlEnfj of y. 
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APPENDIX. 


SYLLABUS OF LECTURES ON MOTION* 


Division of the Subject. 

The science which teaches how to dosoribo motion accurately, and liow to 
compound different motions together, without considering fcho circumstances 
under which motions take plaoc, is oallod Kinematic {wwa, motion). 

The simplest kind of motion is that in wliioh a body without changing its 
sizo or shape moves so that all straight linos in the body remain parallel to 
their original positions ; this motion is called a Translation. As all parts of 
the body move alike, wo may oonfiuo our attention to any one of thorn, howovoi* 
small ; for this reason that part of Kinematio which treats of translations itf 
often called the Kinematio of Partielos, 

A body which does not change its sizo or shape during the time considered, 
is called a rigid body. That part of Kinomatio whioh treats of motions in 
which there is no ohange of size or shape is called tho Kinomatio of Big id 
Bodies, 

A change of sizo or shapo, oonsidorod without reference to change of 
position, is called a strain. Tho Kinematic of Strains teaches how to dosoribo 
strains accurately, and how to compound thorn together. Bodies whioh ohnngo 
their size or shape are called elastic ; and tho corresponding branch of Kine- 
matic is called tho Kinematio of Elastic Bodios. 

The Bcienco whioh teaches under what oivoumstancos particular motionw 
tako placo is called by one or other of two difforont uamos according to tho 
view that is taken of it. If it is regavded as mainly based upon Ilia Law of 
Force, and if its results are expressed in tonus of force, it is callod Dynamic 
(Svvajus, force); but if it is regarded as mainly based upon tho Law of Energy, 
and if its results are expressed in tonus of onorgy, it is called liner gc tic 
(ivepyua). In either case it is divided into two parts ; Stalio, whioh treats of 
those circumstances undor whioh rest or null motion is possible, and Kinetic , 
which treats of circumstanoos undor whioh actual motion takes placo. Proporly 
speaking, Statio is a partioular case of Kinetic whioh it is convoniout to con- 
sider separately. 

We may also make divisions between tho Statio and Kinetic of pnrtiolos, 
rigid bodies, and elastic bodios; but tho Statio of par tides and of rigid hotllot 

* C T k* s syllabus appears to mo to liavo been drawn uj> for lecture* at University College 
Michaelmas Term, 1873.3 
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in |< (morally twilled an <mo uuhjoot, whlln tho Kinonmllo and Dynamic or 
Ktiovqotio of nhiullo hodimi urn ((rouped topolhe)* tin tho nolonao of . Klaalicity . 

Thorn lUvhdolltl may ho n»|mm<mlod hy Iho following Rchomo : — 


KinomatK 
Dynutuln, or 
Km ■run l In, vln. 


,S fr/riMY of Motion. 

1 ( Vui’tloloH (Traniilfttionn), 
of | Uif{id Rodion (.TwitttR), 
l Klaiilio Rodion (8trainn). 

TmunhttioM. 


jf (.wo hndiiw A and /» urn hi motion, Iho motion of B is Raid to bo 
uompmmded of Iho motion nr /( relative to .1, and tho motion of A. 

i»noi>. Tmmdntinim ropmumted hy Iho nldoii of a pamlloloKmm compound 
loffollmr into u Innniliilion nqmiiumtml hy tho dliijionul. 

j, lTi a „• In >\ .iniiHllly imvlnji mumiUudo and dirnotion, A tmnfdiv 
lion bi n piuthmlar Mud of venter, mid Hut compimlllon of tramdationa in 
equivalent to their iiddUioii ml vt'idom; it nutlnlhm Iho law 

« I H ft l «. 

] )r y. Uniform miUUumir motion in that In which equal iquiacm avo Ivavomod 


In equal Mmou. 
ltd t'HUulh'lt i’l 


/I ttl’/R. 


J'nor. Two uniform millllnour motlonu compound into a uniform rootilinoar 
toolloo. 


f/oniioiifd Mrflon. 

II, v. Uniform motion In a idrohi hi Unit in which equal avori avo Iruvorflod 

h, equal tinn-tf, ,, , . 

I„ lf a point V mnvn uniformly in a circle, and a povpond cu av 1 M bo 

,. lwnvrJ ,i,awu ii to ,i fixed diameter -Id’ of tho dnilo, tho foot M ot ho 

V M jindleniur will UlaM to and fro in tho diameter { thiu motion of Iho point 

M 1m (Hilled n .’-fmj'fe lUimmh Motion, 

Its 

„.u„« a! II... I« W.IM Ihn am, ./limit of tho H.ll. M. 

•It,., ivl.t.'tv r to mm nmml llto oholo in oaltet tho 

iwri, “I (if the H. II. M. , 

ll«,. Tin, ulrenlnr >.■<•«»»>« "it, an .1, .minimi hy / inm 
r „,.l!„.,U,„ mi I. ... ■'■■■l <■' 

Zwrx'Tsss-- 

jihouf of the «. II. M. 
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Tito rouiiltmil uf any number of nimpln Imrmoniu moliima whoso x>oriods ni- G 
unnmmimmubln in u pmimlio moihm, itn period lining tho louttl common multiple 
of their jim iutiu. 


f <mo f t a r'<> V/n’oivm. livery iveUlhn'iir porloillo motion of period P nifty bo 
lvitnl visit into It iioi'leii of ulmphi huummiu nmliimn whom) periods a ro P, ^ P 

^ /', I’ll*. 

but </) (0 iso tin* dinliuieo of llm moviiii! point, from a ilxud point on tlio lino 
at a limn (, tln'iv Mo* j n’i holinll y of tins mutton in expressed by the fact that 
'/>(*), wltalovni’ t is*. Ami tins theorem iwisnrls Unit in thin onso tho 
qimollllnn ii. i> nsm always he found no un In matin tmu Urn fc it lowing oqnntvon, 
whom 

i»„ I 

0 "j, </>(/) fi K i /» 4 <n«i l* i ... 

•I- ii, nin 0 | « u i*in lW )• ... 


Tho amplitudes mid uponlm of lint uevoral Imvmonm aniupmients irmy bo 
ri’piunniiM us follow;*, lift a vertical cylinder ntvolvu about its nxm, white a, 

I ■■sin'll moves up mat down unit! of Us jii'iu 1 rnliiig liin'ii, no as* to traco out a curve 
on Ilia cylinder, If lh*> imtlimi of this pnm'il in periodic, unci hun a period equal 
In that, of tin* nylimlir nr any exact nmUipln of H„ lliiii otivvo will jotvivn into 
it n-lf amt Im a llnilo emve nil the i>y J ii n toi*. Nmv 1st this peuotl hnvo the given 
pniioiUu motion w lih’li it in vc.pihvd In msdve Into harmcmio constituents. 
Win n llm I’vUinliT mnilvi n nuru ill llu> period /’, lot Ihu mirvn described bo 
I’ltlh il < 4 , ; wln n it tovolvi'fj twiun in 1.1ml pi'i'hnl Ini Ihn aiu vis lm aullod C' 2 ; when 
it revolves in tlnu 'i, lot, thin rmvn hi* culled Ami let a rimln lm drawn on tho 
cylinder v, In* in * h.'inhl l-i ilus imim height uf tins carve (J, j thin will be called tho 
Itti'jtii rin h’. 

If a plain* lm «hawn ttMMiq:h tho a\in uf llm nylimlor, any eiuvo traced on tlio 
cylinder may Irn oillmiii-iiiiMy |.r..].-.iln1 *•» Hint plan.*. 1.1 in neersHary now to 
ili'lims ihn mi'll In J wnon thin projection ami Un* Hun in widish tho piano is 
mil by tin* plain) of lli" Mtinii I'iii'h*. hot -Id in' thin linn [h ig. 101], and 
h't I'MtjSt* h" th<> pi oji’i'iinn, wlii'it* f't/i.i in projected hunt tho near half 
of (lm cylinder, met t.i.V/ 1 limn Ihn fiiidn’V hall’. Thru for Iho itear half, tho 
iiu'ii H/’.H which in k'lo n.' AH uamt Im nucddeieil negulivi!, and tho area MQli 
vv binh ill uf.mv ii, pmiilivn. I 'nr llm /«W/«T half, 4J*V/J 1)0 considered. 

m ijntivn, ami .VIM | Hi*"- Thmi Urn non Is 

A I'M s Miitt N/K,i l.l/'iY 
M.J/p.V |-,l/*\T,l. <MI‘Si,K 


Tho Manns mhi In In lm appli- 1 wlmM thiHim vocals itself or the lino AB any 

uf Now il in found that fur every tWd iturve traced oil a 

cylinder, thorn pl um Ihnmgh Urn axis mn'h that llm ahui of tho projection! 

on it k ifier.* t iiml that fm the plane nil iphl u*#’" t» U'.i urea tho fipfoatost 

,„«ll.l., , v.l.tl.' for ..II I'li'll" »"■» va ‘ J"“ u " ll “’ “ n "f 

,„i. ;,,„n i.,; <•* f “ ii ,lw ' ll,iwo ha '° 





i!0 


il»*i uiuuft 1'iojnit I (su m ni ilu- «• ^ { j. ^ t , fl . 

mill llml t.f tliortitki’ « , r,»i I i. . !■■: H, j. ir, S ) Vi . ( f ‘ * i. “in*. 

IUI)| ilmliiu III., i . it. i r. If..-- J ■! },. ^ 1 fill'.- "0 

H Htlllnill)! ill Hi., t: III;. V . . f • , '} ! j , . j« v ,j;r .! i? f . ... "" * <■ 

U wllill* till’ is ! 1 1| .1 1) |. 1 HI {. ; ,* .. ... I? , « ,. , "" i 

’■ * ' ,W - I-'!' IU 

f" 1 1* *W | till I III}. 1. 1 /■ i( 14 i l! Jiftl.: n > )S, w, . . • » 1 

1 f 

***** Ul" Imimi.lli.i |-,.|l|}...||, ■l!-! 1 f |> :r ; J-(.J : j J., r, 

"lily I-" H'j.io l>i.< .1 *. v • 1! , , 4 fl !i { ,, j> s 1 « - " > 1 • •* H!.-5i,.i| 


i 

j i • i w 


I *« H l'. If i. I iliiii .it ii;i- 

15 i Ilia iiij* in j.| 1 .j. j ,ii il ,| ! .J { . ~ ....... .. r -j j.-, . 

I. t’lihni it» mi.|i..|i, Hi., t, i , 

II l UllMl.iJi |:i .... . . . 


A"'. '• 5 

' •) r. 


,-A j, 


' l,-. 


J'l’f. U !i I.-lv i -i 


•I ill lit. if. 


Hl.-lll A Jil l cr.-l.lt, I, ,<* sr ) ,, i, . ■ . , 

l*i I’. If it l',..ly ini-tri,;.* <>, Jv.v.- .<?$ 

n,IM,,i,! * i-y imy j »iii f», it, { *; j, (;j t 


f// 

/ 


'I'll'' lw.1 ijiliUllilt, ■! J.., 

ivi7iiiii, A i. It« ii v muti t i- »j j 

; ill f, j t . 


’’ - *•• ■: ' : -Tit f 

■■v- 1 . «,v. i »• , 


l- Vi .1 *1 . 

*<■'( I ,ii ■ . . 



♦ * *, 



itvr- 4 s *. f :•:/ 

f> ') * l 'J * M , 

■<l t |(< f,..,. 

1 = > .. . 1 ., 

ii- ■: .i.lii i), if 

: a V'«:.je| 

f.V- I,..,., 

' • ^ 1 • • v, 1 V ■.*,:.?! , 

■ 1 I?-' « 

if, V 

’? *•' 1 ij-» I! 

- • , 

... ti. .. . 

: -V’-' * ■>. X )•• . V 

) v4.r:t r.i. 

■'*' ' * 

. Hit '1 !j... -s., . , , 

i ^ l i.t '*.{ • 


’ :*>:■■■« ill 

• u. *1*1.1 . I 5 
^ :■ I 

if. „3 


Inr.-mil w> ,.t ts , ^ {il it ‘ V' u Jj. iM 

Hi>' litll.<r l-i n iti..|:r i> v ,j ; „ | . , j, . 

mIiII.i Hu. i'..|i (( ,., j.j M f. ( j, : j. ( „ ’ 

“I' "I,« **>!■■, in Hi tj,.M Bt . ..... . .. ■" s " 1 

I'ltlM 1 ><» 1 ‘iiiti# t.f u, ! ,, ^ j, iu ' V ‘ " ■ i{ ■ 8 ■ e i : f » 

V 3 4 ; " v ’ ,,i 4? - fi * r ’ vN - — *• 

“» »»*««•* !*•«« limn Hi,.- “* v 5v “ a w ^ 3 » »*>« *T 

, Trft |f I'Mlmm.in* ,.} i? ic: i. . . 

<■»/ i*ci i^'ii.ti. iiii-tv I,, , , ' ' H 3153 * u 

• l«. »« ,. «. , 

» * * »*«>«*«•* iW» *‘>..1^ ft, US,, , , 
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Def. It, P lire points on any curve, Q moves from It along the curve towards 
P ; if when any angle is proposed, it is always possible to take Q so near to P 
that fcho chord of every arc pq included in PQ shall make with a certain line TP 
an angle loss than the proposed angle ; then the curvo is said to have TP for a 
tangent at the point P [Fig, 108], 

If S is a point on the othor side of P and if Q moves from S towards P, thero 
may bo another line FT' such that an arc PQ may always bo taken in whioh no 
chord shall bo inclined to PT‘ bo much as hy a proposed angle. In this case wo 
may speak of TP as the taugont up to P and of FT' as the tangent on from P. 
Whon TFT' is a straight line, the ourve is said to be elementally straight or to 
have the proporty of elemental straightness at the point P 7 for the more it is 
magnified, the more will a portion containing P of given length in the magnified 
figuro approach to the straight lino TPT' in shape and position. For this, 
threo conditions are necessary ; there must be a tangent up to P r a tangent on 
from P, and these tangents must be in one straight line. 

Prop-. If tlio curve of positions of a rectilinear motion has a tangent at a 
point P , then it is possible to choose an interval ending at the instant corre- 
sponding to tho point P so that the mean velocity in that interval (and in all 
interval's included in it) shall differ loss than by a given amount fiom. a certain 
quantity. 

Let QP [Fig 107] ho a portion of the curve- of positions, PT the tangent atP; 
QN, PM parallel to tlxo (vortical) rectilinear motion considered, and perpendicu- 
lar to tho (horizontal)- uniform motion with whioh it is compounded; QP per- 
pendicular to> PM. Since the uniform motion has unit velocity, the number of 
units of length in NM is equal to the number of seconds in which tho body has 
performed tho vortical motion PP, and tho mean velocity in the interval NM is 

therefore . Now take AE ft horizontal line equal to the unit of length, and 
NM 

draw AG, AD parallel to PT, PQ, meeting the vertical line through B in G, D. 
Thou BD represents tho mean velocity in tho interval NM. Similarly if pq bo 
any avo inoludod in PQ (pm, qn perpendicular to NM), and if we draw Ad paral- 
lel to tho ohord pq, Bd will roprosont the mean volooity in the interval nm. Now 
it is possible by hypothesis to cliooso Q so near to P that the angle QPT, which 
is equal to CA.D, shall bo lesB than any proposed angle; and that tho angle 
whioh any chord pq makes with PT, which auglo is equal to GAd, shall be less 
than tho proposod anglo. Therefore it iB possible so to choose N that for every 
intorval inoludod in NM tho length Gd shall ho loss than a proposed amount; or 
so that tho moan velocity shall differ from tho velocity represented hy BG by a 

MP . 

quautity less than tho proposed amount, q. e. d. The quantity Be or ^ 18 
thon called tho instantaneous velocity of tho rectilinear motion at the instant M. 

Def. Let Q, P ho successive positions of a moving point, and lot BD repi e- 
sont tho moan velocity during an interval included in the passage from Q to P ; 
thon if it is always possible to find Q so near to P that for all intervals between 
Q aud P the distance DC fromP to a fixed point <7 shall be lcs 3 than a proposed 
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* Mm '} ' ,,vi,,ih ' n » »”.v "f «rt IWtrmv |iimiliiin,i. A.w.lini, to thin ft i.tano and 
Hjnii'0 It Mi'll" art! Inllnlti’ly » , xh , ml«'.l in nv.'iy ditvrtimn 

!i, «.„/ f’.m.r/,/, From (ho IM. hw» liy|i»Uu> it „ lfl y | J0 

l, " kl ’ oliftll'I-t lliit'ii run ..Illy lolm, In two Thrimi |j„ rt , 

wl.inh nm.’l Mmo-lWo .livM" «i-u.v into four iv, ! i l ..i,t 1 rn.-li nf Mm,m ni ]| ( .,i nu 
ir ,lh ’ “ U " r ulmjio Mm Hum ttr«i t*i tilt'd p.n lar 

lly imin,? now lli«> Ihii.t h.V]...M.mh< wn may „lmw Hint two lino,, nmol in 

mm point. Two Hum nml.ii.,, ..(.ml imi'lmi xsitli ,mm lino nm t | l|} „ iU ] t 

in.'i'Utull, They «».' .•ftll.'.l \m\ all. -I, It. i.]i|>i>itn. |nohnh],. (Y,mi nxi>i'd.«nni i hut 
only wm Him mn I... .Iimv.i ll.ioii,;). ,i (Is,, l , Nm iH,.| (; j v ,.„ U, h .. W„ 

may tiooiimo olMmv Unit lint o i mot only in ..no |mint, ..ml Mint thin ]>r.<1mhl«i 
in m-mmiMy tnw, or w.i may mmum.. Mm Hunt li vi>nMiffiin; oiMwi* 
Hiijnmi|iliou Involvi ti tl... nilifr. 

II. VimhIi/i/ urnf A .llnt'loli. iioii. „f Minimi, J( 

imy, {.I t rtliii»i|.t,| |,y mmiiiini; Mm ti.iml .-r of Ihm... | t i,. ',| ia , f | l(( mm [ 

'" ,r iM ,h " in "Imtovm ov.l. r Mmy mo emintnl. Frwn linn ini,itii.i],(io,i ih.w 
Mm ll.rotoiim of nil.HU.m I.i.it tiinl(i|>|j. ..Moil <» j /< 1 it, „h .ht, it (h i ,.j .nh.hnr. 

Wo non.nl Imwov. r mm,, U„, n.nnlmr of jH.ioln in ,» |,| lVt . „f |j tll1< y„ t W| ‘ 
mij.iutiio it to l.ui .0 II tiiin nm,i.iiitm!o; \vo ojn nlt ..riuintlmr pio.’,. n,i ({. oulor, nr 
I"’"'- if ,,|lt,,r i‘ , '>Miin ilr|!.ro, Tim tl. jr.v.. in wlihth mm pkv,’ U 

KO iitoi tlnui unotl.or in mill. .1 Dm inti,. of Mi" two j-i.-mi. Tim mli.i ,,f ,| /, 

In I>. rullnl til mi of Mm ratio.. ,u,il /, (,. 'j'lht mtio of A to () 

ix mill. il Mi" I -.f tlm irttiox of A in /Jrm.l // 1.. 0, U i-, mmmim.l that two 

tliln„n limy » tmli lm lool..-n >i[. Into m.y mnnlmi' ..f jmi lo on.) Mm jouturninaiif'.-il 
wllhmit nll.-iini! Mmlr nitin. r.mi, ll.io n<iiiuiit|>Mr.ii How m< wiMi nniiil,i-m Mm 
llwm.'ti"! of (olilitlmi im.l im.lli|.lin.Mmi « \ t, I, , (f , „t, 

V. i~ul,'uhii .</ Btin’m. l-iv. iy .(iiiiniily lx tlmiofmo mniMiuo.l l.y Mm uaio 
wliioti it Iniim to ii.oim IU-.I •pmnMl.v, nillr.t Mm unit. It.il Irntwi-mi m.y Uvo 
Ifttim. )', mi inili.il. > itmnl'.i of intio'i; it in M...|vf,.|„ it..],,., nil. to to liihnluto nil 
lutlo!., oi' to |,1\" llmi.i imi.iiot, A ■ ii tin lli. m . u.i only |,.< .|. .u’i njij.iosimntolv, 
m« I, i i..« vmy i.om 1 to Mm tntlo of two i.miilx m, tlmf jx, of lwiM|i.unlitini wl.icli 
hu\" ft m.i.inou nn iionio, «»n Mm lo.M.mptimi Mmt tw.. imimi which mo iilwuyn 
.».• In.', limn tlm <mi, m iii.innin.l fim timi,. ..... ninnl, it muy la. mIuiwh, 
tot in I'.iioli.l, Mint nit.kJt.u t.iai.,;lt ?. Jmvo j.tojxo limml ..i.loii, 

H, Amitj Ai O/' f'ooto*,, II .S7rn ».,/./ liar. On n nti<ii|;lil lino Inlm a fl\i <l 
point n, nit. I it (U. 'l li'i.„th n. in n „i\vn ili.n l lm. foot. .1 j limit Mm (nnitimi of u 
|miul /> to. Iho |jo» jx I.n.ion if wo know tli»« mtin of m/i to on nn.l tin.' i.i.i*. of n on 
w l.i.’l. p ff. ( mnl t-iiY t'rmit. Jo! ilin ...tin, Mo lt <'(* /<. ,oi , may l,o 

o ^ai.lnl tout Ili.n l ion lo )>n fm ... tlm followi.in o|>ii|iMi>.)i; I’lmnpo tin, val.m <.f 
on in tint m Mo of I to ft. Tlm ."(iintimi uorwi lo that l.y imifmiiiiiiK thin tipmi tm 
wo attain tlm val.m of op(>.pun,l on may lm r«>:anln| aa qimnliti.'H of tnotinn), 
Mnliluu’Mmi will imun motion in llm niMtiniy .Hin lhoi, Jionco - nmy lm 
»« uiHtlil.no i«l Ion for | or iynw.1 

(I, I rr(nt4. IttilUtt vf IVrfora, ‘i'lm ipnmtily of liH.lluii Which (vmiioi n 
jioint fr.im tlm imi-itioii a to Mm jm,.iiton l, h rnllni fin, c rrt»r <tb. Tlm vitiihirnfi 
j*» HftJtl lo ho to Um vn lnr .-</ whioi l> In on tlm tianu! ohln of « tlml d hi of t, 
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tl„ - i Tin- mini” l >< »o in rulM lint of Out nftltlfl coinbox num- 
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APPENDIX. 


Gauss. 


Argnod. 


Cauchy. * 


Tima the direction of zz' makes a constant nnglo With tho direction of ,r.v' f mid 
we take tlireo points xx'x" very near to each other, tho triangle formed by thi-i 
corresponding points zz>z" will be similar to So if any picture ho drawi 

in the first plane, while x describes tho linen of fchia picture g will ilowinl.o tin 
lines of a distorted copy; but fclm two pictures will bo simitar in (heir mmile* 
parts, and any two lines in tbo one will cut at tho same angle as tho comsmmd 
mg lines in the other, ' 




which 


lne lit ffUftziOii Jy (x)^v /-fees ji rcwtSt ,_. v ^ 

we can make * come to the origin. For if not, there is Homo p™itI!,r o V 

and Tb TZ BBt t0 v e 0ligin tha - i4 Cftn V QmM y Consider thin position^ 

and the corrcspondmg position of a-; and lot X bo tho corresponding value of 

J' [ “ * “°? f “ an / chrect,01, > * moves in a direction making on angle 
,. g ‘r - 1 . 19i lf thereforo ® niovu “ « direction making an angle mg \ win, 
tothg 10 JOmi v * « fl ! e . ° rieill) * wlM raovo 8tr,l % hfc lownrdn tho origin, [;o„tinrv 

I«Sho u C 'i r , " 1 ,‘‘ y 7 m - H ”"“° ‘ ,,OTU ! " «“••» vitl.K, „f l 
° . ,Cl1 , ( 7 _ , L ° fc “ bo thia Vft,uo * Uioii wo know tli.it : , ( v - „v 
it now as before F 1 {x) musthavoa root, say/*; then i<'(.i;W r „ „w ... !' 

, “ d 80 * W hM - m«ny Vol « mtZLL. ° ‘ W ' < " ) ’ 

IhenLIirT/ *** Mu. of i„ 

color Z:!Z TZT&L'Z -*■ r Now if • »»y 1L, 

will ultimately resume their original valuT" But T« iTTlT Ti dmm b,,t 
argument of ar- a will iucreaso bv 2?r if f , ' vUJ,in tho ‘•'JHtour tliu 

k - * - — of ^zz:!z of * w ^ 

[a page is missing.] 

X ZZ, 1,1 , U “ “ * 

other, as pn, pm in Pig. [Ill], Tl,„ »i„„„it. m m,l,< m "/’ ™,< , 

and y and called tho of tha ^ ^ ° ** * 

defined by its distance p from tho origin measured V > ‘T * Hlraiffl,t Mm> il > 
by the angles a, /? which this porpomlioilL l „ ' lie ?“ ,ll1u,n,,tr l <> »•«> Jinn, and 
These are connected by tho equation a + /?- m/ii ^ W , ! ^ ,in ^ X W’HpaiMvoly. 
ffifty also bo written ^ 10 RJ) 8lo bo two on X nntl i’J whioli 

cos a a + cos* ^ - 2 cos n cos cos w » s itl . w 

23 ■**»**» a. ,t v m mawiUuihl _ 

(1) Distance of points [x lVl ) ^j,) 

(21 Aron + for -».) cos 


Hill W - X 0a + X dVi - XlVa + xm _ ^ , 


®i 2/ i 1 
*•>* 1 
*4 Vs 1 
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IVi'iH>nillinil<ir ilinlmicti of point <.r, ;/) from Hm, { l>t p) 

‘ I l* •>' ('«»! « • • l/ 0 (>!l (I, 

0<«/i) (i'V/O; /J ( , n . 

" M • ,!,m rt «' 1 '"'"I 1 «”«/'’ - (W« « OOi./M.OOH «' OOH w 

l'"in v w 'Ontmonri/J’ t-Djia'ctm//. 


Wl> lint,W ,,ml !• W'T- 0, wo know thill; tho 

!,) In oh I m I.io (/.«,//), (In, i, nil dm vnlii ,f y which .mliofy lino 

i njnoiitml itll hn pulnlit on I lml, hm-. Tim o<|imlion itnolf muy thou l.o 

“ l th " !!'*■’: »«\ 0 ilomimh-ly) In roj.nuu-.it llm 

f to.uuul, (ho •:<»., Ilium llml ,,j i, m y |,„ „» u | mowil mvu j,, tho 

f/IO I II) IV, 


• ini in on a 


^ln llm fnllmvinn w In tnUnii . 


. ilN iH'Kinit’o (Uni i-ninl, (th.. oi-ulit') in tumhiauf, 

'*“>* <*r (,<•, y) iv, .in l,) in oijiml i« r , 

(•'■ 4 J l 0 / If ■ i' J . 

*t>t, ih illutimn. from u fix. il jmint (fmmu) illnl. from fixed lino 

i 

rmy iliMt»no,i „f (,.*, y) from (./, o) tlh,t. from (m , r# ^ , 

(•>’ "V* I ;/' (•< iu)«, nr ip -lor. 


* ) {t " llw'tl ii.iiuii-.f (i.iH-H .lint, from H x ml linn, 


Mu J my illnl, of (,»*. y) from (.m, o) ,* Uiiti -i dint, from 

(r -HMl/’ ,y, .. V 







m 0 in li-P i limn 1, mill Wo Willo o 5 {| r) 

liyj-orlmln o in j!u>iit, r limn ], M u I) .w 1 . 


V.fo. looi to f.'ijimfOm n/ the /Vivif < h'llW', Tim oifimlion | mi/ u raO 
uoi .l hi i |i» [mm .rcnn u i ;/ o.m/f ~jih> 0 if wo imil(i|>ly it |,y « ijtmntily 
■ A llml i mV Iff «i roil w) ! w, from llm vtilnoof if Hum imll. 

t*"ilvn lltn fin inula, 

,J r*»?« /< >'< "!*• <-» -n uin w 

^ul-nlUl||ii.|t 


mtlonltti- fio.ii ,,y on /r mu./ ) m il in h ' 1 " •»!»«; 

v(f t or yfinco.'i w) 


linos 
Oiim (l ■ - 

oill f( : 


fo J 11(1/ I H (t, /’,0 1 m'»/ I 

If 1 l mra' (W ( I'm) cim w 
V( fi I »"* ’Jf'« oom w) N /(< « i rn'» roM wj 
(ftn' I’m) oin (u 

vV , l m s - y/iii o-ort w) v '(f s l »i'* • • -fm’ von w ) 1 


3*4 
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appendix. 


26. Orassntann Notation for points and lines, A point is denoted by a singlo 
small letter, and a line by a single largo letter. The symbol all or Ha is taken 
to mean the result of substituting tho coordinates of tho point a in fclio equation 
of tho line B, The symbol ab stands for the lino joining the points a, b, and AB 
for tho point of intersection of the lines A, B, Accordingly ale Blands for tho 
determinant formed with tho coordinates of tho points a, b, c, and A BO for tho 
determinant formed with tho eooftioionts of tho lines A, I), 0 . aha — 0 moans 
that tho threo points arc in a lino, and ABG—Q means that tho tbroo linos moot 
in a point. Lot a mean tho point (aqjh), b tho point {xyifa} and o tho point (%?/.,); 
also let A bo tho line lx + vuj-\-n=0, B tho lino I'x n'-Q, and 0 tho lino 

i"x + m"y + n" =0. Thou aB -Ba- l'x { + m'y l + 


aba- 

xi Vi 1 


l m n 

Equation of 

\ x y 1 


®8 y% 1 

, ABG=^ 

V m' n' 

ab is 

' «i ?/i 1 


•t-'a Vs -i 


1" m" n" 


*» y a 1 


Coordinates of AB aro given by 

x y z 

mu' - m'n ~ nl’—n'l ~~ Ini' - I'm * 

[I havo not mot with any further NotCif,] 



ANALYSIS OF LOBATSCHEWSKY, 


Propositions common to the two theories *, 

1, A straight lino fits itself in all Its positions: i.c. if we turn the surface 
containing it about two points of tho lino, the line does not move, 

2, Two straight linos cannot cut in two points, 

B, A straight lino may bo produced indefinitely* 

4, Two lines perpendicular to tho sanio lino and in the same plane cannot 
moot each other, 

5, Ono straight lino must cut another if it has points on both Bides of it, 

0. Angles (piano or dihedral) vertically opposite are equal, 

7. Straight lines making equal angles with a tliird straight line cannot 
meet, 

8. In a triangle equal angles aro opposod by equal sides, and conversely. 

0, Greator angle opposed to greater side, In right-angled triangle, hy- 
pothcnuBO is greater than either of tho other sides, and the two angles nest 
it are aouto, 

10, Equalities of triangles, 

11, A lino perpendicular to two other lines not in the same plane with it 
is porpondioular to OYory other lino in their plane, 

12, The intersection of a sphere and a plane is a circle, 

13, A lino porpondioular to the intersection of two perpendicular planes, 
lying in ono of them, is porpondioular to the other, 

14, In a sphorical triangle equal sides aro opposed by equal angles, and 
conversely. 

15, Two sphorical triangles are equal when they have equal sides con- 
taming equal angles, or equal angles adjacent to equal sides. 


[/.Ci to Euclid's and LobnlsehowsUy's,] 


TI-IE POLAR THEORY OE OUBICS- 


1. Consider a net of conics I? 2 (viz,, Bf 1 ) B a w .,.), All tho c i 
are harmonic of all these form a tangential net. Tho loons of 1 
points in respect of tho entiro net B s meet in a point is a out"S 
degree J/ 3 . Bo also tlio cnvelopo of lines X whose polos in respcC 
net b 2 are in a line is a curve of tho third class h a , Those < 
fined by the equations 

[xB 2 ,xB4.xB”)=xHI ai 

(Xb 2 .Xb 3 '.Xb 2 ")=X\. 

Let y be tho point of intersection of tho polara of tc, and 
which the pole3 of X lie. Then y is oleavly a point on i/ 8 , and .1 
to h 3 . x, ij aro called corresponding points of IJ a , and X, Y aro 
tangents of /i 3 . 

2. Tho points a, y and tho lines X, Y satisfy tho equations 

xyB^—O, XYb a —0, 

whore B a> b 3 aro any conics of their respective nets, These shew I 
pair x y belongs to tho net i> a and that the lino-pair XY belongs t 
for each not includes all conics that aro harmonic of all conicf) 
Again, since tho whole not B 2 is harmonic of tho points xy t anti » 
of tho net can bo drawn through any two points, there numb 
containing tho lino xy as half of it; and this lino must ooiih 
tangent to 7f a . So likowiso tho point XY must bo on il a . Wo li 
theorems : — 

If a conic, b a brenha vp into two points x, y, these arc paint 
the line xy is a tangent to h 3 . 

If a conic B 2 breaks up into two lines XY, these are tangent ti 
point XY is on II S , 

B. Lot a bo a point subtended in involution by 6 a bf b.f, 
be so chosen that 

a (X7> 3 -(- y,b 2 + vbf) == 0, 

which means that a is ono of tho two points into which \b 2 -\,/xh 
up; or that a is a point on II y Thus all points on H B are subtau 
tion by the net b a . 
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j„ u nt i tiiluv wny wo nlumltl pnivo Unit nil Uuiiiaiht toh,,<in: nit in involution 
l,il I In' ?]i'/ R„ Or hv mu;/ ihjior 11., tut tin' brut t\f point* iinhti'inii'd in involution 
/’,[ //„. |, J( „)I,I h ;| If. 'I III" niVi'lopV Il///(lr'rl ril( )M involution III) Out My. 
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1 1, | 0 / x,/mm 0 Ivii iiiiOliv ju iivil. 

Thv ttnvv pi, int i in ii7oV/t II , nit i o hiv'ivut X /u It.,, /uj/W/ht with tlw point 
nfomhivt nf X, Ii>iiii it hmni»niv 

ft. 'Clifif mo linro I’tiU-t <*.,<7*7' vvliMi Imvo f/ !t for thoir )n‘iiiti«n, Ami 
lltii'ii isiiu'i ii uf Clio Hi. 1 1 ’liuot u„" wlilrli Inivit f» ;t for tliuiv hnimiun. Thunu 
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lo foil. In liij* tiny joiliit mol V liny lino, 
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o „ ll a . 
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Wo intiy loin inlot llm mixtd i«*lmti In i’iUu.r cioai with ivf'nrd to tiny 

nyoyiitUo itiildo, 

Th>, I 'timlloim ^ ■ ,u '*' vi» tmtlly itivon hy Hnlimm. Couia, Clh 

i d., jo HIV. 

ft. Tint C(. mill ion tlmt xt^ nl.nli tonoh X h of tho H.-coml or, lev In .t, A* »ml 
llm nut’fiU Ivitift of <V 1‘,'iMtto a I'.V ( t f M A B ), Hn » if Xl > V : ' m 



A1TI :N|»|X. 


• 'll) lr>V. 
Mi'Iiiir, 

I'tviiiuiin, 

'*»>*■>. 

f'nHiiiiii, ) 




Ufiiunl ,V li*i fln.4; 111* m .V il> ■•nil., . (i mii , , 

U|,i,h * ' ' I 'l'” * 

I’M !•' Ml- Imm-a ,.f |>..|| 1 |r, n,, .. , lVlh - h v 

0'} i* Hi.* n», ..,,4 N 

W «>"*,. 

{4) ;i njt v, j|, 1 i \ 1 h, , 

* «i. #.<1 , 

vt H Hi*! li^l 1 fwl til {,< jt u , * „/ .. , - . 

)nn tiiniij.* i*f Ijii' . I ll.q! I in! i„ Ut „ {l( 

TIl* ihttl \ '-t.nl) n,va i; J. i*,?, , r , 

i't, till It lionlil.! i |.f ■. ) j, ( ,4 ,. I1VIJ ... ' 3 

■ ‘V- • ! * . • \ ■ »>. 

A' lll>tri]! IUl-,1, |l)i > i<l (\ •J'ttUll ’ , , : - j; * . . , . 

I I*. 

v ; l “ 1,1 r “ <;i ,tl ” ^ ‘4 •*»!' ‘iMi 

Iltl* ill. a !•} Jli-M i!| ’ ' 

V*. hill, li.-’ mi..' I . f a-'. » { 'I I.I, ;., 4 vn, n m , w 

f.'hlliiVilliiitil I.f lh« lift!, ..j-.f,,, j„ ni-n |... r, nl, . « , ■ - ),■ t i ,* 

I'M'!’ tlliM’llti'liij.ni.f ft lit,... v; I:,. . ,,hit ,■ ... i- J .... . , , , 

Tv ”‘ 1 •’ Ci,< 1 1 ' : ' ;i n«w c 'Vi-l 5-* !■■■> It ~ij :,u.. , f „, lfl n , 111$l( , r 

i r . w . Jt:r j la 1 . vu , tw , i.v . U |- . > lr _ ^ 

I ;U i, U‘,y > ; t ;i 

51 r, W, 

If 1 rill J( )l!lt liitijij,; |,f I’'.’:-/ I »• I ,, . , . 

i . , , . * ! 1 *. ^ 5 ||»|.,« M..f UAI.K, 

Imillti'lll.' ill !•« it, y';t , 

If Ilirm .4 iln* j'- ‘iitia r-iu. i l. , n r-;u. I.l, s wii? t |t t , 

■i l", „ II, 1,41 i ,H, |, 

J«,i »y>,;„!|., .lovliu T., n ,u! if, -.il.! xMlilim 

rX',M " " f * ' •'*•*. »•» t..r wu ,, iM 

v», «„»'!!?!!!'"! !'"! v " ny f,t ' ***»*•** •* >■> «. -«-—•»*, i, u« 

» ,m :, ,l! " i-"'" V| . - n« 

* •"'•"Wllwi «». IlK. Ihw «'W ,! Iln, 


I'l \t||. l| 



ON ,1'KA I'M*’ I ANH, 


I, 


(N.uiddcr '.!» iiUt-nmlti unitn and form a linear function of tlioiv 

Ilium v luoilutiin, vi»‘> 

>: W* 

Hliitv l'» 1’Vi'iy till III ill lltiu /'/,(, 'VV l,M ' m ,< ’ nu i’ttV/t' 1,10 

(iiii'UU'lrMt of u ft « A in ;* M l' Ul > anil tlm wlmlo cxjimmicm involvofl only 

lliciHi ililfi'ii-nn-'ii lumoelt In I'tum’iiii'iil to malm j> w » < and (lion 


'A'.'W W 

w j, ( , n * ij„t i»if;uillr!i Unit ilio iminnmtioii In lu In) oxlondod to llumo valued only 
fur wliloli / ■* /i. 

f ,i*. jinw. i' ,.f U U " »*»«U!|iHiul 1'V a numerical con- 

i.fmtl and a r»m»U.m uf Urn v ‘ ,l wUv ' { 11 W'*" «'/ n "‘ oMt; viz * U iH 


1 

A 


1 i'la d'an ».«u* 


w j M .r„ Uni nullh-i m.t |H In) jn i uiuli'il ill nil wnyii, ami niitna prefixed no- 

iHidiiiit In lU« tula f-e dO.omiimnM. Knoll limn nooum N. 1U tinum and 
m'i'imtUiMly lltu irmll h dhld. d l.y il.it numlior. The Oijuation may Hum lio 

. . I* || j hi 

(“W* 1 • 

Tlui rfnllluii of Urn find, rn.lt* in or ((on.naUy any cmiHlant. For the 
i. round u 1*1 or ini Juivu 

. ( », hJU.'I' « l W H a 3 tt -U 


HO Olttt J's 1W;U ' ‘J'lal’w d' 

II I. Wiiwliiiw* I'uiivmilm.l ... dMitflo (W* l.y J'„„. »'«' »» <" W“» l,r,,c ™' 



Am S|i|\, 


",. f ;‘ l * V|,! Jwvii f. >1 i»iiv u imis .• ,yi, «, 

’ i ''ii,i>tni 

ii'Jtif n * V ‘ „ ... .. 

'•ft-.-.,.. ' } *(/ .,ViV. • 

^ '■ * V f, * l r v 1 Jl * * ’ ■'•■'F',., , o 

1 . i. * ' r ‘ ■'*' ** *• f t i n i- 


mul (;.'iu iit!lv 


(• Jl . ?'*v, 


UV limy nliiH IWitt !, S1 , <*. .. , „ , » , , 

limy l>it i-miily i.vi. /; nlir. ,J. 1,1 > * •'»»«« 


I ■'‘•I (llrl, )-it (Hi! Kell (| *} %im.iMrs .» 

l *>f lit*- ti (in.-, u (tuii'U, h» 




r- r* > - , ■ >* v i 


a (<• U.IMI llnl 11«; .; r n„. Hu,, ti W(1 s*--, . i r,. Ull , V v w , v ( , 




ll-i. ;• U > }) ^ 


Hitil i-1, llm lilts I'.OH -jf . f f| !htr.« litiv.-iT :.|Oi , 

^ ii'.itjii-ii.-.flS %n .* UvU ,.f 

Ki>w ^ ... M 


r: VV !'"< I sinl.-i ;,’j 

"t' Vi,: lull.*: tt lim-.iv fun -Hi.-. :t {t - ij ti «.. ,, _ t 4 

, „ I,--,, ,. uS ?, , }lU H ftt „i 

it., - / ’’ |.f 


*'•*’ Mffc |M !..-{■ ,,/ l3 -, f f 

I til , I la , II;i n t,f fi t ,- iw . iif 


y i S j v, ■-, ! i, ti' f_. ,-j 


ti.mtv Sf , u , (W( ;„ 4 „ , „ slt w (l , r 

•V/i "A^A'V'Vr-^M VV, v«il ? ( ,.5|^ ini( 

Ufi'iviiiSi \j/f , 


i-% Aj 1 *'- ;*.i « > 'f. 

* a # 

fA, A|M ( l|t.. 5 a » ^ ,ft j w ,»j I 

' - ”> r I 1 {• i 


Hmis'o ttlilt «i .... fi «■(! 

4 i #u* *r.,v* « n,*. 4 *,» 



(IN' ITAITIANM. 


637 


ltul Nvitll u\, $, 

J.P-r , !-)[■' (>: VvV • V W -''tdtm < Va¥«i 1 • Jl lor,n,, >- 

II,.,.,, (|„| niM'lUt’li'iit I.f *!/', , , wmUt.v of itUi-iitluii. Jtl>l mi uiiln 

h l< l "I I 

VM ,. 1 vM 1 v..M 1 VM„ 1 V/W“„,VVV 

tiixu ('■. <■ '■ SvCuWAi 

I '■ »i-wAW ,, .A- 1 i““*K 1,1 

(/i, *, f, »<•)(/», »«. ') « A V' , /. ,, A 

(It, /, mif/i, It, I , ») m I, 

svh.H. i/./m. .ii-i ?; t«, «,«„/ ! WVVV' ,lm u "‘ M,, “ lu ' vmul, ‘‘ 1 

ni.,uiMfKr<i uii'l »ii>- m i itiui.nn ll«.'Hi"i»lv.-=i ( mri’mitUiiK t" I'm tulo of 
I it th» muti» v.ity v.i' tliiii 

, /v.,. i«/» V .i?/,.. t'l/sUX'fv-A^/U 


liiH/fj! ! M runt /»/!/»/» 

! '' tn’ 'i | nt T m* * *' * M.W.'A'rnt' ’ j It k l in h' k’ /' in' 1 

A (">«•! *1! Msv,.v,rts> w W 

x... ( tio-jv,.*,.. fU-s-Muw 

' l.i.flil' ' i * to t‘ 10 M f ‘ 1 1 h 1 

T,i willi. lh*< ( i.-ni<ntl UmiiU »«**».' n>»kv* -iiltnilly hi »MnvtUht l,mi1 ' 

f,,, -i'hv,.. "‘'/.f Im.i 1 """ 

i.i'.vi’p” ‘.sw’ii'Ai 1 ."' V ,:1 "' 

whi le llt'i .! tu<* itmmih ul >unUl|<h«M. 



ANA I, VMM or i in MnN \ ,, 


1 1: \ \ «i;\i \ i in vs 


I M ' 

I , , | , v 1 ' » i t.l • - 

'j'i'i : »*«'■ O .. ?iit, j 

(*'•> I » it.- 

IS f. f ;} 



l‘‘t. I | 

<!, II ?r i- 

» » . I • | « 

1 11 
II. * 

I ' « » 

• : * ; i 

» » : 

» « 


tl%N« :.f>> 



\ l-UUSs 


{' •• M |i„ 


<\ It ty 

V * i * i i ni< 

5 * ; 1 ' 1 t i l 

‘ V A » * : *» it * K 5 » »■ i >•/ *' j: ;■ A ^ »• ^ ,, ,, 

* ‘ * i ; * ; i ; , 

»» • *** S i'll 

• »i. j i ; 

i i , ; 

{ * •«.! V 

* ’ : 1 • f f 

4- * 

l ; < # : f i ;; 

1 -i 1 * -... | V.J 


■A 


I ? 

t K 



ANALYSIS OF CREMONA’S TRANSFORMATIONS. 


539 


1 1 
I 1 


Quintic Transformations , 

[Or .] G . 1 . [8001] « [8] (00 1J002J003) . 

« fl) i " r* rv rv rv iTTT'rr - ! ** ( a -i a Py 5e h°) 8 ivo3 - 4a -i - 2« ( 4 P - 3a 4 - Sr | 

| /»- «»•••) 

Jacobian is quartio afahcdcfgh and tlio lines 
«./'» ••• 

In Do Jonquiurcs’ transformation of tlio n+ li 
ordor [2», ... 1]/;. afiy ...) gives 

J 1 1 — l — 1 — ■I—-J (it -l- 1) fx — na n ~ (lift — n - la u - Sa,ft-« n - «» •• •)> 

and tho Jacobian is «|” a^afly ... and tlio 2it linos a n a, a ,Ji, ... 

[80011(4, 01111111) = [8]. 

[Or.] n. 2. [flB10]=[8](00XX001). 

fh <h h * Ci n ft(a a a s (3 a 7 s a/37) gives 5/t-Ba 3 -22a a -Stt(3/i - 2a 3 - Sa 2 - 2aj 


2/i— « 3 - 2a a - a, 
/i~a 3 - a 2 , 


) 


Jacobian is cubic a 3 2 a a Kc a abc 
3 conics fl s <i 2 b a c a fi, ... 
8 linos 

[3 310] (3, 222, 011) = [8]. 


[Or,] S.n. [0000]-[8](000)[111). 
at b, o, th Ct f* m /i(«aflaYaVjfc) 8 ivcs Ca* - 2S« a (2jw - Zo 2 -h a 3 . ••■)* 
Jacobian is six conics VvVa/a* &0> 
[0000](022222)=[0600] 
[00003(002222) = [01010000]= Or. 9. 4. 
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Sexlic Transformations, 

[10, oooiMnHOOi*oo25oo3Sood). 

[14200] s» [0] (000&011 ) . 

gives 6/t- 3Sa 3 -2Sa 2 - a 

/ 3/t - 0 3 — 2p 3 — "£*2 ~ tt » 
|2/t - a 3 - ft “ ^ a a + a 2 1 
Jacobian is 2 cubics I /* - «s - ft 

> %V a sVaft a 

4 conios (i 8 ii 3 & a c a d a , cto, 

1 lino rt 3 ft. 

[14200](88, 2222, 0)=[8], 


See 5. 1. 
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APPENDIX. 


[Or.] 8. 3, 4. [41300] = [3](001 J000) ; [34010] = [3] (0 00 jf 002). 

b 3 c 3 a. } a b a d 


IT 


f* [ a sPaya a 2*Py s ) gives G/4-82a 3 — 2a a - 2a 
(4/t - 2 2« a — o a - 2ct, 
2/i~ Sa 3 — a 3 - a, ... 

A (“4«2p<iVA a Py) gives 6/4 - 4«j - 22a* - 2a 
( 3/4 ~ 2a i - 2a a - /? - y, 
2/4 — «,j — S« a j 


-« 3 1 
Jacobian of 6. 3 is the quaitio a 3 -b 3 'c-/a 2 abcd, 4 conics « 3 fc a c s a a a, etc. find three 
liucs & 3 c 3 , Cg^j, 

Jacobian of 6. 4 is 3 cubios a^aJi^d.Jjc, etc., coiiio a 4 « a 5 a c 3 c/ fl , and <1 lines 

« 4 a, « 4 i, ... 

[41300]. 


i o Trans/orma Horn. 
[Cr.]7. 1. [12,00001] =[3]{001$002J003}(Q04£005). 
[Cr.] 7. 2. [232100] =[3](000$001). 
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[Cr.] 7. 3. [034000] = [8](001J001J1 11). 






ANALYSIS OF CREMONA’S TRANSFORMATIONS, 


Octavio Transformations, 
0. 2. [3230100] =[3](001£001$002). 



[Or.] 8. «. [1»22000;|=[3]{001^001X011). 

rr i ft i fin ft, i ftj <'a « 



[Or.] a. -1. [0070000] = [8](001$001$111}[222) =[7. B](222). 



[Oi 1 .] H, G. [11000010] W [fll(000][0083(00'i) =0 . 4J004) . 
[Or.] fl. [ 0018000 ]»[fl]( 00 ix 00 a 3 ( 000 ) =4. 1*000). 
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Let L be an arbitrary lino which cuts the two conics in art and bj 3 respec- 
tively. 



It is required to find a point * on L such that 
xa.xa—m.xb , xj3. 

Let two points p, q be so related that 

pb qo. 

then these two points uniquely dctennino each other, nncl therefore there are 
two positions at which they coincide, or two positions of the point s; that is, two 
points of the locus are on the arbitrary line L. 

Therefore the loous is of the second order, and it passes through the intersec- 
tions of the conics because two quantities which aro in a fixod ratio must vanish 
simultaneously. 

It follows conversely that if three conics pass through the same four points, 
the ratio of tko powors of any point on one in respect of the other two is con- 
stant. For lot U, V, W bo the conics, and consider a point m on IK. The powors 
of m in respect of XJ , V arc in a certain ratio. Now the locus of a point whose 
powers in respect of U, V arc in that ratio is a conic through the intersections of 
U, V and of course also through hi. Thus it has five points in common with W 
and must therefore coincide with it. 

In particular, let IF ho made up of the two chords L, M of U and V. Than 
the power of any point on U in respect of V is in a constant ratio to tho product 
of its distances from the lines L, M. [Fig. 114,] 

If we Bupposo L, M to eomcklo, tlion U and V will have doublo contact j and 
wo learn that in this case tho power of any point on U in respect of V is in a 
constant ratio to tho square of its distance from L, [Fig. 115,] 

Now the power of any point in respect of a circle is tho squared tangent from 
the point to tho cirolo: konco wo see that 

The tangent from any point of a conio to a bitangont cirolo is in a con- 
stant ratio to tho perpendicular on tho chord of contft 9 t. 

4. If we suppose tho point on tho ourvo to go to infinity in the direction 
CP, tho ratio becomes ultimately , and is therefore tho same for all circlos of 

PM 

this system. For circles of the other system it is jjp • These two ratios may 
be called e and e'. [Fig. 116.] 


6. The sum or difference of the tangents drawn from any point of a conio 
to two bitangent circlos of tho samo system is constant, 

Let A, B bo tho circles, L, JJ their chords of contact. Thon 
PM^e.PA, 
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and FjY— e . PD ; 

MN=e{PA±Pll) 

according as P is bctweon L ami L' or nut side of them. [Fig. 117.] 

(The radical axis of the circles is clearly midway between their chords of 
contact. 

Since the four points of contact are symmetrically situated in respect of 
the axis, a circle will pass through them having its centro on the axis. This is 
called the circle of contact.) 

C. Tiro product of tiro tangents drawn from auy point of a conic to two 
hi tan gout circles of the samo sj'stoni is .equal to the square of the tangent 
drawn from tho samo point to their circle of contact. 

For tho conic, tho circlo of contact, and tho pair of chords of contact, 
make three conics through tho same four points: and therefore tho power of any 
point on tho conic in respect of tho circle of contact hears a constant ratio 
to the product of its distances from tho chords of contact, and therefore a 
constant ratio to tho product of- tho tangents drawn to the two circles. By 
considering the points at infinity on the conic wo see that this ratio must be 
one of equality. 
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OF P0WFR-0001.1DINATKS IN (iKNKUAl,. 


'flic of a «. contains «„« ****>* ' «* * 

any circle may therefore Do put into the form 

aX\-bY-\-eZ -l-dlK- 0 ’ 

where X, r, ll r =0 arc tho equations of four cinslon. Ami any <i|iiutuni 
fcho first order in XYZW represents a circle. 

Tb0 m „i„ object of tile following ,»!«• to » lh " 

of the second order in XYZW. Now if wo wnto 


9 -y s «, u " 

v is .15 - I y- Pc ~ r, j a 

. Q 2 

Z~:X~ « 3 -\-V~fln 


then tho equation (1) has an obvious geometrical ; viz.. A uuaum 

aquarod tangent from the point M to tho first or, an if in •«» *> '■ 

power of that point in respect of tho circle; and wo have learned Urn t l 
squared tangents drawn from a point to four fixed «m\m satisfy n» 
of tho first degree, the locus of that point in a circle. Wo thus «<>■>>•• l'» 1 ' 
tho quantities XYZW as a sort of coordinates ; and a net of valium nt lli« vi 

ordinates may ropresont a point. 


But a point is detonninod by two coordinates} ami there fore In older Ih 
a sot of values of these Jour quantities may l’up return t a point, Limy '“‘irt imtio 
two equations identically. I shall now prove Umt «»no of tluum mpmlnmu 
non-homogoneoufi and of tho first degree, while tlm other is homoguiiomm *n 
of tho second dogreo. 


In fact, if wo write A for tho determinant 

1 Pi 7j 1 

1 Pa 7a t 
1 Pi 7.i ’ 

and B, G, D for tho three similnr determinants that can he formed funu I 
other triads of tho four circles, we shall have 

dX+fll r + f7« + »irrt(l!2»-l) 
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which is obvious, for A+B + C+D is the coefficient of (x- -h y~) on the lcft-lmnrt 
of the equation, and the riglit-liand is constant. 

Next, what is meant by an equation of the first order? Let us write, a, liltlo 
more generally, 

«,.Y= rt x (a 2 + if) + 2/>,x + 2c,?/ + tf, , 
and let the equation of our new circle bo 


then wo shall have 


0 = a (x 2 + f) -!- 2 bx + 2 c.y 4- d, 



and therefore 


*1 " l ' _ n 


d“ - r " - i‘, 2 


arfj -1- - 2hh l “ 2cc, 

«a. 


1 * 0 . 


Now if the power of two circles vanishes, thoy out at right angles ; for iho 
power is -2)7', cos/?, and cos 0=0 means that 0 is a right angle. Wo boo thus 
that the condition for two circles to cut at right angles is 


nr/, + rt,(Z - 2/)/;, - 2fw, = 0, 


which is linear in tho coefficients of each. And further, any linear relation 
among the coefficients of a circle expresses that it cuts sojuo fixed circle ftl right 
angles. For the rotation 

/« + »*& + HC+fidss 0 

espressos that tho circle 

a (x 5 + tf 2 ) + 2bx -f 2 cy + d --- 0 


cuts at right angles the circle 

i (x 3 -f y-) - m.v -ny-h 1 = 0, 

It follows that ?y the coordinates of a circle satisfy an equation of tho ft rat 
degree, the circle cuts at right angles a certain fixed circle , l<’or tho equation 

LY -Hn y> ?i £ + 8 TP = 0 

implies a linear relation among abed, sinco X Y Z TP are proporlionnl to 
linear functions of these quantities by tho equation (3), And this oiroto in 
precisely the one that we boforo represented by this oquntion, viz. when wo 
considered therein A*, Y, Z, IF as functions of x, y dotonnined by cquationu (2). 
For tho circle is cut orthogonally by all circles whose coordinates satisfy tho 
equation; but if these circles become points, they must be pom Is on tho oirolo 
which they cut orthogonally. 

These results I sum np as follows : 

Ihe coordinates of a circle aro four quantities proportional to its power ft 
in respect of four fixed ciroies not having tho same radical centre. 
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The coordinates of all circles which cut at right angles a givon circle C 
satisfy a homogeneous equation of the first degree, which is called the equation 
of tlio dirclo G'. 

The coordinates of nil points satisfy a homogeneous equation of the Becond 
order. 


The Orthogonal System, 


Tho following theorem includes about one-third of the metrical properties of 
points, lines, and circles. 

If tlioro nro livo circles, 1 2 3 4 5, and five other circles, 1' 2' B'F 5', and if wo 
form tho determinant whose constituents are tho powers of tho first set of 
circles in rospoot of tho second set, arranged as in a multiplication table so as 

to ho roprcKonted in tho mnbral notation by tho symbol ^ g, g, , this de- 
terminant vanishes identically. 


For if wo multiply together tho two matrices 


1, 2 6„ 

2c t , 

*i 

<h\ 

-V. -Cl’, 

1 

1, 2b s , 

2c a , 


d 3 ', 

] 

to* 

\ 

o 

IS _ 

1 

1, 2b s , 

2r 3 1 

( U 

tf 3 '. 

— b 3 ', — Cg , 

1 

1, 2b, , 

2 c.,, 

<h 


-V. ~ c 4. 

1 

1, 2b c , 

2cg, 

( h 

f V* 

-A', -c 6 ', 

I 


wo shall form a determinant which, by tho theory of [matrices], vanishes iden- 
tically ; while its constituents are of tho typo 

d' + d-Zbb'-Scc', 

which, as wo havo already soon, means tho powor of the circles 
a* 2 + y 2 -1- 2 bx -1- 2cy -t- d ~ 0, 


» 3 + y 2 + 2 h'x + 2 c'y + cV ~ 0. 

llosovving for tho prosonfc tho further discussion of tins theorem and of 
a similar one, I proceed to consider a particular case. Lot us take for the first 
four circles of oaoli sot the fundamental circles X YZ IK, and lot the coordinates 
of fciio eirolos C and 5' ho ropresontod by x, y, 2 , w and x\ y', z', w\ Then tlio 
identity 


becomes 


" 2jj* i 

X YZ W 5 
XY Z W 5' ‘ 

(XY) , (XZ ) , 

=0 

(ZW), 

a: 

(XY), 

- 2r 2 9 , 

(KS), 

(1BK), 

1/ 

(XZ ) , 

( YZ ), -2r a 2 , 

(2 W), 

s 

(XTP), 

(Y\V) t (2 IK), 

-2r 4 3 , 

to 


v't 

** 

< 

(5 6') 


By tills equation tho powor of two circles is expressed in terms of their co- 
ordinates, Lot tlio expression ho denoted thus : 

(6 5 ')=(* y, y ' * w ')» 
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tlion clearly the equation of the circle whose coordinates arc ay zw is. 

0^#$*, Y,Z, TF). 

Am! further, if wc suppose the circles 5, 5 ; to coincide in a circle of rmliun 


we lmvc 


-2r 9 -{-*][«, y t z, w'f, 

which gives the radius of a circle in terms of its coordinates. It follows llu 
the Second Absolute is 

$=(*][ A YZ TTO 2 . 


\y reduce this to tho 

simpler 

form 


1 

otaXY 

cos XZ 

cos AIK 

X 

i\ 

cos A Y 

1 

cos YZ 

cos YW 

Y 






cos XZ 

cos YZ 

1 

cosATF 

Z 

r a 

cos A IP 

cos IMF 

cos Z W 

1 

W 





*j 

A 

JF 

Z 

JV 



i’ 3 

S’o 

U 

u 


which it is worth stating is an identical relation connecting fho equations of 
any four circles. 

It is obvious that all these formulas will bo immonsoly simplified if wo tnU-o 
for our fundamental circles four circles cutting each otlior orthogonally. In 
this case tlio quantities (A3'), (XZ),,,&o, aro all zero ; tho Second A3 mol uto 
becomes 


the radius of (xyzw) is 


V ?a a )'a 5 + rj 1 


a (?. + vL .il , . 

**« 9 + V r*V’ 

the power of (.r yzw) in respect of (a 1 y'st w 1 ) is 

-4 (Z*+ Vl + !i\ 

W r,‘Vf 4 »j' 

and consequently the equation of (a y z w) is • 

57 X + 57 7 + Z + IK=0. 

cireLtnM mi)lify tb t 9e “ Pl ' eSSi0nS StiU ft,rthw by m coordinate of a 

r r t P °' veis X 3 Z IF themselves, but tho powers each dividoil by the 
radius of the corresponding fundamental circle, viz. tho quantities y 

X Y Z_ )V 

V **« ’ r 3 ' r 4 ‘ 
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Beclion of this surface with the Second Absolute. Now a quudri- quadric ourvo 
depends upon eight constants only, and so fitly roproseuts a general niiitlhn?- 
matic curve. 


Bi tangent Circles . 


Consider therefore any qundrio G and the second absolute <I>. Wu f< n o w 
that by ft linear transformation it is possible in ono and only ono way to 
roduco these simultaneously to tbo canonical form. That is to my, tlun'O m 
precisely one set of four circles X Y Z IV such that when wo express 0 and *1* 
in terms of them they take the forms 

*™A' 3 h -]'*+#»+ W a , 



Y- 

Ifl 



in 

1 ? ' 


Tho first of these indicates that the circles X Y Z ]V ore mutually orthogonal. 
They may bo called tho principal circles of the curve. (Moutard.) 

The quantities a?, b\ c 1 , d\ are not necossarily positive; thoy arc written in 
this form for the sake of subsequent convenience. 

It is now possible, with the aid of the second absolute!, to express the equation 
of the curve in terms of any three of tho four principal cirelos. In fuel, elimi- 
nating W between tho equations 0 = 0, d>=0, wo liavo 

X s ya 73 

d-0 - * 5 - s (cl* - a*) + ^ (d * - l*) + ^ (d* ~ c 2 ) « 0, 

an equation which, if A, F, Z were trilineav coordinator, would represent a oonio 
referred to a self-conjugate triangle, 

A circle which satisfies the analytical condition of towelling this ourvo in tv 
bitangont cirelo of tho auallagmatio. For if 

<c~lX + mY pnZ, 
y sl’X+m'Y + n'Z, 

■u-l^X+n^Y+i^Z, 

wliero x and y are two bucIi tangents, then wo know tho equation of tho oui vo 
can be reduced to the form 




where it is clear that, for instance, tho circle * touehoa tho ourvo at tho two 
points where it meets «. All theso circles are ortliotomio of IF; for mnao XVX 
flto oi thotoinio of unv oii'olo r / ia an t r 

the following prouosiUoM :- Brol, “ ' ,0 om " ,ol, * l ° 

drawn to the circle «. " V constanfc ‘^10 to tho square of tho tnugcmt 
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Two confocals cut at right angles. For let X l Y 1 Z l TFi bo a point of iulorHCfl* 
tion. The bitangent circles of the IF-syatem at that point nro 

~r ('i s - “*) + tJ 1 <*■ - !>’)+“■ (il’-c*) =0, 


which cut at right angles if 
X, 2 


1% 


ZZ, 


Y 3 y s 

But this equation follows readily from the three 

S + IV . 

ft 2 + 6 2 + 

X 2 Y* 

75-?-/.+ nr~ + 


{d~c a ) 2 ^0, 


+ 

II 

O 

(A). 

3 s + J!V _ 0 

e ,J + 0 T d*+tf 

(It). 

V + II ' 3 ~0 

(C). 


It is worth while to write down the ratios of which nro tledudbln 

from these. They are 

kX 1 =- m> 


n\= 


s/(a* ~ 6 s . n“ - c 2 . « 2 - (V) 
W 


- c 2 . i 2 ~ d* . 6- - a 2 ) ’ 
and so on, where a' 2 has been written for shortness instead of « 3 -t- 0. 
The conditions that a circle 

ZX+mr+nX-rsTF, 

ehaU be a bitangent of the system IF to tbo curve (A) nro a = 0 and 


Call this t/= 0, and let 


t 3 n 2 l ?a-i 3 «2 C 2 

d 2 - a 2 + d 8 - i 2 + <pT^3 ~ 


P ffl a 

~ d 2 - ft 2 + d J - i 2 + d a - c 2 ’ 


w 2 


tl.»n the equation t/=0 can bo mitten in either of the forme 

If - T r « 2 XJ ~Vb 3 U~ Fe a 
« 2 ~ * 

tionVto tlicp'roducta o^ZT^, f7 “ ^ “™ W- 

extern, X l^Ctivlly ‘ ° f fo °> ° f 

In fact, if we write 

P ! ^{ft 2 -53) (c s -d 2 ), 

Q 2 =(a 2 ~c 2 ) (d 2 ~& 2 ), 

**»(«*-<**) (6* -«*), 
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ilioik it in OHHily noon llmt tho aoimlinatcs of tho sixloon foci are 
four of the A'-nyslnm 0 , AP, -.\:Q, **11, 
four of 1 ho l"-»ynlom a.-. V, 0 , At 11, &Q, 
four of tho /•system ;M t ), a. II, 0 , A.V, 
four of the ir-nyslom /»*, a. f,), a-.V, 0 . 

Now, (m‘ inslumjn, 

l/ " ,a ’■ ■ 

(m V I- »(,>) (mV-'-nQ) 

(d ,J ~/r) (iV - (J‘ j ) 1 

, (•-»«Z , -nQ)(- Mil* ■!•«<}) ’ 

which verities Mm imimrtion, 

Fn,m [ lirini oquulJoim wo iloiluco I, ho following propositions 

Any bilnugnnl oh-ole of llui H'-iiyulom in ho rolaloil to Uio four fooi of Iho 
A'oynl.oni Unit l-lio pmilmil of its poworn in respect of a corliviti two of thorn in 
i.ipiul lu Urn pvn.luel of Hh powers in respect of tho other two, 

Thom jin id until in reapnot of tho X- T- and /•nytttoniH liavo uomitnnt Vftllofl 
fur nil liHangent clrtiloiHif llm ll'oiyHloni. 


| Tin, f„llmvin|( Notes, “Thorny of Powers," precoiloil tho ftbovo papor in tho 
Unto lmoK. lint a|»|iimv to Imvo no (immootion with it. They arc very frujpiumtary 
kikI, in p)sco:i ( apparently iimomimto, lmt it him boon thought ilesirublo to print 
llM.in Iiliiiinit ivi limy wore loft hy Iho writer. It in not easy to soft how tho 
(H|mithniii in I Hint •! nrn got, nor how tho othov equation in I. contains a Hoour 
rrliitiou In ttweon tho powers of n point with respect to it, Ao<,| 

T«.1p «, b, a 1.0 three points in a rl,<ht lino: Iho «iotan«lo or product ab , (to is 
eiUhnl tho power of tho point it in rospoot of tho poiut-pnh bo. 

1. r.t't II. It} ft, /I; 7 ho palm of points dividing harmonically tho length 

\y t tlu'ir (m, ii, p, o being tho middle points respectively) 

««| AT i-i [2] in. o, 
hft- |.AT( =[2] n . <>, 
py AT:-|.l5]p • e, 

iiiulli ply by « p •- in, m “ n and add } thou 

7 t p. d« ip - W . bft I- in -u.c y w 0. 

K (IW iho origin is arbitrary, and tho ilislances T~p t 7^m> mT-n aro con- 

slant: heneo ... , 

Tho powers of any point whatever, in respect of three pairs m involution, 

saliefy ft certain linear relation. 
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2. Lot a, b correspond uniquely to a, j3 respectively, and let X, Y bo iba 
double points of tlie correspondence. 

Then because any two corresponding poiuts make tho samo an harmonic ratio 
with tho doable poiuts, (aaXY) — {bflXY), or 

aa.XY bp.XY 
aX , aY bX , [3 Y‘ 

Also because the ankannonic ratio of four points — ft nharmonio ratio of cor- 
responding poiuts, 

(abXY) = (apXY), 

nr ab'XY _ a p.XY 

aY, bX aT.pX' 

Multiply these equations together ; then 

aa . ab _ b{3 . a/3 aa,.ab aX . aY 
aX .bY~j3X,pY’ or flu. pb -pX.pY ] 

that is, if two points bo taken ono from eaoh system of an unique oorronpond- 
enee, tho ratio of tlioir powers iu respeot of tho points corresponding to them 
equal to tho ratio of the powers in respect of the doublo points. 

If X, B, C are three lines through a point, sin AB . sin AC is called the power 
of A in respect of tho pair BC, 

It v ill follow iu a similar manner that tho corresponding proposition is true 
ftuout an unique coiTespoudenco of liues. 


3. Let now pOp\ qOq' bo two chorda of a conic, mooting in 0. hot Ilia 
ines ,.qp, pq , pp bo called a, a, b , /3 respectively ; it ia clear Utah tlio 
directions a, 6 correspond uniquely to a,/} and that the doublo lines arc tho 
asymptotes. Now 

0? _ Bin Opq _ sin bp 
Op sin Oqp sin ab ' 

and Oq' _ sin Op‘g' _ sin 

Op‘ gin Gq'p' sin aa ’ 


- x = MU _ am pA « B ln pi 

Op . Op gin ab , sin aa siu aX , sin al r 1 


by the previous proposition. [Fig. 119.] 

.Y hCm \° thQ f Uo of the P roduot of segments of chorda drawn through anv 
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4. Properties of Harmonic Section, 


* « — — • “ 

a X a P 

If «, tt ftro harmonic of A r , Y\ wo have by definition 

" * = _ “‘X , or a x . a Y + aX . a Y= 0 ; 

<i I a 1 

, \ a X . rtl'-l- « A . h a A’) n V-f (afl + flA’) a Y 

— aa (<i Y - a l r ) = « a 3 . 

Thoreforo if two points arc liavmonio in respect of X, Y the sum of thoir powers 
in respect of X , Y is equal to tiio square of thoir distance. 

llonca the Bum of squares of reciprocals of two conjugate diameters of a 
conic varies as squared siuo of angle between them. 


in 


— *- 

a 


X 


Tins proposition may also bo got from the one concerning the middle points. 
Thus 

a a l- A’ l r = 2)»o, 

whatever bo the origin. Tnlto a and a sncccBsivcly for origin, then 
aX , aY—Sam. ao=aa. ao t 
aX . aY-~ lain , aO = - act . «o i 
aX . «Tq-a.Y. aT=fla(rto~tto)=ua 3 , 

alnn «A P . uY - aX . aY = - . ao . ao « - «* 5 . oX 2 

= - jj.ua 3 . AT 8 : 

that is, product of powers of «, a in respect of XY = squared distance of a a 
XH.pu.nid distance of X, Y. Hence product of conjugate diamotors into sme 
of angle holwoen them is constant. 


Further, by division, 


aX , aY * aX . aY 
tlioroforo mini of squares of conjugate diameters is constaut. 


4 

AT 3 ’ 
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qs it is, is yet rather singular than pre-eminent, a study for comparative 
psychology rather than an ideal for the world to como; while all this is 
true, the book is an endeavour and a stretching forth towards right thinking 
and a protest against wrong thinking which is of infinite solemnity and weight 
to us of this present time. For wo have no right to conclude that these para* 
doxers upon whom the Budget has fallen have been sinners above all that 
prate; we ought rather to learn that except we mend our ways we shall all 
likewise perish. 

The word paradox is unfortunate ; it includes under one name a rare 
thing and a common tiling, and it brings upon the rare thing which is good 
some of the discredit that belongs to the common thing which is bad. “A 
paradox is something which is apart from general opinion, either in subject- 
matter, method, or conclusion.” The “general opinion” must ho that of 
people who have an opinion; not of all people indiscriminately, including 
those who have never considered the subject. The common form of paradox 
consisls in ignorance of tho subject-matter, powerlessnesH in tho mothod, or 
incapacity to understand the conclusion. Tho rare form of paradox is an 
addition to tho reasonable part of general opinion, which happens to contradict 
some of the unreasonable part. Tho older use of tho word was strictly im- 
partial, and it might bo applied without any want of respect; Do Morgan 
says tho change came in tho seventeenth century. It is certain that at present 
the epithet is a disparaging ono; tho overplus of wrong thoughts included 
under it has slowly sapped tho moral constitution of tho word, and it now 
sometimes stands in the way of a right appreciation of tho nobler form of 
paradox. 

For ns it is hardly possible to lay too great a stress on tho weight and 
worthiness of thought which diverges from tho general opinion on account of 
its greater strength, which by its continual work in tho world has in fact 
built up tho present mind of man; so it is Indore all things necessary hero 
to distinguish carefully from it that other divergence which comes of weakness 
and goes to destruction. It is true in all departments of human aolion that 
reform is the most precious and sacred prerogative of n citizen • but in 
order to have that prerogative ono must ho a citizen, not an alien ; and one 
must act like a citizen in a legitimate and constitutional way. A man who 
should find an error in tho value of r— oven in the six hundredth place— 
would have all honour paid him as a true reformer by tho brotherhood ; hut 
to this two things arc necessary: ho must not bo ignorant of trigonometry, 
and ho must work out tho calculation. The belief of tho weak paradoxer, 
on tho contrary, is that things can lie done by a flash ; that a discovery is 
to start from his ignorant and untried mind like I'atlftH from tho brain of 
Zeus. Wo know, of course, that tho great discoveries— the true and noble 
paradoxes— have always come from mon who by long prentices!: ip have so 
far mastered tho tools forged by their fathers that they woro not tied down 
to ono particular way of using thorn; wo know that Jovo’b head cannot 
crack with Minerva unless ho have previously swallowed Metis. Tho time 
taken by distant discoveries— gravitation for instance, is foreshortened by 
perspective ; but wo have good oases immediately boforo our oyos. In Maxwell's 
theory of Electricity wo have as instructive an example of the paradox of 
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riulit thinking an might woll bo; ft conoluaivo victory over rival • 

r? ■* c ra ',"t"‘ im ' vine z re.. ■ ;r 

wil.li pvovimiH battle,, had boon gained; a testimony to all tone H 
a capacity for taking an hdhdl, amount of the right r f ^ T7* * 

jvlm.li allow.. 1,0 ....... la... , lad |,r„v,„( 0 „, , will oli m l, a. , 

»ml< «l».n. ml.. U... of knowW,,,.. H,„ ha. „„ h»„ U »l a ir«. If 

l» any row.nl m U.n moumM. l.limluo* „ ml f ollow » ™ ° 

vonly ho bus Ida reward. cuouicgo, 

And hem i, t another important difference between the two ld»d« ofherotioH 
Uio HlioiiK here in a? ao because his. idem are living and plastic and have 
;" i ;; ,f 7 ,,al mo,1, 1 m *>'""% <hoy ,v dnpt thcmHolyea 
, ” »" '"7 il( «> V°r\mlly open to conviction ns ho i«. B nt tho wak 

hnrutm iM .«• from the very narrow.,, >hh of hie range, which cannot grasp 

7" ” hermetically Healed agaiuat all possible 

mmurnualw that might bring into hi* mind the lower forma of lifo 

to drawing tide sharp distinction between two habit* of mind, however 
Nu, mu, it not forget "hat the Utufori i„ apneially calculated to impress upon 
tm m a terrible and alarming manner; the exceedingly gradual transition 
from "im to the other and I bn possible ooexintence of holii in the sumo perHon 

1 n ’7 ,,(1 ‘ n J) “ Momnn bun some very good remark* on 

the value of a study of logic in helping uh to extend the habits of right thinking 

, . '7 h 7" ' V 1 ! , '7 LU;i ’ 0,1,1 wll ’J l,ot <mu ' tho whole raugo of oni 

knowledge. A good epmalli.t, who hi abio a good logician can hardly ho be- 
trayed into Ki-imit para, toxy out of lii.i proper range; for Ida Rpeeial knowledge 
wd make ton, eaulmim about facte, ami hia logic about conclusion,,. No man 
could have greater advantage,! in thin respect than the author of too ton/mg, 
who had lihimelf made important additions to login, and was an excellent 
mathematician. And yet tola in the aoleum warning of the book-lie him 
m one ouun fallen into a am to which we am all lempted, whether by tlio un- 
eomproi liming prm'Ha of theological ayatema, or by the' insidious HflduotioiiH 
Of Helen (i lie text hooka; the am of making assumptions and then hiding from 
ourselves that limy are Himnmpllmm and that wo have no right to believe in 
Kom. Apropea of “ho... Mutter to Npiril," ho aaya that he refer* certain 
phenomena , -it for to unseen mlelligeneo or mnelhhuj whirl, mm l, ns v ever had 
ant/ mwptiun «/.’ This apparently miapouded judgment involves and hides 
tlu iiKHiiinpl lion that the aaid phenomena annum possibly bo referred to certain 
well known ami commonly conceived things the art of the conjuror, and tho 
delusion of onntugm.m excitement. This enormous assumption ia, of course 
unconaeioualy, Introduced mid hidden under a brilliant display of candid im- 
partiality and <‘autimiM scepticism. Wo point to this, not as throwing a Mono 
too, ,mt ; but desiring that it should indicate the great and serious importance 
or tho Hmhjrt nf I'nmtlm To aum up, tins is a book that should bo read 
by II lose who cam about circle., .quaiem and nil manner of jokes, mathematical 
and other ; by those who cam to make the acquaintance of Augustus do Morgan, 
winch it Ik well worth whilo to do; hut above all by those who caro to bo 
oil into light thinking ami warned from wrong. 
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lli.f nil VII, Hin t )-■• ilntiVH to llo- ftnvuijituti'H, i<uUliii; IK! in II, (!, (ho 

Ittli’ii' |>t In' tt-l. II It i >| ? 1 ‘ 1 ftt f. IMmvh, 1HUII, mil Veil Mny, lHIJil. 

'i l"’ )’>"j I'. uin.{ tltiln Mimth ?m, IriOil, in |;lvou K«-|iiint, Vol. 

mtl. j>. 111?. | 

l.i'l ii l'ii ilii’ r<;i»it,i t.f iliu liyi'i'itxiltt ; join M.f, itml draw IKK! ]it'i)M<itiiioulftr 
in it. 1 1*1 mi, nr, jiiiitllrl 1-1 iln> it’>.viH|.|.iimi, tmi ilft'iu in /■', K\ untl tlntw 

J M | >n (H'liitii stlitl l*t rillu t t>f I l(ii itiit hi 

Tin tt v.n limn t Vt i nil -H/: ; l l>, 

.. rm.rn.nn n/t, Ktl i MJv. till 

llstl, l-y f> ijiiil-.tr |iiititj‘|i-:t nrt', H l.lf, 

! •»’ : -fM» ; (;))j 

fhi »* /•-»»-, |IJ ninl (Pf, whim 

Mi,', / ft-iMf ..V f, u,|», i tl. Oil, 
or /MM jft a 

*lho t ly li.«M« f.» )»yj i Imi iJm linn lit! ilomi im{ ithvftyti jmhh 
tfiioftjil* Hill I I Utfi i if tl t 111 fin; ftti) iit|>|nl« a ill /* ftlnl 1 , 1 , Oft' <(/'#,*, .If,)/', 

run t o lt i jii s! i*< Dm «n, ;'l. !•< lot .-n i Ini lint iitjiiciri, itinl in /M »'. 1 linvo not 
I-I * l| 111 'll I i til.il ft j.. •.ijii'Hil ill t 'ftinlntrlii’M fur lift' lilft*. 

lii/il. Min -.it ft til, }n jl'j fttiil tin*./ |««hii ..f, t'lllor V. itlilll or W'ilhoMl ilftl 
* i ilt ft 5i, /M /* t nUtoi.; llto f In )n in II, M, Tlnm il l>< roi|itl rt*d lo 

lits'l i |»'inl l , no. It llntl. if //M l"t ibftwit ntllinii llto oiivltt in f„ M, 

v.r 1 lofty ftltiti-t^n loywi t . 1 . H I . Alt. |ri..|*iMsl by T. T. WilkitiiiDii, 

l ' U A.H. l-inlftl j.'lt ftrftl |«fv I, J lioinl ill Ihj-lhtl, Volt *XS1I. J*< illf. j 

* if I- 6‘. I ft. -so Jl 'O tfilA a<ir'.HV.fufi,.MI yVnM li| 

1-^.0 t-.Mi, m» |„tu,f R a fe , M3,ti !( i, iio«1 uMifOvu Olio *'|!v)'i|iiil/‘ r«ftlAiii« ttlwi litdtl 
( *> IhU- t.» Is.. 1 Ill |t*o f'-fw. tliff.'Ol C<iftlr))«ttl« 

» .n-,tt..».« t,i »a. i T ,m; tit ft i* |.*iim*l < 'Jfti. ”Mirj v.ftl tm fmiml i 

Vt ! t> ,n„i si, ,y k . 4 i,.i f i i a uo ®tii, j. iw |thVt l*»i *"JulUt« It |fiv«i I 

l- OH | tvH t» fttii v t t. i sj- ini ir.’I , ! . ft ‘ 





I . tlm when A in without |l„. m „| H„, | lWl , r . 

in /JliwimillioHriritf.l. |7‘/v7 M i M/ i.Ut i„ < */;*;'} 

Fm ‘ «/•:» .in 

rt,« i (ri,-' | 17 .J ;u 7 :.rt;) 

•It' 3 i f *.?< ‘7 1 

i" , "n l 7 !" *r •• 

* I HA , AIK U\ ln(i<n*lmi.,!iitit j ,ml /:, Wl , i;i , t 

a. Vor dm /■: may Im mi „ will, n>1 

H. 1*W tlm n^rnr m!,;,,. wlmi. .( In ft,,, , 1,. W| , v I, , , 

!" in /', mill wltli /• m ,h, ' ' ' ' 

1,1 u ’ n »*■ JH7-3 /•/■:**• i (,»/ ', 

° r ^ S.M? J «7 n .,/••• 

l, “’ rHWo (* fl <■«')•» (r-'if.P) /./■:. f.M/, 

ni "" 

A hitijinit in (Ml in H , I .. , , , . 

tl ,', v, M v* 

i»i, ni.,1 i„ K, v„i. | M "> 

I, "‘ u '" '•«'/». »'•' Hii'i it,.. llv „, v 

, ........ 7 , „i 


>« -, i fj ! t h", 


1 '■■■<■ • (I.*!. Hi. 


•Hmn llio mjimUdu 


»’ ‘‘ 5 " ^') 


(1m two i.lialjihi, limn ju,, j|, , , 
wolluim of (;!) iMul (in If it.,,, . ■ . " iiml tlm intm'. 

., /l ' ,,!l (|1 t /,7 



Iral X alullnl J»IU ‘ 

;. j & i 

a* 1 /.* 1 i»* (;*’ 
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;|jj 79 , (If a mirvo of llm third ordov Imvo ft dmiblo point A, ftncl l>o mil by 
any ftlmiiclit lino In /t, <•', />; mid if, wlum AfU! in Lnlimi an lrlani;li) of rofonmeo, 
the iuui{oniH at A uni 10 1 in (Mon li id by tlui t»|milinu 

.r/f J l (JjlylJty' 1 A), 

unit tlio tmwmU lit li, O, l»y Mm rqimUonn 

./’« | Ny .0, and Hu 0; 
jilimv llml llm inpnillon to llm iilini|()il Him d/> in 

A r /» I d/ 7 0, 

and ilml llm oquiillim of Urn mirvo. .I'ropomid by * * ", A lull, 1HIHI, fiolvod 
.limn, IMliH. | 

Hi uoo / yj ,J Qjiy i Jty* 0 mid /’« f Ay imi llm tim|?ontu nt Uio pnlntn 
will 'ro 7: HI nmulii llm mirvo, I In oiinulhm n unit 1 10 of tlm form 

(/’/f' l f.’/iv 1 }i i~) i 1 ' 11 1 ^’v) 7‘V'i 

iilni) of llm form 

(/ V' 1 I Qlh I A’7' ] )(d//I I /in) /J ; , li- 
lt will Imi found Unit llm niimtion 

a (/'/I' I Uily I I fly [N ft I My). n (0 

i -1 til’ titilli I lii'iio ton mi. For oli 'inly tlm liimn P[P (Jftyl ily*' 0 only int'ol llm 
mu vo ul llm imliit {/»>■). mid llm liimn l'« \ \’y l>, A//I I /.'n -f>, touch llm mirvo 
nt llm imltilu (ay), («/<). Il l ;t now uhvloun 0ml, Mm otlmr (mini whom a mmdn 
Mm out vo in in Mm Ibm A’/J t My <». wtiioh in llmnd’oro Mm lino AIK 

Wo may notion llml Mm Imij/.uiln drawn from O lo Mm mirvo mo ruprmti’iilod 
by 

(<,!■.»■ !V//'K)n I A'/J-l My <1 (")i 

Mnno iirii only two Imomnm llmro in a doitldo jminl, 'l lm liimn drawn from A lo 
th.ir jmlolti of ootilaol 11 ro upr. mriil.-d by /Jv'/M y\/u I); lli’iion llmMo form mi 
hm an >11 it) jioiudl wlMi .1/1, At', 

Tho oi|imtii'M to llm tmii;* nt nl l> In 

A 1 ,»/".V y {M'H I A" 1 // ■* a (»), 

mid llml lo Mm Him jolnlnjt I with Mm otbor point wlmro (It) montn llm mirvo in 
i\liy (I; lo'iton Mm mmdUbm Mint l> limy lioiijiniiit 0/ in/ti.n'mi in 
VM* : JtS'J, 

|j|H7, Four oominoit tmiKoiitn urn drawn lo a ciroln and mi olHjom wldoh 
jiritirtcn Mirouidi Mm tonlni (f>) of Mo* oiioloj If t, // 1m op/nmln iuloii.anliouti of 
M10 Inniiiuito, nlmw Mini O l and <01 11m u|U»lly Inoliuod lo Mm tmi|iioil nl O to 
llm 1 >1 1 i | tin r, (May, lws:i, unroot..! to Mm abovo form in duly, MMI. mdvod Hop- 
lomlmr, I Him: lt«piini, Vol. i. i>j». It*, nil. | 

Wo uiio ivo/iinno/iir faiofnifoit i , iiordinnb‘!i(l’'orri , rn, I ill. /•»!,, ji. 1.10; Ridiuon, 
Wither I'htite thtrvi’H, p. 15). H In omdly nlmwn Mint Mm mim of llm «nimr*sn of 
llm md promt In of tlm inlom'ptn mudo by any tnnumil to a oirolo on two diiimo- 
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Mi.M 

t.'i.i fit lllJJlllii I t II* If <- til* ' !* l-> ii k » 1- *-* \>lt.. :.! t . HU.* It! 

llltl t'titltll 1=1 

i : t ■ ’ ■ (I). 

Tl.o ■ illiti l 0, i; U, m.* ttl iitl inliilll*’ >11 < iSf i I!" *<U ' !■■ 5* l|n< Hit till. | 

/. — II (»'*}»•>•’ K ill I! I' i'll I llll I **)•> < ' «‘|l 0“' *■>*; 'll, I 6 11 It! til., il S’ > ■ ! t • * ii | hil l (h„ 

i" ■ Jll ill it*l I 

r t *'- ! i > • ! > f, - ! M t'-'l 

(will il* tin* t. ttiiiv I t- lf f’-ii v^' • ' 1 - j ’ >*•}■>> *' !i ’ : : * Hi, t-'Mi Mu.; th.- tiih f( 

( III till* lit i|;ill, I'!*! if v. e : . I-'", jhi ! Ill, 1 f.V; *?■. .-I IH it"-. I ■ If ?.i th, »•!!.,,! ,i 

llll'l lllill lll.ijk' l"'ll! I >>il!i i-1'1 litll* |I' - litni ; , tli-.t 1 " • ill) lift- vis.; *'( • J'-iiif. if 

V.O J'<|1 

I ■ ’ >)' t : i' 1 f ; 1 - ■ ■ 

il 1 1 t'|v -.it lliu! lit.' > |ii.>l|<*M ' 'i i ■ if »• .1 >>••< 'i >•*- '■! * ! • "il > lit 5.1, 

lnl|l'lljll:.’ till ill'. 1 ‘ilil!)! 111 ! I t 1': • I ' 'I '• ill i *' 111' '| '• • ■ • >■! "■< lit I-J'li- 

III. II t't .if lll.i i hil ■! *1- : '■ I >11 h I >- I fi *'»*• f'-s vSil i, 

, l i | Yf It l ‘ Jli 'tilt l .1 1* J ■ 'if >i t Im! '» ' 1- I.' Ill' i, I s 1 1 lit, 

Mltiili i-t J„l It- > ,'H MI *.)1 I). .5 lti-.tr.-- l-l S'! Hi- 4 J -i (A, 

(iilil'l) i!lv tli.il Dll'. v|-J tniii- • s. tv >t th ■i-HiM *'• I -I '-li.ij <■), • : s t l t 

t >(il:il5v ilii'lilu .1 (.< (tit. |U,i:i <( { 1 -f i! • 8 »■■.'■ I'.- * J » 5 it J •' "5, 

jit, /) tH). IS n ill, (tints i |< . ItiV-thtl ..... ■[ .U J, mu , in ... it Is.n 5 . nS j.J tl.o 

tvJti.li iti. Si! . Juniilt,: .1 1 . It.,: 11 1 1 1. 1 ' t '• s i-'i'lh I It .vsi.t >-f ; I!*',:.--, if 

till. J.,.>ttl-t |.S, t-,i nil I h , lit nil » J • : t4 ! •. n... t 'i- ■ S’ • i-'l ! *>•> ' n-- 3 . Ii.-umi 


|.1(5 (ill/ 1 f-.'i in (Im »• t'h- '•/ 4*3 j !' • t l j-’h r f -3 Sfl. { * 'I fit) 

in (•» lli> j. f.'s*' j.t.-t. -I 

l( Willi ..till ii>\ it> ;-.l Ih.t ilis'tit.'i.iV'l ! • V . - 1 It... I.M-.S ..if, <■ it i't *. M-Ul 

tt'.Vi ,1) U Itil'iC- l-l.l' >. -it I. -I Sli.'-iilV V-'-.U l - ■- ? ■ S'V 'l f ■ 1 i . . .i.Jv t.lrlj ' 1 

Wj)< it Mt> ; I'" Iii.' i-t et>* ! Ssiti ti. » , til ii.ii i. hi »'.■ J, ■ 

M (»|.J --tin li>rj.t,.|r. sh ,i ..*.y, 5 ..J 1 .1. 1-.- i i - l' : t- '■ l - VS i.f (r I'-tiS 

«•! jt I ..(iHii--;( {.it.,.', .-lit, v !..u.-:r I - 5l- i I : t-f 

l ill i it: h t. 

hy | si-'.i -il,: itt.iy isi-rti. sltl S‘! '-ti jitJi- ..H i - * l-.'ii s. -i i t '•> v. i'.h 
f.-tj..' . ! Ill Imh t !#j I i. Sit. n. 8 ?.‘i Ui.‘ S i-lit.i.; fi ?• I t a s l ■ ;-i t j ■ -=t 


lii-iitj !•/ v- >4iiiii.-:i Ms, frit, fiiiili 5 . . h j. 

At I Slit »■ J. V • i ill n. ••?.* ft i - I A h.- '»’• •- !v-: If... -i -I":., j, • " Mi 4 ? hi 

nish », C[.. I 5,1 5:4. . -J. r *f, S fh' ..- ,5 t ,1 ft is i - i - •• ■ - .vh-i-l;' in i\ /' •„ 

Hit is fin if. .-4 .1 ■! S l * ' . ii l.lit-.;,-. 

(A Ii- i» ».f 8 i, U ”> hr mil I! ■■ 4.-- ■ " ii,S * j .Tills': ... .v.’.r. ii j Jjiri 

J»|i'jift»l sh. I ■•**!.;> SJ-JK-1-. »--- :-i If i- Vs;.'. 1 in il.;..:- c ... fi f * f. ' i It Si . s ’ •? , 5 j,i'. 

5 in.t;< |tSs> f*4.(ti 5 .■ ji-As J.f -*.■■■ j<-: f Il r- .--.I r,!, -. 5 ;.. n" 1 . ■ v . . ' s-| 

i-jt t 4 e.sii-..- :■? Jli Sh ; ;i-.l .. ^ ■ > j . J !| 

l : Wi | \ r U. p JI-1 A V ; S ! . y r ; i . j -1 -S;!. * .■ K-. .... .rl; ». 1 4S.tr . j!,.** 

fe 1)5 ii J ’ 1 ft* 5 n 5 ■ 1 ve t J ffl-tj sv. f n,',vt.-v s*’: Hsi j' < *1 'l l ' •; ?'••• ■ S> A ■: { 1 • , >» 5 .* 
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•phono thrno jmhiti) tun Jtiluntl no im lo form n now etpiUuUiml tvtanglo. Bhow 
lliiit if /* (, I'll, /'<■* ho tlm |i«i|K>iuliiuiliti>i from imy point./' on llin curve upon tho 

I.iilf i of oipillutoml hiuui'It’, uittl /’/>, I'M, I 'l*' tlm porpnnilimtliu'H front tiio 

|llU( ,,, point on t)o< ulilict of thn ullinr cipiilulnml triirnplo, then tint ratio vol. 
/' l . I'll . VC : vol. I'll , VI ' . in mmniiml, whorovor V Int tsilion on tho curve. 
I’toj.o ..l |»y " " *. Hop 1 ini, Vol. i. p. 10, l'„ T, .Inly, IWill.j 

‘I’liD |r,iii,o'iil I'niiiilioii lo n ouhlo tniii'limn /I | ( ' • 0, (! vl - ; ’*0, A | II 0, 
v.lmio (Imy nirut .1 0, II 0, C 11, hi ovt.lonlly 

MIC 7 (/t v f) (l- I .1) (.1 I H) (1). 

h, no|)|io n'.l, lot n l c n, ( • I .1 /I, --I I l‘ . V. tilt'll (l) limimoii 

(.« t ft 7)(« /* t y) ( ■« i /i 17 ) ■*«/* y< 

V.M 1, rS jtlr;nii’ l tho |i».i|i, l ty ill Iplfl.t loll. 

TI.O ii.>vio|>toh<>i mo jnimllt l to n.ty, uml thorn lint thieii jniiiiln of inlloxion, 
l.ll »l mi iulinUo ili.ilmiro, 

*1 h.i |t| 1 m if hnl.l . if tho onhln (oni’lt tlm nlilnM of imy Iriunpln in three puinln, 
tlm!. tho lin. 1 jotniiii! lltHii to tlm Yf-rlicim moot in 11 point. 


l!l;l',t. hi. >iu it point t tun rhoiilii mo ilruwu nmntinH a f<»nut mmtioa in futiv 
j i.tnt 1 V, join*. I itl'.o |.v four i.lmlnht Himn n. Tltfno iutoinnul two inul two in 
1 , 0 , itt.K.i.. /* lvii.it ml tl... pi. lur of .1. At tho poinln /» am tlmwii four tiuiffoiitw 
f, v .i ( j„h ijil.ijm ol lit oil point 11 , two of Wlllvll IIW on (hit point' of -I. Itllll Ul() 

ho tv. I tho two olmilihl Util’ll .1/*. Tlti-rwt ImmontH Intoniisiit 

(lot mij-oml Itli.it. In in four pniitH which may hit Johm.l hy four iitrulKhl imitii 
iotMi.-.c'lhisl hy pilm in tlm point 1 Tlm limn n amt l> hitwunil iiM'iphl 
» »>, hi, li mm, h.» joimol hy twenty lino ' ■• i four of therm pium H'roUgh >1, nml tint 
. Ho i . nmv l.« ilivl.M into i;ioiip<t of four. Kimh l'i"»P him nix lillnmnitlnmi, 
, viliV'h ti>. on tlm point of l. mot tlm ollmvit Ho two uittl two on linen 

Am 1«1- -t -Wit I'" 1 " 1 "' o*" 

,„.l..l ,<•. MU. V"l. 1. 1'- o. I- ’■ A'WW. “'•! 

, 1 ,., , .1 f."' II"' •M»« II- ■/ "f 0! , « , W" "t v.>r. r.m«>, emu 

11 ,., I I 1. 1 ..iimO.' I- «<( llii'ii. I'n ivl'H'm.nllil hy 


fu 1 m t ’f t 11 y ( >M 
f.i t |h>- * 1” fi“ 5 f" 1 *! 1 '' I>‘! 


0. 




<'>■ 


llimt 1 h.» font Uiii-'i •• fttrt 


TJo? p<!nr of f i J rvuUnfly 


.1 

hi t nijf 

/ ,i 1 <i| 


2?>» i 'ii.’t t ii”, <» 


(’•!)• 


(»h 
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APPENDIX, 


The equations to the tangouts b are 

iq. ..?««- Jty = (T 

b 2 ...nn - 7r/9=0 ^ 

& a ...»i8+ffty=0 ' * 

5 -\-lkft— 0_ 

Por instanco, assume 5=py for fcho equation to /> 3 ; thou from (1) wo find 
that this moots the curve whore it moots pa=kft\ but as is a tangent, this 
must coincide with a 8 , or mp = ~lk\ and tlius b d becomes 

m8-\-lky=0, 

The intersections of IqZq and of & 3 f.j lio on mft-ny=0; of &,& 4 and of M a on 
mft + ny—0; and of iq&,, and b a b i on 2/a-H«/3-l-M7=0. 


The equations of the four lines joining intersections of tho lines b with ft and 
7 are 

«n|8 + Ik (in ft H- ny) -0 ' 
mu a ~ k (m ft ny) =0 

vui(la-\-ny)-lk(mft~ny)~0 

vm (la + mft) + Ik (mft - ny ) = 0 ^ 


Tho first pair meot 2la+mft + ny=0 whore it moots mft -h ity — 0 ; tho scaonil 
pair where it meets mft-ny~ 0, 


Tho eight points 0 may ho represented as follows: 

flg&j. ^3^2> ®l^H> ^3^11 ^ 1^-1 > 

E E Q JI K L M N. 


With this notation, tho five groups of linos G avo 

(EK, EL, GM , II N) ; (EE, (III, EL, MN ) ; (.KG, IIL, KM, NE) j 
(EM, Eli, NL, GK ) } (Bil/, EG, ML, Eli). 

All tho linos of tho first group pass through A, and hftYQ for equations 

EK, m 2 ft-l- kly ■-:-() ' 

EL, n’ J y -h hi ft — 0 

GM,...n*y+(mn+kl)ft^0 [ 

UN , . , ,m 9 /3 -|- (mn -I- k l) y — 0 _ 

which may bo easily verified. 


As an axamplo of tho others, talco tho equations of tho linos of the fourth 
groups : 


EM, ... (l-M + 2klmn) (fa *1- ny) ~(lk -I- mn) (mS-i-kly) n ~ 
Eli, ...(PM f 2 klmn) (fa -h mft) ~ (fifc-i- mn) (nS l- Mft) m 
NL, ... k (mn -I- Id) S = »m 9 (?«« ~ ky) 

GK , ... k (mn + fcf) 5 ~ in~n (na lift) 




The interseotions of EM and Eli, and of NL and GK, Ho on mfl-ny •- = £); 
those of BAT and Ni, and of Eli and GK, on mft -I- ny ^ 0 ; those of F,M and GK, 
and of NL and FI I, on 21a + mft -I- ?tye=0 ; and so with onoh of tho othor groups. 
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I vritn wrong In naylng that ml Lw0 ««>«*« intorBOOt in oight points, &o. ; 
in in turn of Urn lust four, for It will lio found that any two of those form two 
tndnlulernbi, the vortices of one renting on the aides of tho other, two diagonals 
punning through A, and Ilia olhors lming idontical (2Za+w/3-|- 117 = 0 ) ; 
•nee, hy the emivorno of the Unit puvt of the equation, a conic may ho inscribed 
one mo mi to eiioumncribo the other, and tho preceding reasoning applies, 
nt the Urol group in an exception; llmre are only four now points formed hy 
nnhlning it with any of the others, and these may ho joined l>y four linos 
o'eliug two and two in the polar oi A, 

AH theno theorems may ho proved very readily hy projecting tho conic into a 
i coin whoso contro in tho projection ot A . 


i:id:t. I A shell formed of two equal paraboloids or revolution, having a 
axln, In fixed with its vertex downwards, and axis vortical ; and ahoavy 
miform rod of given length rents within It, .in a vertical plane through tho axis, 
’unipiivn tho pressmen on the lower inirfium of the slmll. ^reposed by Mr J. It. 
iVilson, .teens dollege, C-anihridgo, Ueprint, Voh l. p. 117, M. 7’. Hoptombor, 18013.] 
l.nt (,»/'« be the rod, of length dc; draw tangents QT, JIT, and normals 
fl „ K f >,' to Urn outer pandmla. We know hy (leometry that QP-Pll, and 
ili.-iof.mi rr is vei t.ieiil. Now the rod Is kept at rest by four forces, two of 
vi ' gravity ami Urn r.miehmec at P, pass through ; thoroforo tho 

iitimltiint oi’ the men at V, H u.dn along OP. But OP, ViKccting Qll, 

i„ |udf tlm diagonal of Urn emn)deteil parallologmm (Of,), OH ) ; I 101100 tho 
1 isilntmieni si (,», It, are as the normals Of,), Olt ; that is, as sin O.KQ : Bin OQK, 
an eon TltP ; eon T(,>P. Now draw a langmit (FOF) to the ontor parabola 
a,, tlm point (i?) whero TP meets it; then, putting All~h, du-imnoqml 
ptrsmeler of llltij, and t-FVP- 0, tlm equation of OHQ, refer rod to U , CQ, 

yi, Ineoinnf 1 0 . W* 


At tlm point .c h, II 

e' J she'd mfc... 

Tho tangents IIT are rnpnmeuled hy 

/ry>-ui y (.ciu)° 

Therefore hy Hu* usual formula for oblique axtm 


.( 2 ). 


( 1 o„ TFtl /e hi 

eon TF,i! \v \ k*no) \<Prk*~tekwaOj 

Thin, therefore, la the ratio required, _ 

|Tlm following general renmrlm accompany a solution of 111B, lloi * 

Yol. i. p. tin, /•. 7’. November, lHU;i..| 

l, vo «....ta, IM' ! ««y (£, < 1 , f) >>»« l™ 1 ™' AU ' ’ 

where A nliiuds for d 

j&s MS sss rr *««--** 
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Now consider the equations S~0, 8 — LAI, whore L, M aro common chords. 

The polars are AS = 0, A S= LAM MAL. 

If AL= 0, those moot on L ; that is, 

(a) If any point lio on a common chord, its polar opposito lias on the 
same chord. 

If also Ail/— 0, thoy coincide, or 

(P) Tho intersection of a pair of common chords 1ms only one polar. 
It is easily shown that this is a lino joining intersections of common tangonts, 

It follows that 

( 7 } Tho polar opposite of any point in a straight lino with two opposite 
intersections of commou tangonts is an intorseotion of common chords. 

Let A (L + KM)-Q, then tho polars moot on L - KM- 0. That is 

(5) Linos joining two polar opposites to an intorseotion of common 
chords, form, with the chords, an harmonic pencil. 

Next, let tho equations bo LM -l- N 2 , IM+1P, so that L, M nra common 
tangonts. Tho polars aro now 

(LAM+ MAL) -h 2ffAW«0 ) 

{LAM -l- MAL) ■!- 2JIAR =>0) ‘ 

If AN~Q, theso intevseot on 11, or 

(e) If a point lio on ono chord of oontaot of n pair of oommon tangents, 
its polar opposite lios on tho other. 

If A {N+KR)—0, tho polars moot on li-\- KN = 0 ; or 

{£) If tho locus of a point is a lino through tho intorsootion of tho chovdn 
of contact of a pair of common tangonts, tho locus of Its polar opposite is 
anothov lino tlirough the samo intorseotion. 

Thirdly, oonsidor tho oaso of doublo oontaot, 8, H-vTA Iloro tho polars a 10 
AS, AS + 2LAL, Theso always moot on L, Bhowing that 

(rj) If two conics liavo double contact, tho polar opposite of any point 
whatever lios on tho chord of oontaot. 

If AL—0, thoy coinoklo, or 

{0) A point on tho chord of oontaot has only ono polar, which is also tho 
loous of its polar opposites, 

(t) In gcnoral, if tho loous of a point bo a straight lino, 
tho locus of its opposite is tho conic 


dU 

(W 

dU 

dx 1 

dy ’ 

Iz 

(IV 

dV 

dV 

dx * 

dy ’ 

Iz 

h 

si, 

n 


= 0 , 
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W{ , ,„ay (mil Hi (i j whir emit of tho lino Ah tho ilisoriininant ia of 

11 tliinl ilegron in (/win), It ivppoivm Unit tho cnvolnp of linos whoso polar conics 
(>uU up into two right H t In u curve of thn third damn 


MlHi. Vor every point .1 on a con in tioallon thorn exists a straight lino BG, 
at meeting Hi" hi ir vi’, inwli tliiit, if through liny oilier point on tho conic thoro 
, llmvvll any two nlmigbl Hmiit meeting lid in II, 0, and tho ourvo in D, Ji, 

(0 uiiplini /(.!(■', DA I'! mu either mil or supplementary. [July, 1803, Uoprint, 
'ol. 1 , 1 *. Ml, T. IliHuniiliiT, lHllil.1 

Tiilot tlm point .1 lor origin, ami U 10 rectangular tangential equation used in 
jt, ration MW’l |d'. impral.l.ul in Urn mom convenient form 

(/;' «)'•' ■ •! I> (>> -* r) Ob 

vtili’li ill ovi.lonUy e-|uival.’iil to the one thorn given. 

Tim lino lid iu I'opi'iiisenleil l>,V 

(• . (( ;0, ;■ I* ' a (^) • 

a nhviivn piuam.i through the polo Of tho minimi, and in in fact tho polar of tho 
t I.f Intrv-iri’tlon of ehunht "Ul.triiili.ig a right angle Rt '*• 

if w.» (iiinmim Tor tlm general oipuUlon of u point on tho ourvo 

$ <1 HI ( 1 ) • • 1 ’) 1/i ^b 


|a, (i,-.’) ’■!/*(>,' ■•<>) 

,„„„ t r.»l» f,r ,iv« !<■ ■ * . W» "Ml «« «» «» P°h“ »• 

t,„t tlm i.itemretloii i.r III), HI’., Im tlm point m„ anil tho points 7 ), E, 
vlj> , l);r Thn eqimllm //, will tlmvelWo ho 

(„ ( ')«l «l «>,<r '' "II (<», > <*>• 

kc .0 »■.(•» '' "H ■ (-.♦;) <r,) ' 

Thr-ut *’i|imll"iui may ha anally veiiilril. 

■n,„ ani'lo Imtiveen AH ami lh« axis of fc l« thoveforn 


tun 


'"4 

/ 1 ' 
( 

y m t \ 

K 

1 


l-l 

( 


l,m ’• 


U.mo’o the angle II Ad la 


inn 


' ^ ..tan » r‘r!;' 


I IHIW 9 




! 11 n.n 1 nf tho an«lo holwoon tho linoH joining 

That l«, It* timpTnt is <"l»al In that 1 <■ .... ,<ln In rtl 11 <1 1*1 V 


(lilt pnillt'l »i)j« Clj 


, u'g" '“it 
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/{, II, ami dmw OV pmpondiouliir to A il, and PM, PN porpoiulioulnv to tlio 

' 11 
■mu. Than wo Imvo two nyiilnmu of coordinates ; (1) when ^ nro 

u , (.miriMimlou of tlio point P, ('.5) whan I’M, PJV aro tho coordinates of the 
no AIL Tlio formnlio of Imnsforiiinlion, between tlio hint and OartoBiiin, and 
, tween the miiumd and Ttinpontlnl, ooovdhmlon, nro 

(i 9 1- v u ) (•'• i 1 f) ! 1 . *f* (*>)• 

'Itono represent Urn operation of inversion in Ilia two canon, lint it in im- 
ovtanl, i<> leiiiinihor Mint, in Tn wjnithil hwmwt, tho tmi|tanlH, not tlio points, 
ro inverled ; that in, to a vary lunttenl, of Ilia primiliva corresponds a lino 
mrsilel to It, tini'li (lint, tho mdnni’ln nndor lhair dhilnnmm from tlio origin is 
militant-. N..w lot (' 0 im an ai|niUi«m in ;r, y, and ammlanlH ; and let ,(!U 
| t ,„olo Ilia ainva whiali in represented by whan wo in lev prat a:, y as 

bu Ionia,, a.midiniiton, TV whan wo interpret at, y an TtnyinUml. coordinates, 
Mil iiootodinn to tho /Im/ nyiilom of thin url-inlo, and NV miemilinf* to the «<!C 0 «(/. 
Pl, (1| , ( f,„. inaiaui’o, TV It .till, or, hy napamlbrn of symbols, T---MW, In this 
ivuy \va hava tho oipiationn 

M A r •«./(•'■ MM- UAH V\ 

which mi'vo to non unit any two iiyidiniia. 


fi. It apjit'inn fioin (!) that if the e.pmtiim of any aurvo bo written , 

«„ I » l " I »:i I »i l'"u' l( h 
thi n tho npmlion of tho liivcvso in 

«„ l , (.■■’• t !)‘) I I ll'V l ... -l »L, (.»;' J I //' J ) U '--O. 

In of d.vrm, in ,.cncml, Imt ivilnem wlnni tho am vo in oivaulftr, and when 
tin i,,l|>lii In on Ilia ainva. If tho r.iavn ho alrmilar in tho do nnio/, that is, 
if ita oi|ontl"ii ho id tlio toini 

n-'ui/i ",, ' i/V' 1 1 ... i ■«. i 


o -if' 


l\ w n , of tho invalid 1 In iadua.nl ft/, and if tho m ipin ho a multiple point or 
tlio oi.lor ;/, or if 


If,, o, 


tr l 


t „ ,,, in .f.lui’i'd l.y Hmaa p.eucmlly tho of tho invamo is 

W it r.dlmva hv laalp ioanlii.il that if n in th« olium of any ourvo, rmd 
i'/ ha Lon Joinio,! Ho- ml»iu to tho alveolar points at mlim y um multiple 

„i „ d I-" >" » ot 

(ha uid-’V fi, thi ll Ho- ilajp'an of Hm lh«t positive l»'dsl hi 9 (>*— /) — !#• 

i. , ir „ „„„ „ „t inanity .llndnnl I™’" «» I™ 

ii i i, ill ho mid Inui n innltiplo point of tho urdor < l> at tho miftln, 
points at li'lhdly, aim oaa n i 'I'lila Is oasilv 

-r - ruSmi 

,,f . ,i , . , , ‘ ‘ u v , ,i,-d,a is L n«- m ** co»«o- 
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an arbitrary point (?, i?) and the origin to touch the primitive curve. To find 


this number, wo must eliminate between 

( 1 ). 

x n --\-if + 2Ax + 21hj=Q ( 2 )« 

,a >' 

A and B being converted by tho linear relation 

f» + q* + 2 A£ t-2Er)=0 (*)• 


The degree of tho eliminant in A and B, which is tho degreo of tho first 
negative pedal, is in general n{n + 2), but will of course bo reduced by pecu- 
liarities in the form of U, 


1319, [It is announced at p. 205, Yol, n., 12th ed, , Davicfi s Hutton, that 
“if a tetrahedron be drawn, formed of four tangent planes to ft paraboloid, 
the sphere described about it will pass through tho fooua of the paraboloid . ’• 
Provo or disprove this. Proposed by NTmporte. Itoprint, Yol. I. p. 45, E. T. 
February, 1864.] 

The statement is not true. 

If perpendiculars be drawn from the foci of a coniooid of revolution on nny 
tangent plane, tho reotangle of tlieso porpendiculars is equal to tho square 
of the minor axis. If then a coniooid of revolution having fool a/3 y 5, « x ft yj 5 lt 
touch the faces of the fundamental tetrahedron, wo must have 
««i - fifti = 7Yi = o5i = b 3 . 

So that if one of the foci lies in the piano 

l cq + + ?!Yj -H'Si = 0, 

tho loons of tho other will be tho surface of tho third degree 


l 

- + 
a 


vi n 

¥ + y 



(i), 


which is otherwise interesting (Frost and Wolstenholmo’s Solid Geometry, ip. 289). 
A particular case is wlion the surface of revolution is a paraboloid, ouo of whoso 
fooi lies on tho piano at infinity, 

,4 a + P/3 + Gy + 1)5= 0, 


and the other on tho surface 


0 

a /3 7 5 


( 2 ). 


where A B G D nre the faces of the tetrahedron. 

Now if the theorem of Davies’s Hutton wore trno,*wo should havo found for 
the locus tho equation of the circumsoribing sphere. 

I write down ono or two other instances of the application of this prinoiplo. 
(See Salmon’s Conics, 4th ed., p, 201, Ex, 13, 15.) 

Given five planes connected by tho identical relation 
ua-f 5/3 + cy +f?3 + ce = 0, 
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>oi of any conicoid of revolution touching the ‘•frustum’' will lie in 
u'faoo of tho fourth degree, 


a 

a 


P 


c d e 

+ ~ + j +-■ 

y 0 e 


0 . 


Ivon ono focus and tho intersection of the focal tangents of a parabola 
0 third chics inscribed in tlio triangle of reference; the other focus moves 
conic (which is never a cirolc) ciroumscribing the triangle. 

iven four tangents, a focus, and the intersection of the focal tangents, 
Gurvo of tho third class ; tho other two foci movo on a curve of the third 
! 0 . 

ho gonoral oxfconsion is sufficiently obvious. 


121. [If by tho Harmonic centre, relative to a fixed plane, of A, C, points 
lino mooting tho fixed plane in J>, ho understood a point B between A and 
toh that A, Jt, G, .7) form an harmonic system; prove that if through the 
u>nio coutro of either diagonal of any of the three quadrilateral faces 
10 frustum of n triangular pyramid, and the harmonic centres of the two 
s whioh moot but arc not in tho same face with that diagonal, a plane bo 
m, the six planes thus obtained will all pass through one and the same 
t. X’ropnHod by Professor Sylvester, F.Il.S. Reprint, Yol, 1 . pp. 45, 46, 
February, 1HK4.] 

L'lio proposer 1ms shown, in tho Philosophical Magazine for September, that 
theorem in true whon wo put tho arithmetical centre for the harmonic, 
proof, by Cartesian coordinates, is exceedingly simple and elegant ; but 
ill bo found that tho attempt to provo the same case by quadriplanar 
din ales involves an onormous amount of algebraic work. However, it 
ear that if tho requisite operations wore performed, tho result must bo the 

0 as by tho other method. Now when we find the arithmetic centre of a 
by quadriplanar coordinates, tlio pvoco.ss is simply to find its harmonic 

,ro with respect to tho piano at infinity Aa + Bft 4 - Cy + DS = 0. But the 
>f can milUo no montion of tho moaning of ABGD , since the thing proved 
(moral for any tetrahedron, and does not depend at all upon the areas of 
faowt. Therefore the proof holds, whatever interpretation we give to the 
hols A IHW } that is to say, whatever plane is represented by 

Au I- 71/3 -1- Cy -J- 7)8=0, 

This principle is evidently identical with the method of Projections in piano 
molry. (Hoc Balmon’fl Higher Plane Curves, Art. 246). Quadriplanar 
aliens not oonneoted with U 10 absolute form of the fundamental tetrahedron, 

1 hold good whatever tolrahodron wo ohooso. Now it is analytically possible 
choose a tetrahedron with roforonoo to whioh a given conicoid shall be 
resented by a given equation. For a conicoid is determined by nine con- 
ions, but onoh of tho four pianos involves three independent constants. 

, nmv. therefore, in addition, ohooso the tetrahedron bo that the plane 
infinity shall bo represented by a given equation. Thus any property proved 
any one conicoid and n piano, when expressed in quadriplanar coordinates, 
rue of any other conicoid and plane. Tho only limitation is that connecting 
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bio 

, . . 1fi pressed in tho coordinates will be retained m trans 
properties winch can ho apie. transform real lines and pianos ta\ 

ss — as =s 

In studying, then, the P 10 P^h ^ e y xteu8iou of the term) may be call 

tlvo “f 4,10 CtoBWM to cwionicnl tom of a qoaMlntovol .. 

the canonical form. To oU . ol ’ e . of a conieoid, a sphere; and so on. 
parallelogram; of a con , ’ f { ft tetrahedral frustum, wh 

particular, wo wish to find the of five planes ABODE. For a 4 a» 

is the figure *> rmcd tll ° . we join tho vortex B to tho vertex * 

lateral ABCD we proceed Hcnoo by analogy in the bust 

and project tho jonunghue to mta * ^ JoBt the joining plan, 

wo join the vertex AUG to «"** .’ 6 . alle l straight lines cut by 

infinity. The figure m thus reduced t ^ ^ ^ canonical forms, wo 

parallel planes. As an mstan pI oved: “From a point 0, t 

the following properties, « to *ix V*»* A ' ^ 

chords o are drawn to a corn . ® h pair intersecting in one of 

joined again by four pans of ^ A eix tangent plane* 

lines |S on tho polar piano o{ * 1 f eontft ct are not in ono 

drawn; if any three of tUree iu Y, then X, 7, 0 arc 

through O) intersect m j wm intersect by pahs m throe .1 im b T 

straight lino. Again, the fchl . ougll t ho three intersections of 

polar plane of 0, and theso wi 1 ohorda 0 ou t tho polar piano m 

the lines p with tho other ttae ' “ t UneB through the same interact 
points, theso will He m three S _ . lar p] anG , and their go 
T lwo u. «>*> toe. ta«»e'“ ° ot t,, 0 intoraootioM XI'. Tho b 

pole is on the line joining 0 a g G> fom . 0 f which lie ° 

planes & out the chords om g on tw0 chords o; they » 

chord. Consider the eight d Uv0 points on each of the ^ 

divided into two groups, each Ejoup 1^8^ ^ ^ polav piano of O t 
Dines joining points m elth B l ? (1) a vortex of one of the tlnco 

group lias for these two mteisecl m . U ^ ^ com mon axis, 
triangles, (9) the point where fl*oil ^ ^ intoreectin g : in tow 

;; in " e X pTAo c o. «* ^ m to,u ' 1,M “ 

tagout couea of two comomd. ta, 8 u „ m ie oat in in 

H43. [Show tot the tons of to i. romtmn 

sir stts; * * »* «« 
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1. First, the locus of the centra is a conic. 

Lot U, V be the tangential equations of two conics through the four points ; 
then the general equation of ft conio through the points is 

l 2 jiV+lmF+ni*qV=0 W' 

„hore ,,, q are to discriminants of U, V and F is the conic touched by all to 
tangents to U and V at the four points of intersection ; thus, if 
U = na: 2 + by* + cz 2 , V = a ‘ x ~ + V'U 2 + C2 '» 

then p^aa' [bc'-\-Vc)x* + bV[ca' + c'a)y* + c c'(ab'-\-a , b)z 1! . 

Now let (f, v, t) a fixed iino * md writc A for 

. d , d d < 
tTv +V dy + t dz’ 

then the pole of (£, y, f) with res P oot to W is 

fyAU + lmAF+ vi\ A F- 0 ( 2 ) > 

whoso locus is dpqAU . A V=(AF) 2 , a conic section. 

Wo obtain the locus of centres by simply putting £ = ij = f. 

2, Solution by trilincar coordinates. 

Tho equation to the conio is 


subject to tho condition 


i , »* . « 0 


7 


l in . n n 

<•!). 

r g r h 


Tho polar of a point «, y, {) with aspect to (3) is 

a [m n\ 0 (n l\ 7 / \ + ™\ = o. 

i^ + fj + «u + y hh +i) 

If Ibis coincide with o fixed lino «», + Vt> + «T- °' '™ ,m,8t ! '“ v “ 


Jit « » i ^ 

* + ? _ ill • 

lz l {£« -I + fr) 


l in , ?t 
■r + — + > 
{ 1 ! 


€* 




- H* vpj + & ~ " ''}!/ + f 8 i® + ^ ^ 

Substitute those values in (4), and wo have for the ^nation to to locus 

£ V .. . t- \ . i* 


(5) . 
s 

( 6 ) . 


i(-{»+w+M + 5«*-w +! *> + l ({ ' +w ' w=0, 

'rr”; : — = “ 

37 — « 
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through three given points and touching a given straight line (fa + gp -1- hy 0), 
is the earn of the fourth degree, 

the coordinates being triangular.” (Cambridge and Dublin Math , Journal, 

Vol. v. p. 118.) . , „ r 

Another Bolution by trilincu ooordimitc. UnB boon propoBcd m tbo 
. - - j j Vol ii u 109 • we give it hero in ordor to notice one of tho 

theorems which may bo’ deduced from it. Consider the equations in Art. 1 as 
trilinenr; then it may easily bo proved that tho loons of the polo of a lino L, or 
f® + uy + f2=0, with respect to all the conics, lU+mV~0 t is tho Jacobian of 

17, V, L, that is, 


dU 

dU 

dU 

dx ’ 

dy ' 

dz 

dV 

dV 

dV 

dx ’ 

dy' 

dz 

£ » 

V i 

a 


= 0 , 


.(7). 


But this is precisely tho equation which has beon olaewhoro obtained (roo Art. 
i rn 672 14181) as the locus of “ polar opposites ” of points in tho lino (f, ?j, 4‘) i 
that is, the points of any point in this lino with rospeot to all the conios \IU-V m I 
pass tlu’ough a fixed point in (7). The sides and diagonals of tho quadrilateral 
are evidently cut harmonically by any lino and its polar come; and sinco tho 
"locus of centres” is tho polar conic of tho lino at infinity, it must oomcido with 
tho "nine-point conic,” whioh bisects tho Bides and diagonals, besides passing 
through tho points E, F, G (Fig. 120). That tho oonio (7) always docs cirouni- 
Boribo the common solf-oonjugato triangle of 17, V, may bo shown by putting it 
in the form 

c 1=0 (8). 

o' 


l>, 

V* 

V 

v' 


It appears then that tho nine-point oonio possesses tho following property: 
the polars of any point of it, with respect to all the conics circumscribing the quad- 
rilateral, are parallel. And conversely, all the diameters conjugate to a ,ftxcd 
straight Unepass through a fixed point on the nine-point conic . 

The "curves of tho third olass,” mentioned at tho end of tho solution of 1418 
[p. 673] as the envelop of lines whoso polar conics dogonorato, is no other Ilian 
the three vertices of tho common solf-oonjugato triangle, as readily appears from 
geometrical considerations. By taldng, then, tho discriminant of tho Jacobian 
(7) with respect to (x, y, z), wo obtain a oontravariant expression, for these 
vertices, which enables us at once to reduce two quadrics to tho canonical form. 


3. Construction for tho directions of the asymptotes. Lot ABCD (I*’ig. 121) 
be tho four given points, Draw any lino KL parallel to ATI, mooting A ]) , BO 
in K, L respectively. Then DL, GK aro parallel to tho asymptotes of a cortain 
conio through A,B, G, D. This follows immediately from Pascal’s theorem. 
(See Gaskin’s Construction of a Conic Section, Ac., p, B0, Cor, C.) 
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4. Construction for the centre of the kst oonio. Describe about ADCD 
the parallelogram a3y8, having its sides parallel to DL, CK. Let EFGII bo 
the bisections of the sides of ABGD, 

Then aE, fiF, y G, 811 will meet in a point X, which is the centre of the 
oonio. 

It maybe obsorved that KL, MN, OP, QR are respectively parallel to BA, 
AD, DC, CD. ■ 

5. Construction for tho directions of the axes of the two parabola through 
the four points. This would clearly be accomplished if we could draw KL 
so that CK, DL should bo parallel. Let tlion the circle through DAB 
(Fig. 122) moot UBC in S, and the circle through ABC meet UAD in T. Tako 
UK' 1 — US . UC, and UK 1 — UD . UT\ then KL is parallel to AB, and DL to 
CK, By treating V in tho same way, wo get another direction ; hut if the 
quadrilateral be re-entrant, it is easily seen that the construction fails. 

This immediately determines tho species of the conio found in Arts. 1 or 2, 
For if two parabolas can bo describod through tho four points, the locus 
of centres must have two points at infinity, that is, it must be an hyperbola. 
If no parabola can be so described, tlie loons has no point at infinity ; that is, 
it is an ellipse. 

0. Wo can now easily find a construction for the locus of centres when 
tho quadrilateral is convex. 

For the asymptotos are parallel to tho axes of parabola) found in Art. 6 
and tho loons must pass through tho intersections of AB, CD, of AD, BC, and 
of AC, BD, oach pair of lines being a conio through the four points. We 
have then tho throe finite points, and two points at infinity. Construct for 
tho centre hy Art. 4 (lionco “ if on the three sides of any triangle as diagonals, 
parallelograms bo doscribed, having their sidos parallel to two given Hues, 
the other diagonals of these parallelograms will meet in a point”); thuB we 
can draw tho axes and asymptotes ; construob by Pascal’s theorem tho points 
whore the curvo meets tlio major axis, and tho thing is done. Or, of course, 
tlio length of tho axis may bo found more simply hy performing the goometria 
operations indicated by tho equation 

CA*~CN 3 -(l>N.^y, 
p boiug ono of tho three given finito points. 

7. It appoars from Art. 2 that tho locus will broak up into two straight 
lines, if E or F (Fig. 120) bo at infinity, that is, if two sides of tlio quadrilateral 
are parallel. This is also clear from tho fact that, when ft conio becomes two 
parallel straight linos, auy point midway between them is a centre. The line 
at infinity is itself part pf tho locus when it contains two of the points 
A, B, C, D. If ono of these four is at infinity, only one parabola (or rather 
two coincident parabola)) can bo drawn through them, and the loous of cp”*"' 
is a parabola. 

When tho quadranglo oan ho inscribed in two diffen 
holm, tho locus of centres is a oirolo; and when it cau b 1 
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the locus of centres is an equilateral hyperbola, whoso asymptotes are equally 
inclined to any pair of opposite sides, and to tho two diagonals. If two 
equilateral hyperbola intersect in A, B, C, Z), then A 13 in perpendicular to CD, 
AC to BD, and AD to BC, each of the points A, B, O , D, boing, in faot, tho 
intersection of perpendiculars of the triangles formed by tho otlior tlireo. It in 
easily seen that the locus of centres is, in this case, tho nine-point oirelo of any 
of the four triangles ABC, BCD, CD A, DAB . See Noto to solution of 1408 
[Reprint, Yol. i, p. 28], 


8. If we write the equation of the conic in tho form aft=fxy5, it is clear 
that we shall pass from a possible to an impossible region by changing tho sign 
of one or three of the quantities a§yo. Attention to this and to Fig. [120] will 
shew that a given sign of g tho curve must lie wholly in tho slmdod rogionn, 
or wholly in the unshaded regions. We proceed to traco tho oyolio succession 
of these curves, beginning with the pair of straight linen AB, CD, considered hh 
tho limit of a hyperbola. It is clear that theso may separata into a ilnilo 
hyperbola in two ways; so as to lie in tho shaded regions, or in tho unshaded 
regions. Wo begin with tho former. Olio branch of tho hyperbola lion ontiroly 
in (8), where also the contro is; the otlior brnnoh lies in (0), (7), (10), (11), 
having its infinite parts in (7). The branch in (8), with tho oentro, movoB oil 
rapidly from 1?, and wheu tho centre is at an infinite distance, wo have a 
parabola in (G), (7), (10), (11), the infinite parts boing in (7). 'Whon tho 
parabola closes up into an ellipse, tho contra reappears from the infinity of 
(7), and finally passes into (1). The ellipse again elongates itself, but in tho 
direction of (6), into which tho centra passes. In tho limit wo got another 
parabola, the centra going off to tho infinity of (G). As tho parabola morgen 
into a hyperbola, the centre reappears from the infinity of (9), and tho limit 
of the hyperbola is tho pair of straight linos FA, Fit, tho contro being at F. 
Wo now pass into the unshaded regions, beginning with a small hyperbola, 
one branch lying in (2), (1), and (4), and tho otlior in (8), (1), and (5). Tho 
contro is in (11), and moves down into (1). Tho parts of tho hyperbola in (1) 
gradually approximate, giving as a limiting form, the linos AC, JiJ>, whon tho 
centra is at G The branches separate again in the other dirootion, ono lying 

m I /,m m ( ?’ T l tho 0tb81 ’ iu W- ('!)< I’lio contro moves from 
1) into (10), and gradually approaches tho point E, whom tho liyporbola again 
becomes two s might lines. This is the point from which wo started. The 
pomtsA’y, G ho on the tame branch of tho hyperbola which is tho locus of 
centres, and no part of tho loous lies in tho regions (2), (3), (4), (fi). 

. qUadra ” glQ ACEF mft y bo boated in tho snmo way; this caso 

is simpler, all tho conics of the series being hyperbolic. 

anadrikf ^ W °f \ WbiI f to llofcicG a l^oHy of the nino-point conics of tho 
quadrilateial faces of a tetrahedral frustum. With Prof. Sylvester’* own nota- 
ion let Oahe bo a tetrahedron, the axes of coordinates boing Oa, Ob, Oc • and 
let the plane apy out off tho frustum aflyabc. Put 4a for Oa^and Bimllarly for 
the others; and consider the quadrilateral abpa in the piano of a w. Its nine- 
point come is easily found to be U mno 


U- 2 {«+«}) = ^{y-2(H/3)), 
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and wo draw through this a cylinder whoso generating linos are parallel to the 
axis of 2 . Tlioro are fchroo Biich cylinders, and they evidently have common to 
them the curve section 

£{. lJ -2(a + a)}=^{ i ,-2(6 + /3)} = ^{2-2{c+7)}- - 

Wo aro obviously entitled to conolndo that, if wo take instead the polar conics 
of tlio linos in which tho faces aro out by any plane, and draw cones to the 
points wlioro that plane cuts the opposite edges, these tlireo cones will have 
ft common section. 

10. Tho thoorom statod incidentally in Art. 0 is a particular case of 
Biianoliou’s thoorom. It may bo put a little more generally as follows : — 

Talco two points 1\ Q, and through each of them draw throo straight linos. 
These triads will intersect in nine poiuts, as in tho following scheme, 

P 

A 11 G ) 

1) F M 
Ct II k\ 

Talco now throo points, ono from caoh of tho P-linea, and ouo from each 
of tho <2-linos, as, for instance, 11, F, G. To each pair of those take tho opposite 
diagonal of tho quadrilateral, c.rj., to BF corresponds OF ; then those throe 
linos OF, J)F, AH will meot in a point. There aro six such systems of lines, 

Tlio points I\ Q may ho oonsidored ns a conio ihsoribod in tho hexagon 
C KIIF1) A, of which OF, BIC, All aro tho diagonals. Tho thoorom is thns scon 
to bo n particular enso of Brianchon’s. It will bo found to involvo also tho 
following theorem of determinants : vi*., tho determinant whoso oonstituonts 
are tho uiuo determinants, 



Vftnishos idontioally. 

1410, [Show that the area of the perspective representation, in a given 
pi ot lire, of a trianglo of glvon aroa in a fixed piano, varies as tlio product of tho 
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distances of the angles of the perspective representation from the vanishing 
line. Proposed by Prof. Sylvester, F.B.S. lieptrint, Yol. i. p. 77, E. T, Juno, 
1864.] 

Let ABC be the perspective representation of the triangle, DE the vanishing 
line. Let BC meet BE in B, and join AD. If abe is the trinnglo represented, 
AD is the picture of a lino through a pnrallol to be. If thoroforo B and C 
are fixed, the point A can only move along AD. But tho area ABC varies as tlic 
perpendicular from A on BC, which is in ft constant ratio to tho perpendicular 
from A on DE, because A lies on a fixed lino through tho intersection of BO 
and DE. Since then when two of tiro perpendiculars on tho vanishing lino aro 
fixed, tho area varies directly as the remaining ono ; therefore whan all vary, 
the area varies as the product of the threo. 


1479. Prove that tho ordinary inverso of tho Tangential inverse is tho 
second positivo pedal; and that tho Tangential inverse of tho ordinary invovao 
iB tho second negative pedal of tho primitive. 

[February, 1864. Solved, Bcprint, Yol, i. p, 78.] 

1497. (1) Given three points by equations of tho form Ix-Vmy ?i 2 — 0, 
prove that tho aroa of the triangle contained by thorn is 

(*«,) J r(h + n> l + n l )(l 2 + m.j -i- « a ) (l & + m 8 -I- ft a >, 
that of tho triangle of reference being unity, 

(2) Also, if {128) denote tho area of tho fcrianglo contained by tho points 
1, 2, 3, and so on, prove that 

(123) (466) s (156) (423) + (164) (528) + (146) (628). 

[April, 1804. Solved, Reprint, Yol. i. p. 79 ; Proposor’H solution, Reprint, 
Yol. iv. p. 63; Septembor, 18C5 (?>.] 


1. Tho area of tho triangle formed by three points vanishes only when they 
are in a straight lino, aud bcoomos infinito only wlion ono of. thorn is at infinity. 
The condition that they may bo in a straight lino is 


J = 


fj, Mlj, ft] 

fjt Wq, 7tj 


^si 


=0, or (/])n a « a )»0} 


and tho condition that ono of thorn may bo at infinity is 

P = (?] + »!] + «]) (/ a + m 2 + « a ) (/ 8 + »l u + Jl 9 )=:0. 

Now the expression for the aroa must bo of no dimensions in tho coefficients, 
since wo are only ooncernod with their ratios; and tho equation obtained by 
equating this expression to a constant must bo of tho first ordor in oaoh sot of 
coefficients ; since, two of the points being fixed, tho locus of tho otlior is then a 
Straight lino. Tho expiossion for tho area is thoroforo somo imniorical multiple 

o f p ■ B y putting x, y, 2—0 for tho throe points, lyo find that tho aroa of tho 
fundamental triangle, on the same scale, is unity, 
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2. To 1 ‘invii Uif tici'imil propimUinn, htlui (-111(1) for tho funtlnmonltil trianglo. 
Thou, liy applying tlio iiliovo inhirprotulbm In tho woH-lmown thomom 

(/,»* J«a) I | 

wo lliol it I'tpilvnhmt lo 

(I”'*) (-tMI) I *.!!») | (101) (522) | (Mo) ((i2!l), 

tlio fmHor /' ilivitiini! nut on both niiton, 

| Moliiliotiu wont ul-m mmt to /•:. 7'. 11172, 111711, Juno, 1H02: Uoprint, Vot. I. 
liiu.t, p, 1(1: l!l:d., Iliml, |>. 2: 1102, p. Ill: 1101, MOB, p. 21; 1100, p. 22: 
Mil, i*. 01. | 


1 1.011, [If /', V. I, 2, II, 1 In* jnil 1 1 in ou u (umio, tlum tho four points ./’l, (,)2| 
/' 2 , f,i 1 ; /'2, (,U ; /’l, (,(!! llo on u I'oiiln iituitiiii|{ tluotiith tho jiuintu V iiml (J, 
l'i ojii.iiH’il by I'lnf. t'nylov. Ib-juint, Vnl. u. |*jt. II, 111, K, July, 1001, | 

I. Dot tho r.uir polnOi /'I, 1,(2 ; /' 2, f.» I ; 1*11, < t M; M, yil bo culled .S', T, //, V 
r«!.*l lot' livoly ; thou 

|r.r.i:il) [(,1.12211; 

hm | r. mil i| i/'.N'nn}, 

uiui iv. 1221 } iv. r.sn'i, 

nlnu \r>;vo\ \sruy\-, 

thoioforo [I'.sttn ‘j. -.|y. .sTf/rj, 

wltl.’h jonvo i (hut tho nix jMiiiiiti /*, v, 'S' i 7\ ( r , I' Hn on a nonlo. 


2. Dot .1 tl, /J 0. (‘ (I, It ll, ih'iioto vimpt'i'livt’ly tlio puirii of ri^ht linon 
(/"l, VM» ( 1*2. V’Jh (/’il, V :i ). (/'I. VO* Thou wo ulmll jirnvu prommlly thill 

llii’ii 1 hi mi iih iili. il iolntlon 

A I It 1 Cl Df 01, 

connltlul UUlltlpliot.i hs-illu hll|i|M 0 • <1. 

it. Tho Jitoobiuu of imy thivn of tho four nmimi .1, //, O, /> In ohvioiiHly tho 
oiit’iiutl ronb* /'Vl’JOl, toj'othof with Urn ittuiinhl liiui VQ. Now tho utmlo 
.t i U O h Moutii'iit v.|th l’ | />* <(» (hy Att. 1); nml it pmoum IhnniKh nil tho 
iutoivs.i, Umiin of .1 with /(, mol of <■ with IK H immt therefore ho tho very 
o-.iiin An-l ihoio mo ehuiily two morn omitoii, imnu’ly, /f*i*(f or 

it | it, (tie! i / 1 nr It i C. oMniiicl jjimt in tin* miitii.i way. It titiiy bo mi well lo 
miuiih that thn thnn. nro iojnt"ioiito.l hy tin 1 npiatioH 


Mmi-over, llo* tuJjtiiotl rmili! may hn roproituwil hy ticnliim STUV in tho 
iouiio way 114 wo licHh <1 1221. Wo Imvo thi infoii' four wiiilra derived from tho 
two potuM /\ V hi n nvmimtihiil mmnii r. lUit'h nfthnti emir* it> the Jacobian 
Ifto uthef i/jny. Urn lino i'y Mutf of nornm nddiMl, For tlio tluoo fionltm 
.1 tit, N i t *, 1 .1 hnvo tho mono Jm'ithhm mi A, H, <•, Unit in, tho mlitinnl 

rohlo mot ttm lino ly. 


• [ ) Auotori«. 



\n-i M<1 V 


I t|i> | > < *t<* iif V<J, tiiih i i - 1 { i , , . 
1’,! un. I !i I , r„i tl..- ili-.f.l \1 i-> Hi 

Him. I IT |.v i’lj mi! ! I Ifi i s'- 

* 1 f It < ■ ' t ■ i.-f, i.i. ■ i .) c.- if. •;-!;? . . •. 

|’ Vulft |i -dll {■! I ! ti M j-i ■. ! _ . : 1 

(I i, y n. i i:i, r»|, t : ) : i . * ( t ... i -u . -r... • 

i Ih i-f-j.-, < ; n.f I’.,-, i r. n t 

limy I'll.W -V |. i |.l|f|<| , 3 8t.< .-I, .1 ; ■( ; 

.Mali li, I'll’ 4 i|- I II. *>■-:. .>i I fU 

" I. Ill- j’-l'ntif l\ rHt ! rt '!'! f. !. : •: ?• V . ■. - 

i)i'il;‘<i null, a ti ui'-a J >v ‘i ;«U •• -3 in I). ' j . ■; 

I’l llll'/iillliU^ l ;i!u: ! •• v t . " 

I< fiijiniiii ih -rih'. ii }■ :'.y j ) i ' c 3 
I'l Min itid. ).-.i . !l U i.f j| • 1 ; . i , i .j; - 5 . ; 

Ilf i i: r. ! ii--! 3 1 1 : i ■. , 

**, Vm? hiis-i |'i ' ■'< c- I 8 1 y • • 1 1 / 1 

Ivlltou Villi !| i -.;t .3 1.:,,.! . .. 

l-ljliritSKli 3 ni.l > . III;,-. } , & \ :i * 1 • t i' •/, i ;; 

A»>V (mu I j i • i. • . I 3 , , 


f J - “» ‘^•■■■*- 11.01 „f 


f ■i-!'- l.U il.ii 

■ • : - f \i>. .-in, 
J :■! 5 


t .I. .: I (• , ',2 


wii-tll f y s ; I *„■ . .. M l:|,i 5 ,.., r 

I ii v * >lTr»»!.{li *?,5 j.;- } f ■ ^ .} l ,j,v 5 _ i y 


* iff K ?,* 


V 1 


hK'l >( 4hi- .in it to rI'J i I r.1. c ( 1 ; ( }■ 

l-'/V'.-l.t i-i l):.r s y .S H , . I;, 


l'*U (►.<■! (' S « 8 ?.A Ji r. fs . ; -t 3 

* I 1 1(1-. Vi-3i8i(J i.j k ,J !_ . ^ ^ . 

t'( Il;r. Cil. 3 fll ; 4 l If i |. 

4> : v t , It ■ t ..,. 

I'lii, 


i- I il 


I.f. Nil.. .||!I Vd 

4 ••*!** ■ it ■ •' ,* ' V'.-'ms, a I 

'• "*■ * 7 = ' • '• ' li -if 

8 ' • A 1 ■ s k ' * ' < 8 . 


H Is J. 1 { 

(■t? Uaf 8h.< ; t v > 8 y ,,r. : f , y.-. ,i, , 

„,, 3 „ 4 .'. w - )r ; v ., ;l . 

r W f » f|ir. j y t y, m-, 

un HaUtwsU v,.i : .. ;J< ,i. £ ,y (i; . {>k ,,. , 

V '*■ •*>. U*' *■»-. s »v..^4.r| I itv.it. * . 
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(7) Thai (bo nclf'imnjtit»Hlo and rlrmunnmlbliiK olrolnti of the trinn|{ 1 o, 
tlioi'imbi wliinli liini'i'i’i iln lil.lcit, llm niiolu ii|nm /’(/ mi dlniiKilor, Urn tiirolt) X, 
nml Mm liliri'lor i.f Out umxitiiiim (hill oiiu 1m iimm-ilicd in Iho triaiii'lo, 

nil |im»i tlinnn'b Him minm l.wn )i>>lnhi, nml nr hmiidnury. Troiuimxl by 
. 1 , lliiOttb", M.A. Hi'|n iul, Vnl. it. ji. '.', 7 , /•;. T, Annual, 

I n't D <‘ : >r I b 9 , -r | i' 5 , 17/, 

y {' 1 // 1 ••■} (i"' t'"ii 1 . .!• 1 i'ii law 11 . a \ nit ooiu/ . £)j 
tli»u V K V I'l'pirin'iilri vciijn tillvi-ly (Dili minnUtiuU'ii Imiriu tiiaiinnlur) 

(I) \vJii>n /< lim ti rue /i. 11 11/ ell i'Im nf (Ini liiiHijiln of vnfcnmco; 

(’.!) wlii'ii /. O, ll in i'ii i iimut i i/ii rij/ (’in'li! ; 

(;i) wlii'ii/. I, tint hi If I'nn/tti/'i/i’ I'imln; 

(i) win'll /. lint i/fi'iv/nr nt (hr nni.r /in 11 1« 1 '//fyi.ii. 1 ; 

(oj wln ii /.- 'll, (lot i tivb' nil I'll mi liiftiiii'fri*, 

Tim bint l \v 1 1 mi* {Im niily fim 1 wbbdi jmmmil any ili Dlmtlty, 

in (I) ib" t'liii'i nllnl I'liimllniin nf (Im idli]mti nml llioiilnniliu' fiolulu lit In- 
Unity uii’ llvrly 

1J-' l f C ( A If - <», 

n a i 1 I 1 i"' 1 tlAo I'liil .1 , (/" • ifi'ii (!nH II , C,V ” tJn/H'ml tf , .1'!/ '■ -dl, 

l ,, i'iinlii(!, by lb" into, lb" A'liiiiiimV rniiii' of ihi 'in two, wo til miiutwriln down 
i<|ii!tliiin (I). ‘I'm Ibid ii|imll*m (/•), Wo limin' itno nf lim fnlluwiii|{ 

Tiit .iiuio, If ,i 11, it M, C 11, It II inn tiny four lim n in a jiltum, and if 
<{', (JI (i ib'iinlo tlm i"n>litbni (luif I mid II may bn at ilijlit uii|(loi( f tilt’ll, Uld 
(•i(imli>'M {•• llm 1 ii>do v,lm iio ilboni'M' i<i llm linn joining (.1/1), ((<’/>) In 
| ’I' D', d- ID. A | (I, 

d'/ti •('///', II 

* f . /*.<»| 

in (Im j‘i( 'u>nl 1'iinn, I dm llm lour U1101 

A a: (/; 

a u 

I “ t o r--;| I , 0 (M Oiki II . t/‘, 

I I 0 M'iiii II , 1/ nfi (!toi l * , S{ 

lion dm rn»|.Mi!"ii of |'» »|"i itdii'idmliy of (l t m, bobin 

i !■'■■■, i --.. i o" 5 "/', Isr rt ( (111,11, ! lil-Kd At!. 0 , 

wo bsiio 

<|* | < * If II h ntrfii o-oi A I Aom II ! 0 0"U D) itlnfn? .« tdll /f nill t'i 

*T-i It • T/‘i •• ti-V , A fin » * idn ,t ■ J'l'.ld, 

Ituj'iiudiiiiJ llf M llm d«l*'imbi?ml. il bi !i ‘"im 'i »»lu»j*Iy 
*1 f ID * lib ) » Ml 1 <*. 

find, nnl' .liiuU*U2 Hm Vabi' iM-f l. I s , <\ I*, «»' »‘‘l i ; '|‘iullnn (')• 
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1486. II two transversals ABC, DEF out the sides of any triangle, then 
AE, BF, CD out tho sides in three points on ft straight line X. If moreover tho 
triangle touch ft cubic at A, B, C , and cut it in D, E, F, tho linos AE, BI‘ , CD 
meet tho curve in three points on ft straight lino Y, and tho lines X, Y, ABC, 
meet in a. point. 

[E. T. March, 1804. Solved, Reprint, Yol. ii, p. 40.] 

1519. [ABC is a triangle having tho three real points (P, Q, it) of inflexion 
of a cubic on the sides BG, CA, AB rospootivoly, oaeli of which also passes 
through two imaginary points of inflexion. Tho tangents at Q and it moot in I), 
those at it and P in E, and those at P and Q in F. Show that AD, BE, CE 
meet in a point wliioh is fixed for all tho ouhics having tho saiuo nine points of 
inflexion. Proposed by F, D. Thomson, M.A. Reprint, Yol. n. p. 48, E. 1\ 
September, 1804.] 

Taking ABC for triangle of reforonco, tho equation of tho oubic is 
cAr 3 -t- bhj 3 c 3 ^ 3 — 0 dxyz = 0, 
whioh may also bo written in tho form 

(j 0 ^Yby + cz'j (j g x + Ohj + 0\z ) 0*by -t- Ocz ) = a- 9 , 

(where 6 is an imaginary oube root of unity) showing that tho tangents at 
P, Q, R are 

j^x+by + cz= 0, 

ax-\-~ y+cz^O, 
ca J 

ax + lyE ~^z=0. 

The equation to AD is thoroforo by=cz t ho tluvt AD, BE, OF meet in tho 
point ax=*by=cz. 

Now all tho poiuts of inflexion aro on the axis xyz—Q; oonsoquontly any 
other cubio having the samo points of inflexion can only differ from tho abovo in 
the coeflioiont of xyz, of whioh tho point ax^by-ez is hulopondont. 

This point is tho pole of the lino PQR with rospoot to tho trianglo ABC. 

1517. [If oaoh edge of a totraliodron is porpondioiflar to tho non-oonlomri- 
nous edge (it being observed that if two pairs of such edges bo mutually perpen- 
dicular, tho 'third pair will bo so too); provo that tho nino-point oi roles of tho 
three triangular faces lio on a sphovo; also that tho nino-point oirolo of any 
triangular faco, and tho three points of intorsootion of tho porpondioulars of the 
other three triangular faces, lio on a sphoro; and find tho equations of all Ihcso 
spheres. Proposod by II. R. Greer, M.A. Reprint, Yol. n. p. 79, November, 
1864.] 

Tho triangular equation of the nino-point oirolo is 

(Fyz Aflfizx+c^xy = 2 (® + ]/ + «) (la oos A . #+cacosP . yAabcon C, «)...(!). • 
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i two nppoaito ciIkoh of a lolmlmdmn arc porpondmulav, a phum 
•it llmniuh oUhoi’ porpondhmhu' to tlm otlmv, and will Umroforo 
|iin'lii'«ilimiliirrt from tlm oxlvinnllioH of tlio IH'itl upon Urn hocohiI. 

1 U a hitmhodron ha a her) jmim of povpondionlar oduou, tlm pimpon- 
i tlm vorlinna to opi'onllo fiuuiH will moot iii ft point, and tho foot of 
mm will Im tlm inloiimotiim of pinpondlonliiru of tho faoo in wliioli 
it thin it in ubviouu that, if AtlCP ho mmh u tolrahcdnm, 
vmHAO: ,A(!.APwhiPAI)-i.-W. AH non PAH- (A), imppoHii. 

nt < 11 m if that tho idmopomlnirolou of tho four ftioon lio on a Hphorot 
1 1 ,, l i'ii 1 oijuatiiui of thio, tlm " Iwonty-foui-pnlnl upborn, " in 

7 I «b» . I 't (•>• t {/ I s 1 »•) { (d ) .i- •!•(/»)!/ T (U) 2 1 ( />) w I (-)• 

.lion to tho iiphora wliioli mmluinu tho nino poinl olrolnof tho faoo a, 
v aoiit ion nl' tlm of) ioi' than fuooo, 1 h pot hy nhnnpinu tho oi«n of (.1) 
Tlio oipmtloii of lha MulLoonjui^iilo aphoro In 
o r/ | ,n'J„.r| ... (.<• t </ l 1 to) {(.!)••’ t {/<),'/ I (<’)c l (D)«’}! 

pa, litvonph tho iiilorni'olioii of tho oirmnmamhml anil tho 

point iiphon a. 

ph llio nihldlo point of oanh o-lpo of a lutralmdron ft linn limlwmi 

)io opponil Ijf.o, (ho toliahoilmn will Im roproil mwl in nn Invorlotl 

n tho pi’inioiit ouHo, tlio two tolmhoilm will liava tho mimo tivonty- 
l» lion', ami tlm itphovo nolf-iionjii|(aUi hi «m« will nirminiHorilm tho 

in |,|,i mihitlon I'oforn to an uvlioln on thin H)i<mlun of lolniho- 
f, Wnlnlonholmo (l.lmir/orff/ ,/mirmif of Muthnuutirv, Vol. ill.).] 

Uoipilrotl n dt'ivrl proof that an nllipuo «ml iH oimnlatiim olrolo havo 
tho third oiil or at tho omlu of ilu uvon; aluu pmvn that tlm dovintionfi 
.» from tho olrolo mioiihdioa It m«mt oloitoly at tlm omlu of ila hxoh am 
in vo irmly ti » tho novonlh poworn of llio axo>i. Propound hy Mat thaw 
\. U, .print, Yol, n. |.p. Mfl nit, Donoinhor, I Mill. | 

Imnw that If tlm omnilatioi! oirolo at a point l ' moot tlm olH|«m apin 
id tlm tamp iit at I' amoipially luoliiiod to llmnxoti. (Halnmn'n Ctmu'n, 
, '.11 1; Tnyhu'a ibi'nirlriVuf ('oiiforf.p.Hfi). Thin uhowu that tlm o,pta> 
nmailatinit oirolo at (£, v) ""‘y *» •*Ul»t , r of Urn forma 


?/» , 
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whoiioo, |niit inn (i ;i ■ P r'\ wo rimtlily obtain tho uqiuiiioii of tho OHCUlating 
olielo itt tho form 

.i’ l // ,J »- < ■' ^ «'"i' «/' ’f t nln :i i/i'j a* jiin’ 1 </,|- h' 1 ifi-- c 3 con (11). 

1. If wo i»il i- | », >j g, l /l, tho ni|UiiUon of tho tangent will iitill bo 

of Uio form 

I (•»•, I <0 i HI (|/| I /I) V(Wl firV) ; (115), 

mol Uio lino through (n, ft) |»*r|H»i ifliitiilnr to thin in nloarly , ^ . 

Tho lonmi of ihn font of thin iioi [ii’niliouliiv iti tliortforii ohliihiotl by writing 
(■»', i )/,) f"i U< »") In (111). 

Iloioo, if I In 1 iijimtinu iif I hr (niltfeill fn ill iff I’lOT/? i'iiw bi'jillt ill the form 

l v \ mtl ./•'(/, vi), 

f/u ii tin- o/inifi'iiii vf the fie, hit with the fuiint (n, ft) for orij/iii it i 


(•■’ »)!'/(?/ /0 /' ,'/ /») (HI). 

I'm' iuolom'o, llm Inmi'i of tho foot of tho iimiumiUnnltir from tho oonlro of 
|lu> mi Uni rmmiimi I'hmil (V) in 

(,’>., („9,*J , uy) (n V - fiV) 5 (M). 


All llml loot In. 'll lo'io irni.l may bit to tho hyperbola by changing tho 

nigo of ft". 

ft, Tii., tin.1. jM ilal Of Um oyololil mny bo olni)«ly ohininn.t )iy tbo inotboil of 
Ail. 1. I'm hi ibo I'io’lo lo roll on tbo uxin of »t tint origin, ami turn- 
hiib r Uo’ liini'oiil nt u |i.,inl ooiiit»|iomling lo a revolution <fi of lint oirclo. If itu 
t'.jouUmi bo v. i ilb it 

If 1 kii/ /•' (f,»i), 

\vo muiil Jm\o 

'o..i '(•,!)> 

Ml , w U,„ Ml I'linii’H tin. nigh Ihn )iolnl «.r mo/,, y-ir, whnrn u in tbo iliamoLor 
of Um I'hotoj v.bi to o ihn mtnuUon nmy bn written 

I t l my .u ^iii fi’ot 1 ^ , 

mol wo imiio ilinloly gel **•« l 1 *" 1 '*' wlll ‘ wM** («. /Oi via., 

.i ff ii ) t (/(;/ /<) " | a) not 1 ^ • 

i'olUng « 0 rtml /f M, wn got Ihn from tho origin, ' in., 

or, lo jH-bii' noi.r.llimlon, 


r (*ln 0-0 unit 0). 
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1468. Given the centre of a conic, anti n conjugate triad ; to construct for 
the directions of the asymptotes. [Proposed, K. T. January, 1804 : solution, 
February, 1865.] 

[If 0 bo the givon centre of the conic ; A, B, C tho three points of tlio 
self-conjugate triad; and OX, OY, OZ the three lines through 0 parallel to 
BC, OA , AD respectively; the two double rays (real or imaginary) 0 M and ON 
of the involution determined by the three angles A OX, BOY, COZ arc tho two 
asymptotes required. For the three pairs of conjugates, OA and OX, OB and 
OY, OC and OZ, determining the involution, being evidently pairs of conjugate 
diameters of tho conic, divide, therefore, harmonically tho angle (real or imagi- 
nary) MON determined by the two asymptotes Oil/ and ON. 

Tho same construction (with some slight and obvious modifications) applios 
also to tho following more general problem, of which tho ahovo is evidently a 
particular case: viz., given a point and a lino, polo and polar with respect to a 
eonio and a conjugate triad ; to construct tho two tangent a (roal or imaginary) 
from the point to tbo curve, nnd tho two intersections (real or imaginary) of the 
line with the curve. For if P and L bo tho point and lino ; A, B, C, as before, 
tbo three points of tho triad ; A', Y, Z nnd X', Y', Z' tho nix intersections of L 
with BO, OA, AB, and with PA, PB, PO, respectively ; than, as X nnd A', 
y and r, Z and Z 1 arc ovidontly pairs of conjugnto points with roRpeot to tho 
conic, the two double points M and N of tho involution determined by tho threo 
segments XX 1 , IT, ZZ\ as cutting them all harmonically, nro tho two inter- 
sections required ; and as PX and PX\ PY and PY\ PZ and PZ\ aro ovidontly 
pairs of conjugate linos with rospect to the conic, tho two double rays PM and 
PN of the involution determined by tbo tlu’oo anglos X.PX 1 , YPY', ZPZ’, as 
cutting them all harmonically, aro tho two tangents required. 

Tho two corresponding probloms in geometry of threo dimensions, viz., Givon, 
of a quadric, the centre and a sclf-eonjugato fcotvahodron, to construct tbo 
asymptotic cono of tho surfaeo; or, more generally: Given, of a quadric, a 
point and piano, polo and polar to each other, and a Hclf-oonjugato tetrahedron, 
to constrnot tho tangent cono from tho point to the BUrfaco, nnd tho eonio of 
intersection of tho piano with tho surfaeo, may bo readily Holvod by application 
of tho above,] 

Corollary i. Lot any two straight linos parallel to two conjugate diameters 
bo called colligate with rospoot to a eonio; then it is (shown ahovo that tho 
pairs of lines 12, 84; 18, 24; 14,28, joining tho poinln 1284, aro conjugates 
with respeot to the conic which has tho point 1 for a aonlro, and 284 for a 
conjugate triad. But tho symmetry of this statomenk shows Dial tlioy aro also 
conjugates with rospoot to tho oonio which has any olhor of tlto fivo points for 
centre, and tho remaining throe for a conjugate triad. Wo may draw four Buch 
conics; and since oho asymptotes are dotonninod in direction by (wo pairs of 
conjugates, it follows that thoso four conies aro all Himilar and similarly 
situated. So, in tho more general oaso, wo shall havo four conios intersecting in 
two points on tho gtYon straight lino. 

Corollary ii. Lot a straight lino and plane, drawn parnllol to any diamotor 
and its conjugate diamotral piano, bo called conjugates with respect to a coni- 
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" M ' 1,1 "*"'•'< t„ tin, l „f ,Wil,i„„ a 

!" ■«""»> I».lntH It.., I llu.iv in, Ion, an 

V '' ' '•’,'"'1 tl,,-l.v. Til, 111 ll, I. r„(,l „r II, a involution 

'7 mK "f MW, „.„l »lx „„ 

I''' 1 " 1 " """' l "" »>.' "... mil, I.,, win,,, .In, ,,l„„„l„» „ro in 

|II'|,-.|1|I. Ilvii. 

. , "' y w " Rival, tli rc» imlrn of C onj» Kft to« to 

V ' T; V " 5 ‘'‘ ih ‘" nl " ,h,U ‘ V 1 , ‘ ,M, w " »‘Hl «>V Irmiomiml i,i out 

' v U,, ; !,i * H«t«. Himilurly wo oo.mhnlo from 

Ho* < -.11.1 tli.it - if (lv,. (uiiMlr, In mo joiiuid ovoty wny hy ton lmon 

im.l yUm» t Mo* m.-lom will lm out hy any |t |,mn in n H yntoin of point!) ami 
im * I"' 1 '- " |*"l.irn with iv.i|>ool to a o.italo mono." Tim U imlo ( ty 

" f ,l, ‘" " r Um-.i with my ho i||„„t m te,l analy. 

li. -ll v, to i P in’ i /.i/ 9 II In. u j in I v of imintii; tlmi, if wo put A for 


( ( .H: ' %)' 

n i ‘ u,i H i Imtiooiilo ri<uJiiKA(,« Will h\ iojirON'iitnl hy tlio (iqtmtionw 


ll 

i, V 


o, mul AW, nil. 


An.t U uy»\, m „f m».'h limnnmio oonju^Uo;i in of oonmi a «yntom in involution. 
^i.»t |i i r n j.o K.ntt n ,-uii to, mni A nlmnl for 

(‘•.""vW' 

lio n a jH.iut mol llri jH.lur will ho vv|n*‘!ii-nioil hy (ho ntuulionH 

III: till 

mo| f h n i« ohvioilu. 

t'moIJmy iv. fmutly, Iho four nmicN numtioiiml in Cor. i. nro nil ftimilar to 
Mo* oiMf .jwiui r,.u0* ..f tin* i|,i«ulrmtith<, or l<mu« of mUroM of nil conicfi through 

;I 8 
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the four points. This proposition was set in a problem papor, at St John’s 
Mlo°“ oLbrulse. iu Deo. 1802 ; but I do not know to whom it ib dm 

follow, lit 0000 from tho equation to tho nino-point oonlo lim m H 2 
of tho solution to Question 1113 [Bo,, tint, Vol. .. p. ol , snpm, !>. oSOJ ; for on 
o notion of flic second degree in y, 1, in wind, the cooitaoni of q, » loro, 
Xion.lv represents a conio with respect to winch the axes m-e conjngotes. 
Thus the lines 12, 34; 18. 24; 14, 28, are conjugates .with rouped to homno- 
point conic, end therefore its usjmptotos are parallel to those of the other four. 
Those, therefore, are ellipses when tho quadrangle ,8 re-entrant, and hyperbolas 
when it is convex. 

riwhlt Vol m pp. 35, 80. Prof. Townsend and tho proposer arc credited 
withtha solution. I felt sure tlmt tho Corollaries woro Clifford's work, and on 
nskins Mr Miller I find that tho part onoloscd in brackets above was duo to 
Prof. Townsend, and that Clifford instead of having ids solution, a short one, 
printed, added tho above Corollaries to tho “ proof.”] 


Ifi52 Through tho angles A, B, G of a piano triangle throe straight lines 

Bb ' Ce nro drawn. A straight lino All moots Ce in U ; llD moots Aa in P ; 
PC ine ot9 Bb in Q ; QA meets Go in r; and so on. Provo that, after going 
twice round tho triangle in this way, wo always como hack to tho samo point. 

Shew that tho theorem is its own reciprocal. Find tho analogous properties 
of a skew quadrilateral in spaoo, and of a polygon of n sides in a piano, [if. T. 
February, 1865. Reprint, Vol. in. p. 00, if. B. April, 1H05, wliioh contains a 
solution by Prof. Cayley.] 

Let x, y, z ho tho sidos of tho triangle ABO , and lot ay ~ a, bz = x, cx—ybc 
tho three lines drawn through thorn. Start with tho lino All or y=z, wliioh 
moots Go or cx—y on cx—z, which moots ay~« on cx—ay, which moots bz—x 
on cbz~ay, which mcotB cx=y on bz=ax, wliioh moots ay**z on by**#, which 
meets bz=x on y=z ; so that wo lmvo como round again. Tho extension of 
this is most easy j I write down two enunciations 

Consider a piano polygon of an odd number of sides; lot tho two sidos 
adjacent to any given sido bo produced to moot, and through their intersections 
lot an arbitrary lino bo drawn ; then treating those linos in tho samo way as 
Aa, Bb, Co woro treated in tho caso of tho triangle, wo may go twico round tho 
polygon, and shall always oomo back to tho same point. 

Let ABCD bo a skew quadrilateral in spaco, and through Iho four sideH 
AB, BO, CD, BA lot arbitrary pianos bo drawn ; lot any lino through A meet 
tho piano through GD in a; aB moots tho piano DA in b j and soon; after 
going three timos round tho quadrilateral wo shall como bftok to tho samo 
point. 

Tho theorem is not trno for a piano polygon of an oven numbov of sides ; 
I have not boon ablo to find an analogue in this oaso. 


1070. [To find tho envelope of tho straight lino joining tho foot pf tho por- 
pondioulars drawn on the sidos of a triangle from a point in tho ciroumforonco of 
tho oixoumsoribed oirolo. Proposed by II. It. (Iroor, D.A. ltopvint, Vol. hi. pp. 
81, 2, E. T . May, 1805.] 
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;n«« U,m i, li *w 1 1 to 1,0 thn tangent at tho vorlox of a parabola 

wh o), l.o.rh,,, thn „Wh. of tho triangle. Now tin,, almight linn, being alwayH at 
1 iifltt ,m„to to lint a\h of thn parol, oh., delormhmn on tin, lino at infinity a HuriuH 
*" ltl ” »oi in. i determined by tlm parabola ihinlf;' wohavo 

‘ I "' 1 “T '’'V’' ' f » ,Ir Rive.. line,,, ami a ficrioH of pninlH on on« 

h """' ‘‘-"“'Dnij-hin with tin, aerie,, of eoniea; and wo want to Hud tho 
Ml tin- mnuli.il., t lunitmt, drawn from each point to it,, ei.rmmmulhm 
7"' !‘* 1 ! U l "’ tim t |l,, i' , ’ ,, lial n.iuullon of tin, miriou of conioa and 

/•'*' ,h ; rU ,,f W " " l,luil ' 1,111 »«‘'jntvod envelope by eliminating 

' ' **■ ^ V I / . a t nrvu of tho third ebon, tmiehing tho oonmum lungonlH of 

,r "" ,l r 1 - 'J'" lin " lu ’ > - ' Vl <" , h 11,1 •» Hi" "H"" wo an, ooneidehug, tho lino 

"oiunid.Mi with Mini of thn I, lion hmgenla of it, I', than it i,i a doublo 

lonj-not to thn n,mn Vi,t 17 *. and thn pnhth, of oonluot urn tho doublo point,, of 
Iho liaolutiou ; to I liiii nun*, thn oiionhir poinhi at inllnily. Hinoo tbn ourvo is 
of tin- lld.d rlutiu, mol hail unn doitbln tmigoot (Unit in, all it ran) it it, of tin, 
touilli outer ; amt bmumo thn dmildn tangent ha,i imaginary eonluuta, iho ourvo 
Intn tin- ■,* i-n t mfip i. Tm di’ti imim, tlm jm-dtiim of tho, in mmpn, and tin, gonorul 
Injin ,*f therm w, ivii havn to otiidy a utonl aiiigulur figure. 


r.-md.!' » f..m pdnlit, 1, it, I, modi that i-imh hi tin, intorm-otion of porpon- 
dit'iilui >-■ Ilf thn 1 1 in m;]« funned by thn nthor throe. About tlm triangloaiDt-l, JIJl, 
fly. f’-Cl dean ilm rli.de, i ; it in Known Unit tlinm oirolon an, all eipml, and that 
tlnir fi'iiti.'!, I’, a', I’ f,u in another guudi angle, exmitly aimllur mid equal lo 

l V! II I. lint iii on invi iti d p-mUimi, their nonlnt of (iiiveree) iiimiiitudo being tho 

rotilm uf the nine point eindn, Now that ilia foot of tho perpend ionium 

I liny point in tin* oil eh, 5i!U to (In, old,-* of tbn triangle ailJ an, joimsd by a 

linn X. Ttm.l 1 nay that if of the paint* where (he tine X ruts tlm six eimneclora 
the </ no • fi.io.i/b- I'M I, p, »y'/Hifn it/nr/i he if mini to these six einitieetnra reapeetively , 
the p. rpi m/(t uhn* u ill iMM- iir three ft,/ tim e, hi fmr paints, 1 ", 13", II", -I", ttllutih} 
ell r,n /, of the fun’ tiieuui’ierihiilil ri/V/r.i, itnil fnrmiliy it tjlUttlrunylc I’l/lOlf, 
flii.n/m , on . t si<ri{t.n(y aituutfit (<> I' it' i And the ee utiY uf (Invorno) similitude 
"f t *1 •* t »,i.l f tr ■'!" 1 if situated on the Hue A', ora/ hiseels the seymeut i /,!- 
fi'i ,'n'm-il no it I'jj on;/ pit if of rmiue, fin i. III Ill’ll WO Un| (1), tllflt (1,0 lillO A’ 1« 
I'nitne. ti .l with tin* whole ipiudutuqle, and not with limit) purtimilur poinhi of it; 
i -if. it i;> * ut by the r«MUH t",f< in an involution, nun doublo point uf whioh in at 
infinity ; and th< n foie i<, on n^/i.ipfo/r uf miiiiu rnnio pi»Ht?biH through tho poinin 

i, a. ii, i. 


N'<w, any mum, 'tor 1 *J, and find a point on it, uyumietrioa! in rOHjxict 
of I, vl, with Iho p.-int whem it in <„it by III. Then tho onvolopo of A' touobua all 
the * ouio ei.i|i, at ih" pniiita tlooi detei mined. 

fUiov wtiiln h ' iho nlnne, 1 lmvo ii-nd a paper on tho Hulijeot by Htoinor, in tlm 
fid id Viibinm of phi lie’ll -feiuimf *, lie mnieita that tlm ourvo in a liypooyoloid of 
th»i * binnebtei, and piveti a idmplo I'itH'druotioli for tlm mtapH, 

The pi epoity *>f a ijuudrenplo eioiuelutrd itbovo, ia in fatit tliiHt- If four 
pniahidim tm dinwn, linviiip llndr iue»i parallel, oaolt imtrrilnHl in ouo of Iho four 
hhinjiht dohiniimd by n iptiid in little, them, four will lmvo a common tangent; 


• i III I- tu> I » i n- r I* piiiilt •! "ii | p. W t lw > •>( thin V»l. in. of tlm HfprtiU,\ 

«»— 2 
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which is at once Been to be a particular caao of the reciprocal of tins The four 
circle each circumacribing one of the Wangles determined by a qunclnla oral 
have a common point. And this again is a particular case of that wonderful 
proposition, the involution of oubicsi-All the oubios which pass through eight 
fixed points pass also through a ninth point. 

Finally reciprocate the whole figure in respect of the self-con jugate circle of 
any of the triangles 284, &o. We then got the locus of a point whore the 
normal nt (1) meets again n rectangular hyperbola circumscribing tho quadrangle ; 
it is a cubic having its asymptotes parallel to tho sides of 284, and with a double 
point at (1), the tangents to which are the asymptotoB of tlio polar circle. In 
fact, this problem is rather oasior than its reciprocal. 


1680. [ (1) Prove that the onvclope of tho asymptotes of a rectangular hypor. 

bola described about a given triangle is a curve of tho third class, touching tho 
sides of the triangle, the threo perpendiculars, lines through tlie feet of tho per- 
pondiculars parallel to tho opposite sides of tho trianglo formed by joining thorn, 
and also the line at infinity. 

(2) Prove that tho envelope of tho asymptotes of a conic inscribed in a given 
quadrilateral, is a curve of the third class touching tho sides and diagonals of tho 
quadrilateral, tho line at infinity, and the lino joining tho middle points of tho 
diagonals. Proposed by F. D, Thomson, M.A. ltoprint, Yol. nr. pp. 82, 3, 
li. T. May, 1805.] 

(1) It is shewn in the solution of 1070 that tho lino wlioso envelop o is Uioro 
considered is an asymptote of sonic rectangular hyperbola oircumsoiihing tho 
quadrangle; whence the two envelopes must bo identical. This may also bo 
proved thus: tho proposition is that ft rectangular hyperbola may oiroumsoribo 
any triangle whioh circumscribes a parabola, and have for an asymptote tho 
tangent at the vertex of tho parabola. Let ft bo tho axis of tho parabola, a 
the tangent at its vertex, y tho lino at infinity j thou tho vospootlvo equations 
to the hyperbola and parabola avo 

-y 2 + 2pay = 2/a/9, ftP = 2Xya ; 
whence 0=— p 2 , 0 , =2pX, A— — /i 9 , A= 4 »-\ 9 , 

and the condition ©'^‘lOA* 1 b satisfied, In faot, tho trianglo (afty) is inscribed 
in tho hyperbola, and circumscribes tho parabola. 

Hence (i) tho envelope of tho asymptotes of all conios through four given 
points is a three-cuspod quartic touching tho six connectors of tho givon points, 
and the lino at infinity at tho points of contaot of tho parabola through thorn, 
(ii) If two tangouts to a tlncc-cuspod quartio divido harmonically llio doublo 
tangent, their intorseotion lies on a conio through tho points of contaot of tho 
doublo tangent. This oonio touohos tho quartio in threo points, (Hi) If ft 
chord of a nodal cubic subtend harmonically tho double point, its onvolopo is a 
conio touoliing the tangents at tho double point, anil tho ourvo itself in tlueo 
points. 

M, Chaslcs gots the result (i) by his motliod of clmvaotoriBtios (Tlicor. xvi.), 
The envelope of tho asymptotes is in gonoral of olass p. + r, and lias ft r-plo 
tangent at infinity; where p is tho number of conios of a system that can bo 
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:h » iHvmi niitlv llm muidn.r that can ho drawn to touch a 

(in ><u Miik. 

l' ! ) M, t'lm'-ln’ii im-ttiiiil nltuwn Uml Umonvulopo in of llm third 

“ ,l ‘ l hm.don "»••*’ Um Him at inllnUy. Lot //, V Im two humriM (Ionian, 
att ‘1 ((, V. o Um t'lnu.linali'ii of tiio lino at infinity | and write alno A for 
(M» l *J-V t t*\) ; thi-n a I’niiio of Um riyi.li.m in V U\\ ||m oonlro Af / k&V, 
otoi Hot on vn1o|iit t, •Iiiiitol r.\r I AD, wliioli ill of tlm third olaaii, l.mohinK tlm 
i.j.l. t ,.f D». 'inndill.it, ml. mid tho lino AD it, AT ft, width Joimi tlui middle 
i'olnl't of llm dhifo.itidu. If for ft, |‘ wo wilto All, (//), tlm Dpuilitm iit 

Al‘ 0 *..\n I /» . At')’ UD(.I . A/1 | VI, A.I), 

oliov, tin; that Umrittvn lomdnm Hm lim it {A ► , 0 , H ft) and ((.'ft, ,/). .«) 5 that id 
llto tlliijtiomlrt of ( I in i|ti!idt thiloral. 


W.!., 


win to 


‘llm t!.(mtHoioi of tlni'o t’oidi’H In>1ii|; plvotl in Um follmv»i|{ forma, 


• « h,;/® I | d, mV II, 

»V J ( A.v ft, 
n^t * | Am. ■■■•It, 

S' I <M M n 1 ' II, 


nlo’iv Hint ft oliiiltdil littn ((•<• 1 *(>/ t [a I wii‘ ’0) will Im cut in Involution l:y 

(hiiiti, if 


« (. 'i, 

f' 3 . .5. 'I, 


{( »/) ll {}{( w) . (in four lormn) rift. 


d, i , May, DUo'i. t-hdiml Ihjirlnt, Vid. tv. j>. fit!.) 

) I .. Mod Him nmi of a itian^h', llm iwjuuHi»liii of wllOHfl iddiin ilt Iri- 
hm 11 t'lii.rdififtt’ 1 at*. 

l,n t la , jt t o.'y II. I . a i ... I*, fjit t ... ■ 0. 

-.I l.y W. A. WldiwoiHi, M A. Vtd. iv. p)>. fifi, (l, K , T , Hojilomhcr, 

HUIm. j 

Dnil Hm. ilij.ot Ho, 1, 'j, d, 'I In it \w» Iihvm lu 11 ml llm area of tlm tri«t)|?Ni 
io, iti,|t i My tin i”So|i (d.il, (til), (It!) i that (a, hy Um |n*inlH 

t di,y « , 's‘‘ »•■■ **. V-**---®' 

vdo iM I , no. Um fti«t n.iimta of Um dt imminunl (/,«'*”«)' Hilt hy tho Holutioii 
I.* I id / li*. (ItU mc'i in a inmmtUa! muUii>lo of j,, wlmro 

V (of., 1 h V, j r,V,) (n /.j, l ... !•..,) 
in Hot TtHiimar py«t« m. 

>7 1 

i.t llm r«M> or Um fiuidaim nlal m find Uml Honco tlm 

omii Ha, « tho wihm r:Ar!i (it Urn fort>:«dn« i*idnUo«H * [aiuUIioarcft^ohc, A . J i !}• 
* 5 t'tr.'i > 0 (1 oidit i.f h-IuWom too* J’llnkdd 
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APPENDIX. 


The general formula for all systems (see my payor on “Analytical Molricfl ” 
[p. 90 supra/}), is 

{/(/iDO)P ' 

J (BCoo ) . J (GA<x > } . J (AH co ) ’ 

where J {ABO) = 0 is the condition that the lines A, Ji, 0 , =0 may moot in ft point, 
and J(BGod)-0 is the condition that B and 0 mny bo parallel. Tho ratio to 
the area of the fundamental trianglo may onsily ho found in any particular eiiao 
hy the method used above. 

In tho same way it may bo shown that tho volume of a totrahodron is 

{J ( ABC1 >)p 

J (BCDa > ) . J (CJDAoo ) . J (DABco ) . J (ABOcc ) ’ 

where J(ABCT>) =0 is tho condition that tho pianos A, B, C, l),~Qmny meet in a 

point, and J(BCDco)~0 is tho condition that JB, G , JJ may ho parnllol to tho 
same lino. 

In qnadriplanar coordinates, for instance, if a, /?, y, 5, denoto tho areas of tho 
faces of the fundamental totrahodron, tho equation to tho piano at infinity is 

a.c-f/3y + 7Z + SH>=0 

and the above expression for the volume, if calculated ly moans of (1), must lm 

“ b f ? 0 , P ? C l UOt a(jyS t0 8ivo th0 mtio Aw volume of tlm given 
tctinhedion to that of the fundamental ono. 

[Plovo tbat the <*“«otoristios of a system of oonios, satisfying f,,„r 
omhtmns.romanramaHeredwhen.in place of pasaing through a given point, 

by T T 1 Hirflt° pT 5 t0 dlvl ?° ft 8i ^ G11 finito segmont harmonically. Proposed 
by P. A. Hast, P.E.S. Keprmt, Yol. iv. pp. CO, 7, XJ. T. September, laofi.] 

In a system of conies satisfying four conditions (#, Z\ Z". Z"'\ let « bo tlui 

«.rx t° tm am ‘ ,oi " s ° f « a i- «»,»* ot ,n 

. , 0f ystem > envelope a ourvo of class a-. Then from tho noint P 

ascirr °t,“ - to i * 

eooio is „ point on tho c ® £“* "!" oh hoa . 0,1 ilB in #f » «l«n 

(by hypothesis! « T J * comoa P ftfJS «>vou B h 1\ But p conics 

-IX oll l i .“ T1,M W “ «“ l «“»'«»'» A Hi., 

— XXXX’r z:: m * • r cm o/ ~ to <» » ■ - 

another arbitrary point O tW ? A P ° lftl ' fi of P which pass through 

X‘“ iy * -» tt z csr ' rhioh 

8 ivcnT^”X , "a 0 °“f i ,r n Z 7‘ 11Wt 1110 »"*“ 1™» „ 

segment Pq, Then (by tho above/,/ ^ ^ Blmli dtvWo linnnonloftlly Mm 
«OM <2, i\ Z" S) emi t “ ,0 r“ ,te . of 00 »io» HfttifliyillR 11, 0 oon dl- 

ll.o Jim clmactertiuc (r>) of tho systom \z ^"z^sul" “ ' u n l ° T’ 

fXxr.;: xr s £ 4? ;L ° * : ' x 

— l„g „ givon Hno, Then'tho n,,,,^ 
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(•'. *• ”« '*1 *'< Dm mniiM u-t <lin numbim which "utility tlm oonilHimiH 

( • *• > *■ » Dull m l<> !■»>*( Ih*' fii'i'ittiil I'Jiui'ticti'iiiifir (,»')of Iho nyiitcm 

(■’. / , /■ . hi I'.piul hi |]|n neruiiil e/iu, , ijcfm’'if re (,.) of till) i.yntoiu {/,, 

|"'hil|. Tliun HI itlu'i if Dm I'liuiui’ti’i Inlli'ii in idleved when wu mdmtlluln fin- the 
‘•"idUiitH «f Hit. ui|'h ii irivcii jniiiit, tlm eandilion .S' or (lividinjt liiu*- 

ItlMIlil (ill V II I'l’.t >1 ll>(tllll'lll /' i,i. 

|iy 1 'imihn i.-.in.iiihii! ll umy 1n> idmwu Dotl neither clmvudciinllo in uUorod 
v.hm v.» ‘ uhniiiut. t<» (in- of hnichinn » j'lvcn lino, tlm condition of 

mii.h mliifji (ml lliimii'nli y li (dveil im}>lo. 


tV.’.". •iti.’ii {'••hi liiiiiipht liiici wlmiiii i'.|iiidhmii mo eonnoolod by tlm 
i’ i j »• i t>' t'; ' hmv Uml lh<> uliuloht lined 

h j my t ll : i ill' II, A V I /.!/ | *•» ( Mill: l(), 

i. ill b<-- . "Hj'MMh i iii i *■ .|<( * I i»f iiny I 'Oiic tmichioK (r, ti’), if 

i * r« i v-D i h. i i • *(h’ t Sul l (nj» t Mm) (/.I |'.Vi)t ( im< I /in). 

Dim.* *•.! :•■ Umi i( o ipm.li In- I'kiiih iI fmm Dm i|nndiiluti>vnl by tuliinn 0 '** 
r-l I V h lhl*« in li::Jii-{ *>f till' liiilDi'l" fnllH'd b,V Dili liDll'l’ Dtl'dll ; till'll tlm 
>. Iniii.n l i !v.i. ii Dn’ ln.< lii'Mti i v.itt l>i< iici|nm<ut ; mu) If two nti ui|(lit linen bo 
» ">i)' .i t • n in n -n| < •'! id inn mm.! ioi:.'l ibi'd ill DlO ijlltub ililtmtll, till'll* |»nll?H ill 
■ »- ~ } - 1 < i eh*: ...u. tn. -it I’i.inii .-hii li iuiipl" will Im i-mijoitntim in rciijinil of liny 

i .mi. . j ,. iiiii' 1 . • iit'inp lie ipin Inuinli-. 

|i , /. doty, 1 Hii.'i. Ihdnlmn Jhij'i i|)f, Ynl. iv. Ji. fill.] 


i;y,v » o .-.Uoiiiljt tin" iinv-l Dm bi“ i <>( Dto totnDuiilron AHCI> in tlm 
j in! . ,J. \ . . I, s*M| ' . Hn-ly 1 Du- !>j'b. i. -i uhi.i.i ilimnehni tun vlii, Ht‘, Ci\ t>d 

b 11 1 ' n I 'lflilimil l'.'l It' -it 

Ji, An.-onl, I iii'ifi, {inluthiii lii |iiin(, Ynl. |v. Ji|i. fill M.j 


li,;;, ll „ J,;. .•* Dtr n .■*l*l.»l’:d "f .(//<-' ill IC>i|M'l’l Ilf ll JUlUlboIll 
v , i in hi, iiU’1 it ii,, I,,, n„ I'.* tlm nnuimhi lit Dm voiliuuii of 

.U-von-hi ■) D.l i (?.» 

.lh)» Vhu* 


t.n. ii nf Atit’j . 

f'-i»-l .Uf« 

jj. i. M nil. I'O: t- ; •' W(J|i 01 It' joint, Yid. Il‘. 1 * 1 *. * 1 **, l.,| 
i . 1 . Tb« . I'i.i - hi v.hi-b 1 i l l ith I is Used imilDii in »l»nw, intoniecl 

,,,,,, J.;.,,,,., h, VI iriifi ,.i ..•lU'.i 0 iimiii.'ti nlf i - oiijnj;ino iiiiinli'iliitenil. 

j,,., , .., 0 . -•! I; I.v o I .OiOimn ti 11 e.oijiii'iit'! unndi Hull lid. (lhn\ A qiimli'i- 

{ l? , ,5 j., ,,-r '.■'.• •••?/ hi ,.f n I- which divided Ihi lUtiKomdii hnr- 

in <*>"(■ o?n 1 

j/;;. ^ * I ;.d . J, |-ii'/i.. Ji.d*»(h‘li H*)'iinl, Nld, JV. HU.) 
j | . , j |,,v it,,- in o )iiii(inj'eio "it*' (iliuijudnr lumiim /l/ff- (it 

I, Jim 4 -t, 5 T!. ivl e.pmt miidv,. Mo w Di d if Ihw lumiim »h> |duood in a 
50 ,?,-, l om utn H Mill. . it, U wW rent in ei|»ibbniim 

, 4 i';.,. | .i ,4 f , s b • iwilh |be J-W»i i f D'O 




an i» mumitionm, OOl 

mi- 1, » v.li, •! «1 m> • >iU- 1 1 <i’i a I*-, mill mum wlmii it )mn n mni).. 

l.y I, ,U hi. i,.- 1 . U..J.HUI, V.il, v, j,, /•:. V. Miu-nli, IHtlll.J 

1 l- « I ><ii llid niHli', mill )).( /•' Imiuiiv |nii„t of iiilloxion, 

lhl ' ‘ n mr *'t tli>> t'ut ni> iijfnin in /}, ■IViino.n.m i.my lio 

having tW-.' | -Mil*.* t-Mitlavl with dm imMu at tlm |.>.lntn A mat It, K,„- 

l, ‘ ll,l:e " 1,1,1 “ r ' ul,;,i i ("I »>"’ «'nW« Um-lf; {/.) (Im linn J/r/.’ l u | (nT ’, 
Uu..* !■».«* * mm J <• J ” lln. |><.in|i„ i m ,.| 1){ 

l "- < Ml ‘ 1 5, ‘ , ' »>•" l‘"' K TIm. out.!.. (..) tli,ou,(l, 

. ijjJ.l MHt I.r si,.- I>i>m )<-<{■><<• »>r )nt- (i.n lii'ii of dmmil.ini (,i) im.l (/,) . mmi»ii|iit*»Uy, 
l‘> ,,,,, "1 nnl.li '*, It |>ii.ixi<n tlmmijli Um ninth’ 

Tl " ,t jtI 1 ’ ** Hu.., rinitiirl i,L imil 

1,1,1 * "t V, mill «!• • < *i ■ 1 1 1 1 y Inrni thii a j .iiniln c.iiiurt ul It, 

IS ‘ l, " : t *• t* 1 ' f"ii'. I>> 111" Ill'll,' ll.M’H /', wii nhiill iiUiiin iiin.i 

| It, nit-1 donf-.t., nisi, f«.uiva fiillillini! (h» h 'jniit',1 miiililiniiii ; lint only 

(til ):)-. j'l-iuHv it Oil) lw> leal Vitll JI till, 1'1'illt .! Ill ll'lll, 

)( *- '10110 5 ! i cl,, v. ilia! tt r»oiit liiivitij! diKit'i'iilntln cmitimt at .1 jihikh’H 

5,1,1 l,,w ” 14 M I" J ‘ t l\, r., I\ I... dm do no mil IWi-n, wlilnli 

Ol., tn«Mi 5.1 I n ti( H.V ..1 fc|irti ( ;1>t lliui; nml |,| //,, //., lit llm Con,„iliolii|iii| ( 

l"’ ,ll5a ti, I'iav. n | Itmiiii! tin, (..jmiiidiM.oitiit'l lit ,t nml jiiiiiiiloK IIicihikIi 

/J,. I/.,. I|>-!| l , n|is!i|),|r tl.rrm dll..' nillr riltVCI i {.*) till, llllliilt i(|rii|f; (?,) till) 

ninu. Ki lio, ■» Hoi-'., t j (!•} tin' t.'iiin f ? ninl din Him F, Tim 

. ,»», . i- j j s . : i • t o I .,o5 i-f dm iiiim liilt'r,o i,||«n>i of tlm I'lihlnt (n) imii 

dt. > | t H j ii use'. do,>5t 1 ;1i dm niiidi, 'llint in Innuy, tlm ciiiiin II 

|".I 5, ttn-.n,;}., 51,.' 

A > 'isj-i I » .i? -iii !,a-s i.nJy ..‘i« ti.: « j In dil'i dn ri'f.irn, dm nnnilicr of 

I'.-lsI, i in 1,:1h> 1 ! 1 i>0(:, 

* J t"? I * :■■■ 5lm j;in -.1 t in! , M\ | nm'|,|||,'rt *1 llrnh-m (v.lllnil lljlllllt ill ft 
I'-Mt - '- tin. ,i ,.ij i,| , nt.ii u), if ft i‘iini .1 Imvn f«mr - pnitilUi i;o)ilunt 

*‘l *d. d:'- > 0 -i'- Bit !. ita |jf Iitsinli!.; t isnl-1 of lot' 1>o-. li.OI toitll dm laillio will JIJIH‘| 
^ i' s 1 j ■■■in! '/i a- ii < 111 , . J»,nv- dm laitjmitl nt .1, titlit>n Iwini over, 
!*-■»;* .--iei « i ...ii. fi.ut j uintii! r-mitaot «t ,1; ivlmmro it a 

81.1.5 J!, J • i, ■! .h ia d,« !>■' I t ,h,:. j|8< 4 of ..f, Tlm ioiIhIh t of Itollll' l of (ini 
|, J. ...... 1, d>* .lit;., «,! r j !>.:■ .<!})•» Jmit.l lllflrfoji! till! Illlllll’il' of 

»■»!..; s 81.J.5 , ili:,.'.in f.iioi M 5>i dm 11111 . : Unit i'i, four ill (Jinmrill, two 

N» lit Jo !5iV, S'- Sv-aa a *, ' 1 «ii 1 i-lil'. Vajn M it lom ft 110, dill ill Hlill llllllllll'l' 

!?-< i»'. j-j mUm, .•» si... 5« ? 1 8 1.,, 8 .. r,s, vd.'i.-h in imi-jo n|< of dm tniijt.'iil nt .1 tiilmn 
8?, I ,31.1 do. 5 is V,,'5 » f: 4'|5:„il, 

ft.',,; H t • ,t > lufra . m ( fr o, *’ o, f*- -II n in nodmiliy oillmtoinio, 

If: <- :: J.ua4* „-f I? t> t r. fi-!a »if i Iji j'1 ft I Oil* I Ilf" i *Jl -'H i" 

t *-' v v ? 1 »>V) ; d i at t ii » *)*, 

Ij, ff lit H i . tt-J.S tl-jr- ( j|.l4 «'f : 8, |J, f \ It, 

5 *; , i . t'WWi, Mi, ‘Ixs l i.i) is d< j liot, Vol, si. 74, fi.| 

J A Ho* >,f t<v> ^ si * ,.i jo 1 o]t (nt i n j'Nfx id rntnlotn ; J-rovo dial 
^ I j sHb t/Hat iJms-y t * mitfln isst'i tt of a 5,i‘li >t in a J* * i ftiul 




I'UOUI.KMM ANi> MUfiUTIONH, 


m 


Tlioiofuio ll»»’ i’lmin’0 minimi in 

I 


»» 


.(:)”(* :) 


a ' 


N.,U- if w« \HUrum, thin with lo ,r from U t„ 4 „, w« ahull K «Uho 

, U '“ l 1| "’ »“ I’ 1, !«' Iirmhir tlmu .((/. Tim ln(<’|jml i„ CftHily 

l.mu.l In I... ;»» ». Ami llmM< mi' thun u mpml elmirneii, whoim ovtmtn mo nil 
I.miimll.v t-v.ilm.lvo, llm (dutimn (Iml imimi mm „f llmmi omiln will in 


•l. T hifil nuliKimi, l%i malm thin elmtr, I will iilalti llv.it tlui jivoviomily- 

l. m.wit imiili'jif uni mditlioim In llm mmni ivlmn> i, l\ and ,, ,1. \v|,mi tlm ]i U o in 

.livul. ,1 into (hi. .. mil y, ;t , e.jina (ulm their for tho co- 

>.|. limit, n i>l ti point /’ In ttrMjimti v of Hurt) dlmt'imioiin, Tliim, aiuco 

>*■ 1 !> > * " (I), 

uml 1', </, s (He nil I Itiv.’, llm ji.-lut f' unmt III. iininmvIii’H! un tho aiirfiuio of llio 

i .jnlhitm.il lihmiOn *1* I- * min. <1 mi tlm j.lmm (1) hy tlm mudlmttn plmmii, Nmv, 
rmir>|.|..i th.tr.,. point* m, llm lii>in;>h> fur wliii-h .r-- Jjn, Tlmiin mo t! |it ulT hy tho 
|<hmi>,i* J.i ; und it h> mo.y I.. m .< that thin |ilinm mitn off from nmi oovnor of tho 
tiiutij.ln a ! >i loll nf tihoijrl" nf lutlf f/m fin. nr iloorri'iiuas, mid thinoforti of tho 
fmiHli llm Iii. n. Ni.iv, Ihm.t oil. thi fit t'oinno tml off ; thoir joint lU'on in llmro- 
iIm. n f.ntt tlin of th» in. it of tho hiimrlo ; mol tlm t'hmmo rtojuirotl in 
m t'oidii. j;i t 

" Ion tho ho., jr, .ll>. h|ni into /mu' tnlio llowJr/if tfoyr pieemi an tho mi- 

m . 1 iti.it>-. r» of it point tu n t''t> o. ’I lo ti wo lmvi!ii*.| .»/ | a.wi, mid ,r,i/ t e all juxiltivOi 

on tli,' |‘"lM inii.il llo i. it hlo tlm .niiloMl of tlm totiiilo'.lioii In Minth’il hy tho 
),lni... .. ivH ii otol tlm v.ioidiiml., pinion. Now, if ,v | f/ >r 4 ^ f«, tho fourth 

/"*'* r "on t h»» ,n. .»f, i thru Jju. 'I'ho point* for whioh thin in (ho tmno aro out off 
l>> t|m jih.iii.-. .i f i «• -’jo ; o»id it is t .fdly m-.'ii tot hi'foio Hint thin plniin outn oil 

*-iu> * ,*»m i *.f th<> !i)ili. <lt<>n o idioiloi' leltuht'ilioii of half llm iiiioav 

ilillli ii Olid lln it f'O c of >>im I h'hlll tho Volotlio. H>. IlliJO tlm }duilO ii! d]lt 

, ot-i ftt tt-oo oti>.!h<-t 1*0100 o tiitoiliti (rhiihi dt..ii of half llm linrar diiimonioiiH, 
Jitmo tin >. (>o.i th.’i*. in, l.oii loioot/i nit olf, tlmiv joint volume In (Jorjoim 
h.ilf of th» > ..f n Mf i. ,,| tlo> ti'Ji.ih' hoiij and tlm tduim.i ti'i(iiirod in ttutiordiit||ly J, 

in fmH, iM.i):rji|i i tho jiM!»l>'i:oon fit,;,.-! {,) fooiMi tiv of a dliimunloiiH. (!or* 

I. rj-.ii hn,: { I n I l-.ro r.| Ol. told 0 i lo;|t d VolOom, WO IlllVn llolllOth iltjj whhdt 1 

.mu o. -.'o:, . r,.n. ,j...ii.|to ( * I,, o tiiaiif;h% mol lo a tolrnhiiilron, llmro In 

it .-.■otiM.i uiih ,«i i l rmnro *0 Miti-. whioh J nlmll cal I u /icimi’ coiilhm, an 
Ho* tho fi.tot of . nntm>*. A jo Inmi'oiiiiim him nhio n |1 facto., oiinh 

of vili(, h la. Mot o jd.ooi, h it it jolioo I 'Oilitm of n l dimi'iiidoitH. Any two 
v “ t Iti <■ is » »f ay I n -I hy u airtight whl.-h in mi ethfn of tho oonllim, 

li 1 ri- It V, it' » f t" a M I ih'. r), A J'lllOO CoOtJlMI IMIIJ’ III) »<'./ M /. I C, wllhdl it lit 

‘"h’)i ouy thi,,-. (tt .-s hoot on r<(itlliitvMil tliiitifth* ; or ivr/uii./n/ur, wltloh it in 
v,lo o tho * 1,> i tln. ii, h to. ho; out* Vi it* * me all c>|»ml and at tiftht mijtlon to onu 

lOl.liio t 

T.. tho )jiif»t!.,st f«*r t«l voho n of »i, we may mlojil an n lyjn* eithor 
oj the t’< •♦no Ito al r»..'hil|.'M» J’n.. il ho the 0 it and « I, 1'ihd, tlllto tho 


uti.timx. 


i;oi’ 

< >>f He 1 ii |'ii i 1 r i f.<t |)in r . • • -t .1 «t i .»< < i"f ;i } ■••ini in ••■n.i’U? «.J -i lino *1 > j. . i , ; , 
'l l , i h ( iiliiri’ Mu ir 1:11111 1 » ii, ini'l ih< i nM | • “ i i ? ‘ Mu, ]' tui mn-.i In, iaMiin u 

i in lull! n ;tulut joliui' i >'f >i I ililiu l. - !' ii n 1 h. -- ' - 1 J ; i ? • <-s\ Mint n i . 

JiitTi' lijOivt'l Motif \.t I'tMa i.ff fl'-til >oii> tf-1 J .-f M . »•••;>?= nil vl r. I'.nil n I niitn.i 
nf liulf Mi" 111)' al ihliiiniriiui!!, uti.l Mr. iif.'in "t ’J’ ** l.n.i-i M -. • >• • j i ! i \ i < . ;\n.| 

lin Mir Ii' nil, tl fill lulu. Mil'll j"in5 i --•(«€»■ i j 4 l'i '•! ' ** Sn.irs Mi-, s' ■ ml*-. ti| >.( ijiu 

I'MIilllJ" ; Mi" I'h'Ml'i' »I < J >>i* » 4 l‘! •‘•I’i»:r jn.-.iiM'j *. Hi, 1 1 r. M . « ! . I m M 1 1 . -f Mm 

/itjf n J jij.'i i»,i Mn- i "i>nJiu;iM ii » f si j • • i s . t Vs ,,, • •! . M i >f >•, t iiniuitu , 

Min Jniilll l'i l|l Mu ll h" '•ilMiin i» * I 3 i 1151 I* * - Mil.' I' 1 t I» • I ■ lisiu J 

mi l |lt«i iii v i |i »*>•'•> , ti oa l Mi 1 '- *» 1 "tm-i* M, in.,t > ..2 ,■!( in Mm nmu 

IIIHIllll'f. 

IV M Mill hi; I, fill Mj.il tiiia Mvil.J Si'V-Mi'' i ini. ■'.»,■ a Ml <% ■■■ns, .*M M 

Ihii lnviimi|il|i>U ii( v.hl''!l ii'l'.ii c -it if J f I'Mi jj. v ' ’ ll Mi t!v- ':•••' c. Mr-M’iii 

|||'I tt'l lllillii’- Ihhi in tl. il 3 if 'll »'f "'.'•I f I 1 ) 2 -it rt,-!..‘ Hi Vi \ t ill! |n t-Mlvoi 
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In lli*’ jiarlhnitur oatm whtno m in tho jiorpemlhuilar from tho vortex on tho bnno 
of ii milai'H'ilur lolmhoilnm, each of whono equal in of length a, or 

^ W\ 

thin ojilimo (n tim ii|<)icio lmuulli<n1 in Him regular tnlruhoilvon. Tho quofllion in 

llli'li'hoo It'illirnl til ttlili 01)11 ; 

‘I’o til'll, ill torinn of {ho Volunm of a regular tetrahedron, Iho volmno of its 

itIKMI ilfMtl H|'llCU'. 

Now, a itloillur ivlnotion ImMu in tho general on no ; vivs., tlio quonliou onn 
tilwnyn ho ri’ilmvil to thin olio ■ 

To lloil, in li'inm of llm mi in 1 mm In of a regular grlmo coniine of n — 1 dlmcn- 
liiohii, tho ifonti’iilit of itii iminiihi’it i|imni iqihoio, 

Thin i|iO ! iitl<>li l jo orooil to iiolvn, 


V. Ii"t it I g, 7 7 m* jn r/o Hihrn/iir/riwJ (in j/ Vfi tt'x. im (hit ojijn>sf/i? fudii of a 


ivgrif.ir jit'iuo* i'h r»(i in' in ]t i/irin'iisimi.i 



ini o ho tl»i* vortex in qnenlhm, M.l , Oil, ... tho p oiljfOH through 0. 
Diow llooti|;h mi'll veilex .< H mjom’m of ji i ilimoiihioini parallel to till) fnoo 
ii)i|ii)!titi< to ,1, Tim ji ri|>ui'ii<i tloiu drawn will Internecl in n point /’, aucli Unit 
(if* in tho ittinioiml of » i-nit(liiK mmloitoiiM lo ii parallelogram ami lo a (Htrulloli!- 
|ai]»-il. 'no n of' in )> llinni tho jn'i|ii’iniiniiliu" from O on tho opponilo face of 
Hot ii'itolio iiiiitiiin ; for tho pfipoiidieular in tho projection of nitr. edge at a 
fi’i Inin mii;l*t l Vi hi to ol' in tho ginjeolinii at lint imino angle of a hrolum lino con* 

lilnling of Ji nl}(i n. 


Wo Imtu al io 

(!/•» f | 0/0 | I HP | ... | liD.I , (III colt Jf>/f I ... 


• t v I SltU , Oil (nilieecoil A Oil 
(ji ♦ J|'(f 1)1 . D.th ^i(ji ) I) . D.t J , 

(pel jo'inl iolltai ) , *~i * ||,j l \lp • NW’) 9 - 

(If tiio I'i.nlliio hmh »Vi'fnM«;»h»e‘, or nil tho tuighm at 0 right anglon, wo 
eiimiM hove o>'» ,lnH I*. Ae., ami no 

j (l 'J 

(|n ii-omUmtlai) 9 . ' (nlgo)' J . 


v. liii’ti t that tho nim ;||")i ihuri alwaja roihu'o itnelf to tho out) now under 

i'.iiiM'Ii mli"ii 

/ he i outi'Oto/ a lYj/nlnt" jtrititY I’l’UjUtY in p iUmmuhu li'/ioo! cifi/c It ft, it 




lii 



ttn|*j.i.Ro thin formula tine for ji 1 ilhimnnlonn ; Chat In, lot 

,!»’ ' / JI \) 
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1 L " ,>l4!W " 1)0 01,1 0iY ,tl nH,rt,mi « f, "‘» omt li of ii equal linen, Uiodianco 
Unit tlm oimnol im inailo into u polygon j H . 1 


»:l. If to ..in »v„ » u iHxililn l„ fln.l 

f;’ m ; w " , ; 1 ' ‘"‘T"", 1 ' lw " n, »' *» . ... n.«« „ t wim u,„ 

niroll'ii intermit,, out mil iidnnumo. 

| T. Onlolmi’, I Him, Ihipiiut, Vol, Vll> j s< y.» j 


;f ! "' , '!\ T u*",.,,,!. ,„ lir , „„ 

1 i |»ir i.f Hi (<,.„) i, 

IMiii- ( (/»/») ill four Hew Ill n iiirnl.i f/ ; Mu, pair <.((?), U>H)mmto 

(Ah), (llh) mi u elide f ( (uni Urn pair (//(,•) ( , (// ) m , ft 

I'in.lo ir S Iilnn Hi., ll.ivn eln.l.n ft, I ", IP have a itimmum rniliVnl uxh., (Thin 

,,t ' "'H-mlKil mill Hii'in mo nl.m mm]o,;outi piop.-rUna of red- 

annular liyjM'ilniliitt). 

(/■’. T. Aiijimil, iHl’.ii, lli'ininl, Vii|, vii. |i, »7, | 


\fl. vii, j i. I.i, In iimrely u ic|iiiUllmi nf 1U7H (p. till II), with 
a ililferoiil iii>iitll«iii, U in iii.tnwniiliv Mini | limn in im qiitntiou no mimlmreil 
in llm /,. V.,U lim Aupiii.l (I mill) No. |{i von til it) In mhu»'HhIoii to til 100 ami 
yyiiu ui’xt in ’.!i in, j 


11111',!. Ht-tjnii. <t flu* i’/fiihii*f(r/<f nYH of tint nydem of oonimi Imviiijr Uvo-iminLlfl 
(mutant w 1 I'll a mtivn of nnl.n* >it ami dioui n. 

(/•.". T, May, Iwtll, llt jnliil, Vol. vii, p. -I7,| 

•.111 HI. .1 In any j.olnt n.ltilo nr will H emiie, // any {mini on Hit jutlnr, 

I h a llsi'tl all aij'lit Him, lioiitnilii IU\ llh am iliawn minion (.•/> j M p 
Ah, .It' HMit /»'. hit ill /■;, i'l nliitw Hint l\F in a llml nHulftlil Him ami 

<7 > mi Ho* jittiar nf A. 

j/:. 7\ IMumny, l*iiV/ t H,. pilot, Vm|, viii. j.|t. Ill, ft. | 

i "no (I) Hint lim Ilmilu n nlhiiilar lilanj'ln liavn a oominmi 

raiUnal nvin j ami l’.f| Unil if Uit< |»aji>’iitHniiliir<i fitnu Iho | m lot of vertiiwn nf mm 
Hnoiliiv liiinij*!.. mi dm eiilmi „f auollmr mml in a point, ilmn t .f (T ,. 4I , l4 j 4 f 
A, n, r lo-ti.i! I’iioi. II, M oi ivli' imiixiit with A, II, ami mUn^oual to ft, Ih oalljil 
llio |*oi I't ntlHmlai fit. Ill III tni 

[!', T. Novtiol.u. In tv/. It.. joint, V,,|. lx , j, # ,j*j, j 

'plil.t. A mil II ait- llvi'l |«>iiitn with iijinr.l to a it.mlfl, At?lt a vmliHilt. 
iitiainhl Him j'ltMfdn^j Hitoii|f|i ,t ami imtilujt dm novo in /», ’I'lm jmlm- nf 
.1 m.’i’t’i /»', llh in / , hi ulimv dint hi: ami ('!■' miml in a tixml point tl, 
him! that vl fW hi u 

T, April, t Hi* V. lt.piiot, V«<!, x ji, m|.J 

yVHj. An n>l Mr liyjiu i.yi’lojil in tomlo'.l Hininpli a vary nlunt llxvil luiit), 
«o io< to rrinniii in mm jijiiim, nlmiv that da* ImtiiH nf iln armutt la au r>|| I jtno, 

7*. Hi plt'iitloT, iioM. Jti-j.ilnt, V.il. x. p, ltd | 
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2748. If ft circular cubic with ft double point 0 be cut by ft circle in four 
points A y By Gy D ; and if OA, OB, OG , OB out fclio circle again in E, F, «, If ; 
shew tlmt finy pftir of straight lines joining tboso four points will bo equally 
inclined to tlio bisectors of tho angles botween the tangouts at 0, 

[ e . T. October, 18C8. Reprint, Yol. x. pp. 105, 0.] 

2301. A circle is drawn so that its radical axis with rospeot to tho focus S 
of a parabola, is ft tangent to tho parabola ; if ft tangent to tho circle cut tho 
parabola in A, B, and if SO, bisecting tho ftuglo A SB, cut AB in G, tho Locus 
of G is a, straight lino. 

[E, T, December, 1800. Reprint, Vol. xi. p. 81.] 

2776. Through*/!, the doublo point of a oiroular onbic, draw AB perpen- 
dicular to tho asymptote ; if chords bo drawn to tho ourvo Hubtomling a right 
jingle at the doublo point, show that thoro is ft fixed point in AB at which 
also tlioy subtend a right angle. 

[E. 2'. Novombor, 1808. Reprint, Vol. xi. p. 04.] 

2108. Required Analogues in Solid Geometry to tho following propositions 
in riano Geometry 

(a) Tho perpendiculars of a trianglo meet in n point. 

{b) Tho middle points of tho diagonals of tho quadrilateral tiro in ono 
straight lino. 

(e) Tho circles whoso diamotorB aro tho diagonals of a quadrilateral 
havo a common radical axis. 

(d) Every rectangular hyperbola ciroum scribing a trianglo pftBBOB through 
tho intersection of perpendiculars. 

(c) Every reotangular hyperbola to which ft, trianglo is Bolf-conjugnto 
passes through tho centres of tho four touohing oirclos, 

(/ ) Bin (/i +J1) <=sin A cob Ji •)* cos A sin B. 

(y) Tho Hiun of tho angloH of a trianglo => two light angloH. 

(h) In any trianglo 

sin A Bin B sin O 
a ~ b ~ o 

[j E. 2'. July, 1804, whoro it is numbered 1520, of, 2105, p. OOf, Reprint, 
Vol. xi. pp. 102, 103, May, 1809.] 

I lmvo an analogue for each of tho four (/l), (c), (/), (y), and more thmi ono 
• of oaoh of tho othors obtained by extensions of Mr Clreor’s methods*. 

E.g.:- 

(c) A straight lino outs tho Tacos of ft totraliodron ABC1) in a, ft, e, rf 5 
tlio sphoroB whoso diameters aro A a, Bb, (Jo, Dd, lmvo a common radical axis. 
Hence tho middle points of thofio four linos aro in ono piano. 


* u Reprint, Vol, 11 , p, B0 j of. p. S8R, fmprn.) 



I’ltdlll.KMrt A N il Snt.IJrinxs, <}((!) 

Tii-t a ciiiifcuhl wit cniiti Ikih ihmt limi «l 

H til'll' rl Ilf Mllll'll ■)» llllj; lllllV *'lilnri«j«i, 

(if), (■•) Kvi iy ». pCiui|MiIih »•< n i i» i * i -I I'iifuniMriiliiii}? a tvtuitiritrnii wIiokh 
| ii'H»i'n*lii’n)iU‘i nin’l in n | >■ »i r it , I'l'mint tlunitftlj llm j’>>Wil. Anil I'vny ivnl. 

mil'llliit- In wilt. -It ii l*'li iilt' itnni j-i m If (i.i-.ih •! Ihiiiii|*li 111*' 

Konlit’ i nf llm i-lj'hl liiiii'liiuj; njilii'ti-'i, 

(/) ii in ( I Ih | tin | I Jfii l lit ’h | (Min 

hill [Hi' 1 1) , I'llfl .1 } > j fill I (/ V I / >) , I’l'i: (i I I J llill {. I II) >) , flfl « 'll, 

W'hi’ii' ft, i l> ini' fniir liiii- » In * i j * ii'n, tnnl 

iii t» J J/ri ' 1 |. i'<i!i i/;. I-,, i ,f» • ] 

j ‘'I' > I / «, 1 , fllll ill ‘ ‘ • 

\ I'.iii .1* rmt ./(* I i 

(/,) ill Mill tti:inj;tii I'ii’i'" itii i i ill-, it 

if.i ) i i } I ( IT - ! ■> 

Tim mini".;! Un i. tin ii i On i-'H-;ly 

itH'fi , (I '/i t I { ( 1 1 I ll) { lilt j! O b 
. I , ll, I \ / > ft in ? iiiiV I --m jil.im >. 

fill In IIII V Iiltstlin.lli.il, 

li 8 , /<!/ lit ■ .1 ,i I £ ' 

I I’" I* < > tl ■ I •, 

oil) If*, Mu jt U 1 * 1 l ,lf ' ,fi 

Wl|l'll> 'I, /l,«*, it lit. fill: fa.-. M. it I >'1 

I'.. : * . | 1, r-'-i lit fan ji t » 

! . V-i !>•', 1. i If 

: I ■ v H?*, . ■■■■■ii ] 

(All, lli'lll.I illj) V . i -I ;l J’l 11. 1 :f, 

V! V* tJI , < ' i ■■ lln 1 ' 1 1 1 1 . l n ? }..., « : >,J -a r. sot, nf' 1 ., 'j? j- inl-i.l-s, s»i-l flam nny |-> .ill t (I 
tliii.. ■ i. »t»;il|.i. n !■« »1m ii-.r.i-. if *'?*, .‘Tim | $ j (nUmtl t* l<* Ilium l , 

nlu<w lli.il !•/ >»m I i f in®! • j-Htlly l-.<- iii*- I 1 « tK<- tin. iTf.is* i*f lii>< tnhiH(«< 

Ilf Hill’ll® I. 

J/.', i', 1 *»: (■» I'iltvi, t J jii-.ja : | t » . V* 1 J® 'J * I 

'f !*rt M, jliitii Ii tl.,' ill--. ■ ill .-1 si"-'# ■ t . •11:1 • • . l' ! l Vlti'l.'S >'!f «t ? ! | -II .~tr ( ltm*HVf» 

Injwi i*f flii- j.'.lai l it.ii’ n it i'l.-it. .*t.-i« ij.ivtl; I s ■■■*■ l f>V B-J i>» liv.„ J, \Vf|’,ti ll' 

lli'illM r > Jt» j lilii, Y.V ail |" - > | 

J.i’l It, i \ V 1’- ’ tliis jut- ) if j, t ji i 'lnu; s)3 ■ 1, s.t:i S j 'rnn i tr. li > n 

Till* flit!" ,V il’in la )■■<'■ ft’t. ll ft ■' - itj'.i,; 'tlv; 

f..|? i'lt, Uiitn. ifilrf. ) | i H i-iii 1 ii) i :•••.' ij!- ■ .I l « I in, 45 in -.t 5 { » & 

llm lii.l MM>t «t. i .i). ii - I St-,.-. --’i S .! < - (i 'ij . ... i:.', *s ;s Rt .'ii 1" 

fail fill nf'.m I-” tii.t".. if t),|, -t iii ain jn a i - ii-.f. 


• ill, 



mo 


APPENDIX. 


Now any series of circles, such that two of them cun he drawn through an « tvbi * 
trarn point, is one system of lilangeni circles of a hkimdar quarlk. lav lh« 
equation of ft circle of the aeries must contain ft variable parameter in ilto kogoucI 
order; that is, it must bo of the form 

X+ 20V + 0*2=0*, 

where .Y=0, r=0, Z-0 rue circles. But tho onvolopo of this In XZ=* l’ u , n 
bicirculftr quartio. 

Hus important remark is made by Cremona ('tom (icomctrh'tt, ii. HI) in 
Ibe case of a series of curves of any order and of index 2; Hint is, HUcsh tlml two 
of them can be drawn through an arbitrary point. Tho envelope is always wlmt 
Prof. Cayley (Edinb. Phil . Trans., 1808) calls ft 'trizomal ourvo; viv,. „Y, V, Z 
being any three curves of the series, its equation may bo \vi itten 

\flfx + fftf}- \ j fz K 0. 

29251. [In n biciroular quartic, the points of contact of llio four icing In tan- 
gents drawn from tho centre of ft circle on which four foci lie., urn on tlio cintlo, 
and the corresponding points of contact of double langontu also Ho on a oit'olo. 
Proposed by S. Huberts, M.A. llcprint, Yob xir. p. 57. E. T. Hop lein her, I Midi. | 

A bicircular quartio is its own inverse with regard to any focal circle (NCmiliird , 
Nonvelles Annales, 1866). Tho bitnngont circles divide thoimmlvea into four 
systems, nil the circles of auy one system being out orthogonally by Urn ourro* 
spending focal circle. Through any point of the piano can ho drawn two hUnti* 
gent circles of each system. Tho two hitangont circles, thou, that can ho drawn 
through the centre of the focal circle of their system, are in fact ulmiglit linen 
touching the curve in two pairs of in verso points, which ooiiMoquenlty lie mt n 
circle. 

The corresponding theory in anitllngmatio surfaces is that tho centre of each 
one of the five principal, sphores is vertex of a, quadvie cone) ilouhly langont In 
the surface; the cmvo of contact boing tho intorHonlion of tltiH co.iiu with a 
sphere. These five cones noticed by Moufcard arc independently arrived at by 
Kmnmor ( Berlin . Mona t she r.) in Ilia easo of the gonoral qunrtia mirkum with a 
nodal conic. 


2924. [On a focal chord PSQ of a parabola nro taken p, q, mi nppoiulo nlilnt 
of .S', such that Sji . Sy=SP . SQ, and any parabola is described Umnigh «, «, 
nucl having its axis parallel to that of tho former: prove that Huh chord of 
intersection will pass through ,S'. Proposed by the llev. J. Wnhdwdioh.n. 
Pepnnt, \ol xn. pp. 62, 8. E. T. September, 18(H). | 

I consider the following more gonoral quantum : 

W “7 8l ‘ " “ l0 ‘ * IiM " 1,0 n «».ta l„ I, 

al . am sin 7iP , sinflQ m 


J JISS 0 ! r.2?r.;'7 <— ►'«*. «* -« ...... 

TU.I, lilt tnvoto,,, mi ll, '» » clrtlo ral Hit: nlli.-r, >l., l l„l,i 

’ mr 88 on tills reasoning, bo ft clrunlii t* cnblo, ,, '| 


'rpnry 
KlWllidU llilf 0. 



PROBLEMS AND SOLUTIONS. Gil 

{where P nnd Q are the asymptotes) is Independent of the position of the line B 
and may be called the distance of the point a from the conic. What now is the 
locus of a point equidistant from two given conies? 

Lot C,=0, D,-=0 bo tlio equations ol tho conies, mul lot a’O, denote tho 
resul of substituting the coordinates of tho point a b, the variable, to C., 
also let bo ho croular point, at infinity. Hum I fi„ 4 that tho distance 
(above defined) of tho pomt a from U 2 is 

(( tQ 

(nlyjrv^cv?^) ( 9 )> 

tli appoints ^ ^ Clotenniuant formei1 with tho coordinates of 

This being so, tho equation of the required loons is 
( h = T> 2 

'/{PCi ,ft\) s/(M) 3 ,j*j5 s j (3), 

Given one. 1 . 1 ” 1 iM " S “ “ 0O '"° ‘’“ Si ' ,e fl,wu « l ‘ ll “ i»t*««>tiona of the two 

How if wo aro using Cat-Man cooriinates, and if tho two conies „ similar 

" ‘ ,ny CMy 10 ““ lbnl l «»»s Of tho second order have 

ontnoly disappeared from tho equation (8); which indicates that tho lino at in. 

["tl f'r 1 °r , T1 '° ra “ 1 "** °< « 1= then their Unite chotd of 

is men V M ' p Y“ * ™° cnl Mi “' to Hw lino whatever 

.» met hy the radical am, in a, by C, in t, and by Zb, in r, lnual ^ 

al . animal' . am' ^ 

™rn^ ftPPlyUli V 0 th J fll !° Btion wo llftvo onl y to observe that parabofnj with 
tl 1G oquatbn m ' a 0th0tl0 ’ ° r Bimila1 ' RmT curves; and that 

fyi.Sq^SP.SQ 

indicates that tho foous is situated on their radical axis, 

™ A Th i° Zb™ ° f , th0 mdi0ftl Rxiii of two homothoHo oonios may of course bo 
1 roved for ellipses hy orthogonal projection from the circle, and then extended 
by llio dootnno of continuity to tho vest. ftca 

nt p m L FQ - if | ft ,? hOI ' (1 1 ° faC0ni0 ' ^Iy helmed to tho axis with the tangent 
comuaat th ° C01li ° in RS ' harmonic 

oxtremitv of tin i “ T !? 1 1° S ° n tho s{ira, ’ 8llt Iho joiuing Q to tho other 
bo drawn to a j T *' HflM0 show V Aversion th»t, if chords 
®,V '! , to a 01 /°' ,lftr c, . lbl ° ibrough tho point where tho asymptote outs tho 
ivo, the locus of thoiv middle points is a oircle through tho double point, 

IE, T, July, 18C7. • Reprint, Yol. xn. p. 91 ,] 

2900. Tho envoi opo of a sorios of surfaces of order n, such that two of them 
can bo drawn through an arbitrary point, is a surface of order 2 «, whose equa- 
Mon may bo written in the form w 

V(«Y)+V(/9P)+N/(y£)=o, 

wh ere X~ 0, T= 0, ^ = 0 are equations of any three surfaces of tho series, 

39-2 
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The envelope of a net of surfaces of order «, sn^* 
drawn through two arbitrary points, is a surface of 
referred to any four surfaces of tho net is of the 8 ft » l0 
quadric referred to four tangent planes. 






fU t,NV 


fo* 




*»x 


Si 

flS 


[E, T. September, 1809. Reprint, Vol. xii. p. 00 3 


2912. Let p, q be the foci, and P , Q tho asymptote** ft, C 

it subtends at a point «, and {vl} the chord it cuts off ^ jj, 

1. If a lino B is drawn through the point a meetin# ^ i v* 

fn ,i ft f .'- » . b* 1 ** n, 

al . am . Bin BP sin HQ = — -- - ,3 — 

2>a* 

2. If from a point b 011 the lino A tangents L, 2\I <1 »’i\W * 

in 3 /IP sin a A Q * {.f } a 


sin AL sin A M .bp,bq = 


sin* J 


(Here al means the distance between the points* 
angle between the lines B, P.) 


| !.• I 1 


3. Find analogous propositions for a curvo of anj* a 1 

sphere. 

[E. T . August, 1869; 4724, July, 1S70. Reprint, >5 

I'L T. November, 1809. Solutions given by the Ziov* *1* \\ r t 
Mr J. J, Walker, and Prof, Clifford remarks] 

Tho extensions for a plane are 
(ourvG of class n)..,al . am . am. .. sin BP . sin BQ.. . . 

__ (op. ag . m , ,..) 2 < )t ~ 1} nin 18 /iilf, $ 
pq‘ 3 . J * *1 ,, ‘ f 

(curve of order »i) ..sin AL . sin AM.,. bp , hq... 

_(sin/lP trn u . /■} 
sin^PQ. BinP J 3 Ji . niti u <£ 

where P, Q, R, ... are tbo asymptotes, and j) t q, r, ... tint roitt i* 
me ideas of the “distance” of a point from a lino or surfai'tt, 
oxtonded so as to givo tbo distance of two curves from 0110 mui tin 

802 ], Tho throe pairs of foci of a sphoro-conio ai - n 

is any point on the sphoro. 

Provo the formula) 

sin aa’ . sin bb' . sin cc'^ 8 

(sin aa') ^ + (sin + (sin cc 1 ) ~~ 9 O ..... . . , 

jfiin pa , din pa 1 ) 3 ^ (sin ph . sin pE) 3 _ fain jto . a in 
ahl ' aa ' ■" n\n*bb r ~ 'hU\» C o' 

[E. T, December, 1809. Reprint, Vol. xm, p, 00.] 
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2979. Two triads of points ale, apy being taken on a line, let tho two triads 
be called harmonic of one another when 

aa.bp.cy + ap. by . ca + ny . ba. . cp + ay . bp . cn + ap . ba . cy . + aa . by. cj3=0; 

tlion (1) tho envelope of a line cut harmonically by two oubics is of the third 
class. (The contravariant aH' 3 )-(2) this lino is also out harmonically by every 
pair of cubics through tho intersections of the first two, ( 3 ) The envelope of a 
lino cut harmonically by a given cubic and tho cubic made up by the polar lino 
and conic of a given point is the mixed concomitant Sl2 . (4) Two cubics 

having the same inflexions cut harmonically any lino whatever. 

[If. T. October, 18G9. Reprint, Vol, xm, p. 52.] 

3197. If tho epicycloid described by a point on tho circumference of a ohelo 
rolling on an equal fixed circle bo loaded with mattor proportional to its curva- 
ture at ovory point, the centre of gravity of tho whole will bo nt tho ocatro of tho 
fixed circle. 

[-E. T. August, 1870. Reprint, Vol. xiv. p. 98,] 

3282. It is known that tho circlos circumscribing tho triangles fonnod by 
four linos meet m a point, and that tho points so belonging to the five toira 
grams formed by fivo linos Ho in a circle. Provo that tho circles so belonging to 
tho six pentagrams formed by six lines moot in a point, and so on; the series of 
theorems being interminable. 

To ovory 2»+ 1 lines thero belongs in this way a circlo. If from any point p 
on this oirclo porpondioulars bo lot fall on tho straight lines, tlioir foot will all 
lio on a curve of order n, having a {u-l)-ple point at p. 

[E. T. Decombor, 1870. Roprint, Vol. xv. p. 47.] 

3885. If A ho tho singlo focus of a Homi-cubical parabola, thoro exists a 
straight lino BO, such that if two tangonts at right angles cut it in B, 0. tho 
finglo BAG is also a right angle. 1 

[E. T, October, 1872 ; 2G74, Juno, 1863. Reprint, Vol, xvm, p. 82.] 

8870. [Hhow that thoro aro 5184 positions in a cubic curve such that nt 
onoh of thorn ourves of tho 50th order nmy ho drawn having 90-point oontnot 
with tho cubic. Proposed by J. J, Sylvostor, F.H.S. Roprint, Vol. xix. n. 40 
April, 1878?] 1 

Tho gross numbor of points whoro a ourvo of order n can liavo Sa-point 
cmitaot with a ouhio is 9« a . Tho problom is in faot tlio same as that of tho 
divisions of tho poriods of an olliptio funotion by 8«, and as thoro aro two 
periods, thoro are 9n fl solutions, (Olobsoh, Anmndung Her Abelschcn Func - 
tionen in (ter Geometric, Crollo, lxii.) But in tho caso wlion n is a eomposito 
numbor, all tho ourvos whofio order is a division of n, and which havo complete 
oontnot with tho oubio, aro included in tho rosult. Thus each infloxional 
tangonfc, taken n times over, constitutes a ctuvo of order n haviug 8/i-poiut 
contact with tho oubic; and tho nino infioxional tangonts aro thus always 
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included in the 9n 5 solutions. To obtain tho number of pwper solatium!, then, 
we must subtract all these improper ones. When « = 30, tho result in 

9{30 2 -15 3 -10 2 -6 3 + 5 3 +3 3 -h2 9 -l 2 ]=9x57G==G18J. 

Hero it is to bo observed that the curves of order 5 nro twice subtrimU'd, 
with the curves of order 15 and 10; so that they Imva to l»o added In lignin, 
The same remark applies to the orders S and 2. Tlio curves of order t 
(inflexional tangents) having been thrico subtracted rind fchrioo added, nmiifc 
finally be subtracted again, 

4010, Prove that the line3 of curvature of a quadric miri'aco are pmjedrd 
from . an umbilic on a piano parallel to its tangent plane into a aeries of oim* 
focal Cartesian ovals. 

[A. T. March, 1873. Eoprint, Yol. xix, pp. 73, 4.] 

4031. Prove that tho forty urabilica of a cubio surfaco wliioh passes once, 
or of a quartic surface whioli passes twice, through tlio imagimu'y drdu at 
infinity, lie by fives upon sixteen straight lines. 

[E, T, April, 1873 ; 3308, January, 1871. Reprint, Vol. xix. p, 77.] 

2020, [Reprint, Yol. six. p, 81. Tho question and solution uro identical 
with those of 1379, p. 507 supra: hero tho Authorship of tho Quantum in 
ascribed to NTmporte.] 


4097. If about a prolate eonicoid of revolution tlioro be dunei Until au 
oet ahedi on so that its threo diagonals pass through a focus, chew that {hoy 
must bo at right angles to eacli othor, 

i E ‘ T - J«ne, 1873 ; 1415, August, 1803, Ileprint, Yol, xix, p, 100. | 

2022, [Reprint, Yol. xix. p. 108, This is 1378, of which boo Holution p. filRS 
supra.] 1 


4069, 1, Curves of order 2u + lpass n times through each oirmilur point 
and through n 3 +4u+l other fixed single points (or their equivalent in multiple 
points); shew that the envelope of fclioir asymptotes is a tricmiputl hypnnydni.l. 


2. Curves of order 2« + 2 pass n times through cadi circular point imd 
tluough it + 0ii+4 othor fixed points, and tlicir real asymptote.! mu at ib-lil 
angles; shew that tho envelope of their asymptotes is a l mumped liypucycb.id. 
[£. T. May, 1873. Reprint, Yol, xx, pp, (31) go 53,] 


Prof. Wolstenholme’s remark in his solution of this question given mi ..'ll 

ittV T “* Jl r ri ’“' “ t,w tot P-l «t iuila UrnTu. ZIZ" 

lifts led me to examine tlio whole with Hm 1ml n ij™ < ■» - n 1 



1# I will first stfttft tho Grounds mi uriiiAii t * * ,, 

theorems were true. It is required to find ih y 00,1 ‘ ,lH{i,}l1 Wml Ummii 

a pencil of curves which if of o\l oi do, w! ° ^ ° I)0 .°' ttl ° ‘WMo« «f 
odd older have one real point at infinity bedd* .. 
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the circular points, if of even order two which aro at right angles or harmonic 
of tho circular points. The intersections with tho line infinity at the circular 
points aro due to multiplicity of those points, not to contact with tlic lino 
infinity. 

Now, first,, the tine infinity is a tangent to this envelope ateachof the circular 
points and m otherwhere . For tho lino infinity can only become an asymptoto 
by the variable one point or one of tho variable two points at infinity coming to 
coincide with one of the circular points. In tho seaond case the variable two 
points being harmonic of the circular points, if one of them eoinotdo with a 
circular point, tlio other mnsfc ooineidc with it. In both cases, then, thcro are 
two curves of tho pencil which liava tho lino infinity for asymptote ; and it is 
clonv that the intersection of tho lino infinity with the next consecutive asymp- 
tote {i.o. its point of contact with tho envelope) is the circular point at which 
it is an asymptoto. 

Next, from any point at infinity not a circular point, one tangent distinct 
from the lino infinity can bo drawn to the envelope. For tkero is one curvo 
of the pencil that passes through this point. 

I/, then, the line infinity is an ordinary tangent at each of the. circular points, 
wo see that from any point at infiuity threo tangents may bo drawn to tho 
envelope; viz., tlio lino infinity counting twice, and ono other, Tho envelope 
therefore is of tho third class, having tho lino infinity for double tangent whoso 
points of contact aro tho circular points; that is to say, a hypocycloid of three 
branches. 

In fact, tlio tangonliftl equation of tho curve may ho at once written down. 
Let i—0, j— 0 bo the equations to tlio circular points, k~Q that to some other 
point; then tho equation is ifh-Y[i, j) 3 =0, It is, in fact, of tho Biuno form as 
tho equation of a cubic curvo having a node at tlio origin to which tho axes aro 
tangonts. If for h wo writo fc+Xi+jq;, it is clear that by proper choice of X, y. 
wo can got rid of tho two middle terms of (i, j) :t ; tho equation then becomes 
ijh + af 1 -p /3j 3 = 0, which is tlio saino as p=«cos80, whom p is tho distanoo of 
a tangont from tlio origin k—0, and 0 tho angle it malms with a fixed lino, 
(Salmon, Higher Plane. Curves, p, 271, Ex. 6.) 

This result is true if the line infinity is an ordinary tangent at each of the 
circular points. Now this holds good in tho first case of tlio quostion ; for in 
this tho ono variable point at infinity is mado to movo up to a multiplo point, 
and so only ono branch acquires an ordinary contact ; in virtue of this, thou, 
tho lino infinity counts only onco as an asymptoto for each circular point. It 
also holds good in tho already well-known oaso of ottrvos of tho second ordor, 
i.o, in tho second case of tho question when n~0. For in this only tlio two 
vaviablo points at infinity coincide at a circular point, making again an ordinary 
eontaot. 

But in tlio scoond case of the quostion, when n is not zoro, something 
different happens. Horo the two variable points at infinity simultaneously 
approaoh a circular point which is already multiplo* on tlio curvo ; they 
approach it on tho same branch, and produce a point of inflexion on that 
branch, In respect of each oiroulav point, thoreforo, the lino infinity conn is 
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for two asymptotes ; the envelope is mi sod to the fijth chins, mid has the line 
infinity for iujlexional tangent at each circular point, 

2. This synthetic discussion shall now ho confirmed by analysis. In the 
first case, tho equation of a curve of tho pencil iB 

(x + Xy) (* 3 + r 1 )’* + * ( x > V? • (* 2 + ?/T _1 + * • • = °» 

and its real asymptoto is 

(iB+Xy) (I + X 3 ) + * (X, 1$X, - 1) 3 = 0, 

whose envelope is of tho third olass, touched by 1c ~ 0 (tho lino infinity) 
for the two valuos X =• ± ( - 1)^ ; whence ns hoforo, 

In the second case, it is convenient to write tho equation of tho variable 
curve iu tho form 

| -C 3 + ^X ~ xy ~ y '~ | . (as a +yT+^-^i ?/^ :i • -I- -•-<), 

Tho two real asymptotes are 

(»-f) (1 + X 3 ) 3 +k (x-i, 1X1, x) 8 =»o, 

(* + Xy) (l + xy + x/.-^\ - ™ , ijx, ~ i y =o. 

These have the same envelope, as quo equation is got from tlio other hy 
writing -X _l forX, The envolopo is of tho fifth class, touched hy k- (I twice 

for each of tho values X=±{-1)^. Tho lino infinity is thoroforo a double 
tangent with united contacts (i. e, nn inflexional tangont, just n« a cusp is 
a double point with united brandies) at each of tho circular points. 

3. It remains to investigate tho nature of a curve of tho fifth class having 

tlio lino infinity for inflexional tangent at onoli of Lho circular points. Thin 
singularity being equivalent to two inflexions and four double tangent a, HUoUn’ii 
equations at onco toll us that the curve is of tlio sixth order and has five ounpii 
and five nodes. Its tangential equation may bo at onco written down, being 
of tlio same form ns that of a qnintio curve having a quadruple point at the 
origin, two of whoso brnnolios coincide with each of lho axon ; namely, it in 
i-j-k+ (i,j) 6 =0, where i— 0, 0 aro the circular points, and h ■ ■■■■■ 0 in some oilier 

point, As before, wo may suppose k to havo boon so solcolod as to got lid of the 
two middle terms of (i, j) & . Now a particular oaso of tho equation In 

i 2 fk+ ai s +/3/=0, or p « a cos SO, 

whiob represents tho hypooyolokl [Fig. 123] described by a point on ft rolling 
circle whoso radius is two-fifths of tho radius of tlio fixed oirolo. 

Tho gen oral equation may be transformed into 

P — a cos SO -f- h cos 3d + c sin SO, 

or, if wo write 

ft « 2a cob SO, pz=2b oos30-|- 2c sin 30, 

+ft. 


tho equation is 
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Nusv ;i,j unit j«, mn Um di'dann"! fmm tho nvii'in nf immllid liuij'tmtn to n 
Hhum’Ii >|ii"l mi*l u H'Miit Hvo Ityi'imyiiltiiil rt'iijiiMit i vi'ly ; wholieo \vn 

|i;U ti (Iml the nitre hi ijtie h hut in the r« iv/ii^f (if* it tilie initlwtuj hetm'i'il 
jiituilfel tiUI>l< uti In tic<i tttieh hi))ine f/eiiiiihi, 

Thi' ■’ l»v !»*•►•% t* *i '! i Ini'- •*!()> In tut iinin’iiiili it* ; and (Itcir rrlutivo ulzo mid 
hi ii'iil ill 1 < hi m<> itm tv, n Siiilnldii > ]< nnnt" In thn ni|nalinii nf mu' oinyn, Tint 
nii tlm I nf •l«-in’i l\‘ii>m l..v l »'i|’i lit' 1 , tinwmi’r, ttivni tot liimii'iliutidv a divicrijiliim 

I iv jmliil i, * Im n ll I'i fli nt that lli*' [mint iif inathtH id tint variuhln taiit'ent, 

I I i limit ti llin Inn- j*>tiiiit|? Hi*' |'i ’i nl ii nf rmiluvl iif | lii* ivvn luiii'i-iitn tn which i l in 
|*innll*'l and inl>'Hin dtii|i?. In tlii-i Way It In mmv tn ilitiw l*ai|{hly a futv l,V|iii*itl 
fuiui", 


I, A liy i'i" 1 v idnld in wlii' li tin' ra lii nf tint inlllii;! ami list'd oil'i'h'il Ilia lit 
iiin't In i mi U t>* ''n ! I la U I'llltn id ntdnl' ".III | idilH!i ‘.hi I I, wllh !)// I l 

fti.jrr, {/■ I) fut I) and hit (« | 1| jmluliu I'nnlanl with lint linn 

liiliiiil t at > ndi * tin nlitf j itlnt, It' t iini>'iitltil i i|itali*ni in 

r/'h t in :,u) t 

HI, whirl) jo ill'* r ltli*' thill,'!, Ji ll i-n'* j'-h) | I )<>, 

Tn llil’i i>iui[d* i,t i Iumi id' ii'idi lli >>, all wlinr ** laiiCfiillnl idiij'iilnlitii'u nr** at 
intiniit, it 1 1 at v 1 1 ii |‘MHiii-:. ili|*< l • > [dt i* lli" tunin' "lilni'si,” Tliila an ni'dinuvy 
1 1 1 1 1 > ; j . in ,i Mild i,i ; ii, liu* rmn- in lit!. [I’,!!i| in a tin* mj'i'd alar, and no 

ell, AW imiv lit. it" lli" f.dln.iiiij; )iii<]"i'>i|iii|i ; 

l.viiv nnii' *-f i Iiimi Vn I 1. v, )d'di hit" (a l 1) |">inliu mutual with lint lino 
Inin, it-, nt i i, ti i ii> id ii [ 'lint. I t th" *'M\* I"|>" id a lin*i whiidl i" tho Itu-ait tif tint 
I'ltiiilh I Inti:', n!:; i-t n i -■ , > n 1 1 ntijii id'll" id all mid tiji In ',!n ! I. 


Jtiilindl, if a f- jii:it i"H Ja I "i”/, i {l, 

iiji-.i j Jttt t in {id | | iij,, ; ! rmt i’.tn I l)fl, 


fl.ml v. Id- It (Jin |*|..|H. iti-ni In I'hvi'iM Tint IMIlVtl haa til" MUIItl UMUlhltf 
id' ti*'d* n and * fj" an a slat id i l.m < '.'a i I ; util.v liny lin'd not, an in tint twin 
id tin* '-lot, I** nit la. ili 

J ii, in in f i,tii'i'i'4'i!t, lii nt, thal lli" i'l'ilit r'jnatimi nf ntm I’tU'Vi! of thn 
lilt It I'lrn t*i 

J'|,i»f. t'l.h. v i it/, X »’(/, I'./'OA, fiY' d'l 


ntiiidi in Y-n.iUl mil ii» ft Hiilnmn'a Jh ntur and Kotwihlly, Hint tho 

,,f [In> !i|ti,:.-nlivii I H'l.ili'-n i*i t antb’ I'uh'illuh ,1 and I'lniwa tha onttl'iilul 

In 1 * • niiiimot I nifi iit* i*f a Ihm*, mat it llw' tayi 'l tditf- 

|.J (15 ,* j., Jt,„ J dill lli n fiit'id'ir I’lti'iu, and ti utvaiithl lino otilu lint 

I lit 1*1 in hi l'i j"iu t It. t’l\ t'l , itnd mi tlm Iwu latter lio*"' *<, /I, no 
Ihn! ti.il Mi.tr, Ihv.. I'li.vi' llml Ain lid i '/I ant jwjtuilly illfllmd lo tho 

lnnj;«Oit« Hi > • 

ji;, i\ inV;i ; ynl'/, Jnnititry, lmUh lU'i'tint, Vul, xx. j’. hH.l 


* tv A.-, vtiint i:dui"i> 1 
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4101). Three ternary quadrics V, V, IF, break up into linear factors 1,1'; 
2, 2' ; 3, 3' respectively. Prove that 

O [U, V, W) ~ 323 . l'2'3'-h 1/28 , 12'3' + 12'3 . 1'23'-|-123' . 1'2\% 

whore □ { U , V, IV) is the coefficient of \fiv in the discriminant of ^iF |- v]V, 
and 123 means the determinant formed with the coefficients of llio linear factors 
1, 2, 3. Itequired developments and interpretations, 

[E. T. October, 1873; 1907, February, I860. Reprint, Vol. xxi. p. 38.] 


4041. If a circular' cubic with ft double point 0 bo cut by a circle in four 
points A, B, C, D ; and if OA, OB, OG , 01) cut the oirole again in 1C, 1<\ U f U ; 
shew that any pair of straight lines joining these four points will bo equally 
inclined to the bisectors of the angles between the tangents at O, 

[E. T, April, 1875, Reprint, Vol, xxin, p, 59,] 

■4096. Six circles pass through twelve points on a coiiio in tbo following 
order, 1 

(«) ( 5 ) ( c ) O yO.fi S C\, 

(d) AyA^Ci (c) Bj&fiiA# (/) C" 1 C' 2 /l 3 ;/,,j 

in-ove that two circles and another point may bo taken arbitrarily, and that 
tbo circles ale meet the circles def in six new points which lie on (ho oimini- 
ference of another circle. 

. P" T ‘ Juno * 187o; 2281, Novora bcr, Solution of tlio jlr.it part given 

m eprmt, Vol. xxiv. pp. 42, 48. The solver called in question llio truth of the 
second part, but, on seeing the following solution on pp. 76, 77, admitted Urn 
correctness of this 1 beautiful * theorem,] 

Tlin« circles taken together conetituto „ soxtio lla8 , illfi 

Innot «Tn , J dm ; tor 1 ’ oi '“ s No » *>» *«tio I'lMtw 

1 rough all tiro twelve pomts of intersection of the sexlio of™ will, tl.o cm,,. 

" f! IniL ; v Cil : ’ ^ e,lce i Ty a well-known theorem, tlioro liiiiet ho on 

identical equation of the form 

fj. , def=\ , abc -f -q.lt, 

? ia fi qmrii ° ft5ncu ° ,iof 

— q . fc=\ , ahc-n. def, 



has therefore trvo triple points on tho'r C "°r'“n ®“ l >' rt “ »'"'™ 'I 

that line. The rest of it is a ..v, i, ° '"* ra y ’, ll U'otofora ennlam 

*%£ ST T , !i ™ 

conic passing once through each circuit v . ■ T ^ wmmintlcir ia n 
this circle «, we reduce our equation to the form “ ^ a ° irel °' 

... , s.h.co 

‘ h “‘ ““ * *-«*- of with ,Uf lio „ 
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11,1 ‘►iMNimnl that llut proof liohln pond if wo mibHtUulo for tlm ootiio 
liolution ii ommlnr miliin or a Muinmlar ipmrtio. From tho lnttor 
>■" «M«y oiltiiiii u Imimfonncil llmorimi of noma intercut. Invent tlio 
to in o'l'iml to a point not m it.ii piano; tlio bioirniihu* qimvtio 
m-ction of a itplim i- by an arhilmry ipimlrio mirfaco, anil every drolo 
nri'tiim of llm upheld by a piano. In thin form wo may aulinlitiilo 
irio any ipiaili In mnfuen, atnl tint triM itifon aiml tlicorom nitty thou 1)0 
proved an fol Iowa : 

i/nrifii /in aa IhrmnjU /iiv/iv /nifw/n on a ijmitlri quadric, curve. in I ho order 
W, lli>‘ mi. i* linen ii j inln'iieclitiii no, af, Itf, Ini, ml, on will n iccl every 
•Jtti'e {Hi .mi nil (hmtiilt llii' rtiri'v ru el.e pninln whieh Hi 1 in cine phi hi 1 , 

I Im olnim Vi'il that llieno nix liniin ulmuly nmiit thn ipmiliiipnulrio 
«t nix pninln ,I J( , lh |, /!.,, (•*,,, Lot h, it I’ a In.) two tjumlrio iinrfnflOH 
roiiidi tlio omviv} llion (ho miliin mirfaco uho panned lliroiij(li nil tlio 
1'i‘i'i'lioim of Ilto miliin ilef ami the ipmDiten /» a , /‘ a . Wo iitiml Ihnroforo 
Milleal i’i | im tim i of Dm fin in 

X . <t he n , it >; l' pv | 

it n mil mmiorleal mtitin, whiln it ami a urn ospreuidonfi of tlio that 
n I’liniiti nnleit, WiilliiK Dil i iilonUly in Din funn 
rAg \ , ulw ■ ■ fi. , ilef ■ ii A y) 

t tin' nlno Unii't nf iiiloi'iioi’linii of nfm mnl ilef innat muni tlio qundrin 
n tint i|iiaililo A.j (i.e, on llm ninuliinitailiii! ourvo) or mi thn pluno -a. 
of llirii o, ml, he, <?/ iiuvl tlio ourvo In two pninln oimli, ami tlio mil, 

•n/. n/, or in point t’Uolt ; i'omii’i|iiinitly tlienn lnttor mimt intuit Cm 

on Dm pinin' c. 

limit noli. m of tlio jlpmo ilc|imiitn firnt on Hint of thn hnxa((im 
\t‘ v In llm run n of llm plmm emtio thn opposite iiitlcn of thin 

m piioillol, mnl llm j nihility of Din nimiilinotiini in aiismrml l>y 

moinin. Wlmn llm Itoxapon han lmon drawn, it in cany to inaltn a 
olnri p,v i. Dirmiijh tlm omlo nr two nppnnltn allien amt Inluninnl on tlio 
tlil'i way 1 haw? ilmwn llm lljpim an eim-fnlly mi 1 nun, mnl It ittimim 
iphl. In Dm nun! of tin* ipmtliii|Miuliin oiii vii, each pair of opponito 

0 h Dint n ijiui'liin hiii lio'ii min im Drawn llironnli tliein lo contain 
In Dm Hint iimlmnv Huy me pivm uh two ulmnln which an) both 

> aiMim lliii'il olonD ; tliliii tlm Ihmn Dj.f,, tl a t liro holll Jiiot by 
ml.lmii, In ilt it w a ntiiiv.Dil linn nmnlliirt two ulven nlriiijthl Hmw anil 
iiuliln on vn iwli'i', mlinilit in jp nt'inl of eiphl nolutionii 5 lint in tlio 
Dm (wo pin t) lim n m i< nlim.ln of llm curve, Dm four lintut joining 
M I.r inl. inii Him mnuil for two nolutionn tacli, and if them in tmo 
||, .11, Dmio in n nf. In. an Inlinitu jmiulmv? l.o. tlio two linen ami tlio 

1 li,» mi tlm mi 1 no 1 iptitDi in I.nifitn’. Tim prinjiiliilily of Dm iimrt i|ilioii 

xv Im i.’ ii]ip.t!:|l'< Mi.lmi j llli i |no|U'Hy may ho nlmwn by a 

mlmmmt !•> Hut m-.nl for Dm plain? tamin [pp. 42, 4 II]. Tha r|iimlrl- 
a tnn v<< of iMi. i. iny oun, ami tlu'ivfoio Hut immiliiialea of any point 
' 1,1. IVM ell ip I in funrlioioi uf ft pnvniiUilrr ; thin may bn m 

Dm mt in of tlm p/iriimt’lffHof four iminta in ona pliino nlmll bo con- 
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gruont to zero (Olebsch “On tlio appliofttion of Abel’s functions to Geometry,” 
Grellc's Journal), Using the letters A v A 2> fee., to represent these parameters, 
we shfill have 

Ai+A 3 +A a + A t s 0 (mod. w, wlioro w, w' nro tho periods), 

A j + A$ + 22 3 + C' 4 — 0 1 

ami therefore, /i 3 + A 4 = S 3 +£4 (mod. «, w'), as the condition to bo satisfied by 
two opposito sides of tho hexagon. Now, if this condition is Bfttisileil by two 
paiis of opposito sides, it will bo satisfied by tho third pair ; for tho oongiucuco 
B 4 +2? 3 S<7 3 + d 4 follows from tho oongmonecs 

A r l-A a ~B a + O v C ( 4 + C ' 3 5 J 3 +i? 4 . 

Tho thoorem states that, when such a hexagon lias boon oonstruoted, lines 
may be drawn through its vortices wliioh shall moot every quadric snifiuw 
passing through tho curve in six points on 0110 piano. As the surf (ten varies, 
this plane passes through a fixed line; lor 

uh a + vlc s = u (h a + ph a ) + (« - pit) fc a . 

Lastly, I observo that not every show hoxagon can hnvo a qiwdriqumlrin 
curve drawn through it so that oaoh pair of opposito sidos shall ho ('oner 11 turn 
of tho same quadric passing through tho curve. Let tho hexagon A 
be given; through tho lines /t 4 d a , 21 ., ( 2 , and tho points J.i,(7 a , a niugly iulhiito 
number of quadrics can bo drawn, wliioh will intorsoct in a quadriqunilric 
ourvo ; and ono condition is necessary in ordor that tho chorda A t ti v may 
possess tho required property, or, which is tho samo thing, that the tlireo 
curves which wo may tiion got from tho three pairs, of opposito nidus may lm 
identical. The hexagon thoreforo possesses a geometrical property which can 
doubtless bo oxpressod in terms of its diagonal linos or planoa ; this oxproii- 
sion, howovor, I havo not ns yet boon ablo to find. 


4972. Let A 1 d 8 /i 3 /l 4 and 1 bo any oight langontB of a conic, mid 
let a oubio pass through all tho intersootions of A * s with /fa exempting A ,11, , 
A 2 tt 2 , A a li a , A 4 2j 4 . Tiion (1) thoro is a singly infinite number of mmh onto* 
grams inscribed in tho oubio and circumscribed to tho conic 5 ( 11 ) tho groiijiu of 
eight tangents form an involution of tho eighth ordor; ( 8 ) tho quadriliiturnbi 
and -B|&jB a 2? 4 arc totally inscribed in a second fixed cubic; {•!) tho 
points A 1 B 1 , A 2 l! 2 , A 3 21 3 , A i B i nro on a fixed straight lino. 

[23. 1\ May, 1870. Boprint, Vol, xxv. p. 70.] 


4996. If tlio sorios 


1 r j: f +<«>. 1=2. }=•? 

1 -r 1 -r 1 -r* 1 -r 1 -r 3 

bo eftllod <j> (a, x) j then prove that 

0 ( 1 ) «■) • 0 («, a 1 ) = 0 ( 1 , ax), 
[23, T, Juno, 1870. Boprint, Vol. xxvi. p. 18.] 


1 - r ,J 
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5304. Provo that tho negative pedal of an ellipse, in regard to the coiitrc, 
has six cusps and four nodes; find their positions, and the length of the arc 
external to tho ellipso between two real cusps; and account fully for the ap- 
parent reduction of the curve to a circlo and two parabolas respectively, in 

special eases. 

[25. T. June, 1877. Reprint, Vol. xxix. p. 47.] 


4871. Let 17, V he any two cubic functions of x \ show that a qvmntio 
function f(x) may always he found, suoh that, by tho substitution y- • » 

tho elliptic differential <7a> : U»l 4 will bo transformed into Uihj : {<t>{y)\ > 
whore <•/> ( »/) is a ipiartio function of y, and M a constant. 

[75. T . January, 1870. Reproposod as 0175, October, 1880. Solved, Re- 
print, Vol. xxxv. (in progress). 25. T, January, 1881.] 


8080. It is known that if four linos bo given, tho circles circumscribing 

the four triangles so formed meet in n point} and that if Thoo° 

five points so belonging to their five totragramfl lie on a circle, (Miquol 
rein; see Diary for 1801, p. 55 [vm. supra, pp. 88-54]). 

Bhow that this series of propositions is interminable ; so that if 2» lines bci 
given, they determine S» oirolos whioh meet in a point; and if 2» + 1 hues 3 
givon, they dotormino in this manner ‘fn +1 points which lie on a cirolo. 

[75. T. February, 1873; 5428, Octobor, 1877; 0441, September, 1880. Solved, 
Reprint, Vol. xxxtv. p. 80, 75. T. November, 1880; of. 8232, p. 013.] 


502fi. Tho ci roles doubly normal to a bicircular ^lartic arrange thomselvos 
in four systems, each system cutting orthogonally a prinoipal circle ; fmd Uo 
onvolopo of all tho binomial circles of one system. 

[75. r. May, 1878. Proposed November, 18G9, as 3000 ; July, 1873, as 4123. 
Roprint, Vol. xxxn. p. 17.] 

4L18. Three elastic strings without weight, whoso natural lengths arc OA, 
OH, OO, are joined toBothor »t O, Un. centre oi tho eimum*crU>.,, 8 oirolo or tho 
Uorlxontal trittiiRlo d/iC'j and .. smooth sphere of «.von "jf 
,,11,00(1 With it« contro vertically utovo 0, nod allowed to descend until the ceiilio 
iohIh at O. Find the moduli of elasticity in tho three strings. 

[K. r. A, most, 18711. Boprlnt, Vol. xxxni. l>. 18. OrigtanUy proposed us 
1459, Dcoombcr, 1803.] 

1438. [Provo the following reciprocal casos of involution 

Tl.o ll.roo sides of every trial, file, ai.-l every three oonoorrent line, tluongl. 
It. three vortices, interned every axis in six potato in uivelntion. 

The throe vertieo. oi every triangle, and every three collinoor points on 
it. three sides, Buldond overy vortex in Bix rays in involution. 

t The six perpendiculars on tho six linos from any point in the former 
case dotormino nt Urn point > pencil oi six rsys in involution. 
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b\ The six perpendiculars from the six points upon any lino in the latter 
oase determine on the lino a Bystem of Bix points in involution. Proposed by 
W. J. C. Miller, B.A. Reprint, Yol. xxxm, pp. 60, 61.] 

Six points are in involution when tlio anharmonio ratio of any four is o<pml 
to that of their four conjugates. 

a. Let then ABC be the triangle [Fig. 12*1], D the point of concourso; and 
let a straight lino meet the sides and corresponding lines in a, b, c, a, ft, y 
respeotively ; then 

[a&cy] = [A . DC By) = {A , DCFy) = [B . DCFy) = [Qacy ] = [w/Jyc], * 
wliieh proves the proposition. 

a’. Let now ABF bo the triangle, C, B, F the collinear points, and take any 
point 0 ; then wo have 

{ 0 . ABDE } = {B.A ODE) = {B . F0DC} = \0 . FJWC) = [0 . OBItF), 
which proves the eocond oase, 

b. Tho lino at infinity is cut in involution, by prop. a\ honoo, lines pnrnl* 
lei to the givon six through any point will form a pencil in involution ; turn 
this pencil through a right angle, and it coincides with tho porpondioiilnrfl. 

V. Any point at infinity is subtoudod in involution, by a'} whence the 
theorem immediately follows, " 


[ ] Auctorts, 
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1724. The equations of three conics being given in the forms : 

«,.r 2 + + c,z 2 + <7po a = 0, 

<’■£<? + So?/ 2 + CoS 4 2 * * * + rf 2 w 9 = 0, 
fl 3 !5 2 + & 3 y a + e 3 « 2 -f- c/ 3 w'- — 0, 

whore .r + y+/+?e eO, shew that a straight line 

(£* +• ?/?/ + £"Z + wio = 0) 

will bo cut in involution by them, if 


2. 


51 c, (?! 

5 2 ^2 ^2 

h. Ci (L 


"3 1 3 

[E. T. May, 18G5.] 


■ (£ - v) (£ - S') (£ - w) (to four terms) = 0. 


1748. Let X, P, Z, V , V=0 bo tho Cartesian equations, and r lt r s , r a , r 4 , ?•„, 
tho radii, of five spheres, cutting each other orthogonally ; thon identically 


X s , r 2 Z 2 

*■* .. r* a ^ 


[2?. T. Juno, 18C5.j 


?7 3 F a 11 1 i 1 

7 + 7=°' ?***? + ? + &•*■ 


1918. It is known that tho conio of five pointic contact at any point A of a 
cubic moots the curve again in a point 0, constructed by joining tho point A to 
its second tangential; let this point ho called tho conic tangential of A. Thon 
the conio tnugential of B will bo the second conic tangential of A, and so on, 
Shew how, having given the conic tangeutial of auy order, and also tho lino 
tangential of any order, we can construct for tho original point A by the ruler 
alone. 


[0. T. March, 1860. Itcproposecl ns 4299, January, 1874.] 

1929. 1. If 12 34 bo four conoyclio foci of an anallagmatio (bi-circular) 
quartic curve, on a plane or on a sphere, and P any point of tho curve ; the are 
at P ia equally inclined to tho circles P12, P34, 

2. Tho bitnugent circles oi an anallagmatio are arranged in four systems 
orthotomio respectively of tho four focal circles. Two bitangonts of tho same 
system can be drawn to ent orthogonally a given oirolq A. Tho four points of 
contact of these lie on a circle B l ( polar circle of A in that system). Thera 
aro polar circles 0 2 , 0 9 , in the other three systoms, and tho circles A B 
B 2l B 3 , B. l hftvo a common radical axis. 1 “ 


3 The two bitangonts of the . same system through any given point are 
eqim y inclined to each of the two confocal anallagmatics which pass through 

r.nnf. nmnf. x “ 


4. Tho bitaugont spheres of an anallagmatio quartic surface aro arranged in 

five systems, orthotomio respectively of tlio five fooal spheres. An infinito 

number of bitangents of the Bamo system can bo drawn to out orthogonally 

a given sphere A ; these envolopo a cyelide, whoso ourvo of contact with the 

anallagmatio surface lies on a sphere B, polar sphoro of A in that system. The 

five polar spheres of A have with A a common radical plane. 
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5. Tho live tiui gout oychdos to an aunllagniatio from any point havo their 
fooal spheres touohod by tho tlireo confoeal ftnnllagmatioa through that point. 

0. A tangent cyoiklo from any fooua is a Toro, 

Dkf, A cyolidc is tho onvolopo of a splioro touching three fixed spheres. 
WJion tho oontroH of tho throo llxctl spheres aro in ono straight lino, tho oyolide 
becomes a tore, or anohor-ring. 

[Id. T, April, 1800. Koproponed as 4840, March, 1874.] 

2220. 1. J. ho distances (r, s, t) of a variable point on one focal ourvo of an 
anallagmatio qnartio surfaeo from any throe fixed points on another focal curve 
of tho Hfttno surfaeo, aro connected by a rotation of llio form jus -H ii=0 
(Ac. a relation of tho samo form as that whioli connects tho distancca of a variable 
point on a oirolo from tlnco fixed points on tho oirolo), 

2. Tho distances of a variablo point on an aimllagmatto qnartio surfaeo 
from four fixed fooi of tho surfaeo aro conncotod by a rolation of tho samo form 
an that which ommcols tho distances of a variablo point on a sphoro from four 
ilxod points on tho ephoro. 

8. Tho four points in whioli an anallagiuatio qnartio onrvo is out by any 
oirolo may bo taken as the fooi of an anallnginntio qnartio onrvo which passes 
through any four oonoyolio fool of tho original ourvo. (This is true on a piano 
or on a Mplioro.) 

-1. Tho ourvo in which any anallagmatio qnartio surfaeo is cut by any 
sphoro may ho takon as tho focal ourvo of an anallagmatio qnartio surface whioli 
pusses through any ono fooal ourvo of tho original surfnao, 

5. It is required to llnd tho property of anallagmatio qunrtia ourves 
which correspond h to tho proporty of oonioH, ST, UP -GIT, 

8. If two anallagmatio qnartio ouvvos or surfaces, A and 71, aro such that a 
oonfooul to A can bo inscribed or sublnsoribed to B : tlion also a confoeal to 13 
onn lio insorihod or mibinsoribcd to A. 

Ihw. Ono aimllagmutio ourvo is inscribed to nnothor when it touches it in 
four points on a oirolo. Ono surface is insorihod to anothor when it tonohos It 
nil along its ourvo of Jnlorsnotion with a sphoro. Ono surfaeo is aubinseribed to 
nnothor when it touches it in four points on a oirolo. 

[Id. T, ftoplombor, 1800. Koproposod ns 4701, August, 1878.] 

2510. If a oonio bo inverted into a circular oubio with a doublo point, tho 
fool and diroolricou of tho oonio will invert into fooi and directing oirolcs of 
tho oubio, 

[Id. T. Ootobor, 1807. ltoproposod as 4007, May, 1878.] 

2B/5R. If tho intersections of two oiroloa A-0, B =a0 aro conconlrio with tlio 
nntifooi of tho intorHOotloiis of 0—0, l>—0, then vice vmd; and if this pro- 
porty hold for tho pairs /(If, Cl), and also for tho pairs AG, DB, ifc will hold for 
tho palm AD, 01t, 

[Id, "J\ Maroh, 1809. Koproposod as 4G18, Oolobor, 1874 j 6391, July, 1878.] 
GLI*\ 40 
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3255. Two planes A, B, are said to have an (®, y) correspondence, when to 
ovevy point on tlie plane A correspond y points on the piano B, and to every 
point on B correspond x points on A . 

On each plane there is in general a locus of points, two of whose corres- 
pondents coincide : this is called the cross-curve (Ucbergangsourbe, Olohsoli in 
Math. Annalen). 

On each piano tbore is also a locus of those united correspondents ; this is 
oalled the n ode-curve, . 

1. If a curve touch the cross-curve in either plane, the corresponding ourvo 
in the other plane will have a node lying on the node-curve in that piano. 

2. The correspondence may bo represented as a (1, 1) corrospoudonco of 
two multiple planes A\ B ' ; A' consisting of y sheets, and B 1 of as shoots, which 
aro connected togethor aloug tho cross-curves. 

3. In a (1, y) correspondence, in which to two straight linos in tho piano A 
correspond curves of deficiency p in tho piano B, tho order of tho cross-curves in 
A is =2(i/+p-l). 

[. E . T. November, 1870.] 

3308. Provo that tho dO umbilici of an anallugmntio surface lio by fives on 
16 straight lines. 

[E. T, January, 1871. Keproposed as 5274, May, 1877 : of. however 4034, 
p. 614.] 


8961, In a polyhedron having n summits and only triangular facos (A-faood 
m-aeron, Cayley), let ovoiy piano which contains threo summits, but is not 
a face, be called a diagonal piano; and let every piano which contains two 
summits, but is not an edgo, be called a diagonal lino : then ((c) thoro is a surface 
of class «-4 touching all tlie diagonal pianos, (b) this surfaoo contains nil tho 
diagonal linos; (c) tho conditions of passing through tho diagonal lines and 
toucliing tho diagonal planes are just sufficient to dotormiuo fcho surfaoo and no 
more, and (ft) when tho surface touches tho piano at infinity, tho volume of tho 
polyhedron is zero. 

[E. T. January, 1873. Keproposed as 5210, Merab, 1877. CJf, xvin. supra, 
pp. 168—176.] 


4819. A spherical curve of class n has in general a 3 foci. lust n foci such 
that no two are on a lino touching the absolute bo called a set, and denoted by 


(IT Bin n 


II 


p, q, r, ... If * he any point of tho sphere, tho quantity 
same for all sets. 

[E. T. November, 1876. Boproposed as 0890, Novombor, 1881.] 


in tho 


4843. If, in regard to' a system of n quadric surfaces, tho two systems of « 
polar planes in regard to any two points of space ai’G projective to ono another, 
either the quadrics have a common Jacobian or each of thorn is a doubled 
plane. 

[E. T, December, 1876, HepropoBed as 5825, December, 1878.] 
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4807. Lot U, V~0 bo tho point-equations, and it, y;=0 tho lino- equations 
of tho same two conics. If a tangent to U and a tangent to V aro conjugate in 
rospoot of ?(J:Xv=0, they will intevRoot on U - X s F = 0, This last conic passes 
tlivougli tho points of contact of tho conics uds\v = 0 with tho common tangents 
of u and y, 

[l'>> T, February, 1870.] 

402fi. Lot U, V, W— 1 bo tho point-equations, and u, v, w=0 the plano- 
oquations of throo quadrics inscribed in tho same dovolopablo, and lot n -|- v -I- w 
lio identically xoro. 'l’hon, if a tangoiit piano to U, a tangent piano to V, and 
a tangont piano to IV, aro mutually oonjugato in rospeofc of 

an -1- 6y-!-oiy=0, 

they will intorsook on 

V V_ W 
{(, - oj 3 ’ 

which pauses through the curves of contact of the dovolopablo with ai(-|-ftu-|-cto 
and ono other quadrio, 

[/i. T, March, 1870.] 

'1 800. IVovo that ovory matrix of tho second order may bo expressed in the 
form whore 1 is tho matrix unity, and J a matrix mush that J*— - 1. 

Hence find an expression for any powor of such a matrix. (Sco Cayloy on 
Matrices, Phil, Trans. 18(58.) ltoquirod agoomotrical roprosontation for a non* 
self* oonjugato linear and vector function. 

April, 1870.] 

(54(57, A trianglo ABC has itfi vortices /(, ./(, jointed to two rods AD, B12, 
wliioh can turn about tho iixed points 1), 1<)\ expross tho ooordinatos of tho 
point O in lorms of elliptic funoliona of a singlo parameter, 

[K . !/'. Novombor, 1877.] 

[NJ1. 1724, p, 024, has boon nolvod, sco p, C97.] 


LECTURE I. ON BOUNDARIES IN GENERAL*. 


Syllabus, 

Every body distinguishes two adjacent regions of space, one inside and one 
outside. 

{a} The surface of the body is surface to both of those regions. 

{b) It tabes up no solid room, or has no thickness. 

(c) When the body is moved continuously, the surface is moved con- 

tinuously with it. 

(d) And yot a surface remains in the samo place when tho body is 

taken away. 

Congruent regions are those which can be filled at different times by a body 
which does not alter in size or shape. 

The remarks [a) (b) (c) (d) are true also of a lino, boundary be two on two ad- 
jacent surface-regions, and of a point, boundary between two adjacent lino- 
regions. 

A lino is also the intersection of two surfaces, 

A point is the intersection of two lines, a lino and a surface, or three surfaces. 

A line is the path or loous of a moving point, a surfaco of a moving lino, and 
a solid of a moving surface. * 

The number of points in a piooo of lino is singly infinite j tho number in a 
piece of surface doubly infinite; and tho number in a pieoo of solid space 
triply infinite. 

A point on a lino has ono variation ; on n surface, two; in solid spaee, throe. 

Questions, 

1. Can two regions he partly adjnoont and partly not? {Distinguish be- 
tween solid, surface, and line-regions.) 

2. Explain how a point is tho intersection of three surfaces, and give 
an example. 

* [From information furnished to mo by Mr F, Polloch, Mr W, J. Ritchie and others, I find Hint 
those Syllabuses belong to a series of lectures given to a class of Indies at South Kensington In tho 
spring and summer of 1869. Tho "proofs," for a complete sot of which I nm hid oh ted to Mr U. J. 
Clay, bear dates ranging from April 8 to Juno 11, 1809. Lcoturo 1 is evidently Hint printed hi 
"Seeing and Thinking," pp. 127—166, Natohr Borlost Macmillan's Magazine, Yol. xi.. No. 238, 
pp. 339—888, Aug. 18T9.J 
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LECTURE I, ON BOUNDARIES IN GENERAL. 

3. State clearly what is meant by tho assertion ; A point cau bo moved con- 
tinuously from on^ position to another, with the bodies of whose surfaces it is 
the intersection ; and yet remains when they are taken away. 

4, Is tho motion of a shadow always continuous? 

6. An infinite number of oiroles can bo drawn upon a piece of paper. Is 
this number singly, doubly, or triply infinite? 


LECTURE H. ON PLANE SURFACES AND STRAIGHT LINES. 


Syllabus. 

Space exists independently of the things in it, but allows them to ho moved 
about without altering their size or shape. 

A plane surface may bo slid about upon itself or another plnuo surface, and 
will always fit. 

It may also bo turned over and applied to itself so as to fit, 

A piano is of infinite extent, 

Tho intersection of two pianos (a straight line) is also the intersection of nn 
infinite number of planes ; or a piano may turn round it and slide along it, 

A straight lino divides a plane into two congruent regions. 

A straight line is fixod by two points, a plane by three. 

Two straight lines, or three planes, can meot only in one point, 

Two straight lines, meeting, divide a piano into four regions congruent two 
and two. If all four are cougruent, each is called a right angle, and tho lines 

are perpendicular. > 

Only one straight lino can bo drawn perpendicular to a given straight lino 

through a given point, 

Only one straight line can be drawn parallel to a given straight lino throng 
a given point. It is then parallel to tho given lino at all points on it. 

Regions at an infinite distanoo in opposite directions on the same straight 
lino are adjaoout and separated by one point. 

All points at an infinite distance on one plane aro in a straight line. 

All points at an infinite distance in space aro in a piano. 

A straight lino and a plane are respectively a lino and surface of the first 
order . 


Questions . 

1. Two bodies which have plane surfaces may have those surfaces applied 
to oaoh other in an infinito number of ways. Is tins number singly, doubly, or 


triply infinite? 

2. How do wo know that the spaces on the two sides of a plane surface are 
of tho same shape ? 
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APPENDIX, 


3. One piano divides another into two congruent surface regions, Explain 
what this means, and how you see it to bo true, 

4. How many straight lines can bo drawn through a givon point of space to 
meet each of two given straight linos ? 

5. In what sense is it true that thoro is only ono point at an infinite 
distanco on a straight line? 

Bouohfi et Do Comberonsso, p. 12, Ex, 1 — -X. 

Wright, p. 12, Ex. 1—4. 

Wilson, p. 10, Ex. 1 — 7. 


LECTURE III, ON THE ROTATION OF PLANE FIGUllES. 
Syllabus. 

The piop er ties of piano figures aro divided into projective proportion whioh 
are retained in tho shadows of the figures, and non-projective proportion, which 
are not so retained. 

Properties connected with Rotation aro non-projoolivo. 

A straight line turning about a point in it, by o<iua! amounts of rotation 
generates congruent angles, 

. .f Y lane figu ™ tlu ' n abont m y »<*“* ™ to» piano, tho direotioiiH of at! li„ Gfl 
in the figure aro altered by tho samo amount. 

h o,uauy nitec ‘' by th ° “ m ° » f 

=i JeTft ". 80 ° f I, °‘ ition 0| “ f,8 “'° in ptano “V ■» by o 

(The external angles of a polygon aro together oqunl to four right minks. A 
triangle is determined by three indopondont olomonfca. A parnlloliymm in cun- 
.gruent to itself in ono way ; .a rectangle in three.) 

<■ "*• ,Vmatim oi t,w -«»'■ 

Eqral angles at the centre of a oirolo out off ogual arcs of itu 


Questions, 

H,w .r'Ci't 1 ^ i™ r 1 ' ?> r ka " o " gn,i, " t win, a 

possess also the otal l,nos either of these „m,,cni M 

angle of an eguilnteral Manglo !'' 8 ' 0 " I ° e " 1 “ r lj0m8 °" 0 , l u “> 10 li '0 Interior 

JhasfaX" ° f «“* yo» taw the height and tho 
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d. «IM1 mi a two nonunion), IrianjtUm in tlio name piano be made to ooineido 
by roliiliriK ono of thorn about Homo point 1 

ru How do on it appeal' llmt tlm liu>i;enl at any point of a oirolo in porpon- 
dieular to llio mil ilia ? 

It one) iri ol Do Oomlmrinmne, p. at!, Ms. 4, 7 ; p. art, Ex. 1—3 ; p. 80, Ex. 1—0. 
Wrifijhl, p. aa, Ex. 4,7; p. lit), Ex. 1--3 ; p. ill), Ex. 1—7. 

WIihmi, p. 17, Ex. 1—7 i p. 04, Ex. 1—7. 

IiKOTU.RU IV. ON HIMILAll FH41JRKH. 


Xylhihita* 

When a )l|pu'o hi ntiliu'i'od no nti to remain atill of tho muno ehapo, ovevy 
atmiitlit line in It roinnimt ti iilmiphl lino, and every nnido remaina oonpruent 
to tlunlf. 

All tho pavtn of tlov llipu'o nvn nq willy enlarged. 

Wlmn one hi an luilavfjud uopy of another, tlio two aro nuid to bo 

flimHftr. 

'.I , ]ii) di’umt of onliirumiienl, noiuiHHtiry to make one (l|puo equal to the othoi* 
in nailed I linin' nttfn (\f RimifUmh'. 

'Phil ratio of two linen in tlio ono Itpimi in equal to tho ratio of tho two oor- 
ronpiiiidiiijt linen in tlm oilier. 

* If four ipmntUien mo proportional, and the (lmt in ((imlm* or loan than any 
Iraotlcm of Mm niminul, tlm third in ipenler or limn than the himio frnotion of tho 
fourth. 

If two i|uimtll lea mo no emmerled Hint tmeli, boinp nivmi, dnlormlnen tho 
other : and ii lo tlio mini of two valiiea of mm (airjeupmuln tho niirn of tlio 
two I'tineapeniliMf! value i of tlm ollmr: then the ratio of any two yhIuou of tho 
hint ipmutity in eipml to llm ratio of the two oorredpomUnu valued of tlio 
mmimd. 

't’rJiuijflen inn ehuilnr which lmvo ( I ) their idilon proper tioniil, (ti) an an^lo in 
ono oijuid Lo an miplo in tlm other, and tlm niiie i iihoul them proportional!). 

Hiiiiilur mitilim-iu' iinureii urn uindo up of nimilnr trhmuleH. 


t)ufftlonn, 

I , Provo that all eiriilmi mo of tlm muinn eliapo. 

U. If two pinnlUdopiuitm lmvo the miphtn of imo equal ronpooUveSy lo tho 
fti>Kh>n of the ether,. and If tlm ratio of tho two tlut|{onalii of one id ittpml to tho 
ratio of Llio two dhtaoimlii nf the other, the puralhdoqriuiiH are niinilar, 

tl. Hhmv that two refill nr poly^omi of tho nunm number of aides nro similar 
fltflU'OH, 




LECTURE VII. THE PROPERTIES OF ONE CIRCLE. 635 


2, What is the locus of tlio centres of all circles that pass through two 
fixed points? 

3. And what ia the locus of the intersection of the two tangents to each of 
the circles at tlioso points? 

4. Tangents aro drawn to a circle at the angular points of nn inscribed 
rectangle. Proyo that tlio quadrilateral tors formed has all its sides equal. 

5, AF, BG, GJI arc the perpendiculars of a triangle ABC, meeting in 0. 
Shew that circles can ho described about tlio quadrilaterals AG OH, BHOF , 
GFOG ; and that the angles BFII, CFG are equal to one another. 


LECTURE VDI. THE PROPERTIES OF ONE OIRCLE-confimied. 

Syllabus. 

The following are different statements of the same projective property of 
a oirolo : — 

1 If a series of lines are drawn through a fixed point to meot a circle, and 
if at tlio two points of intersection of oach of these lines with the circle tangents 
are drawn j the intersections of all these pairs of taugeutB will he on a fixed 
straight lino, 

2 If a sories of points aro taken on a fixed straight line, and from each of 
thorn two tangents arc drawn to the oirolo; the several chords of contact of 
these pairs of tangents will all pass through a fixed point. 

Two points A and B are called inverse points in respect of a circle whose 
contro is 0, when OAB is a straight lino, and the rectangle 0A t OB is equal 

tho square of the radius. . 

A lino through B perpendicular to OAB is then called the polar of the 
point A ; and a lino through A porpchdiokr to OAB i. called tlio polar of 

tho point B. . .. 

When a lino is tho polar of a point, tho point is called tho pole of the m . 

If a point L lies on tho polar of Jf, then U lies on tho polar of L. 

Tho polar of a point outside the circle is tho chord of contact of tangent 
from it to the cirolo. 

Questions. 

, . „ niwte aro diataufc from tho eentro two 

1. Two inverse points m respect of a o the radiu8? 

inohOB and eiglit inohos respeohvely i wliat is 8 

i" inna and a certain straiglit nuo is 

.lilSdif 1 , *. * u «.u **w «- w. * 

OW1 ; PO kU in wliat way ovary diameter i. tW M of soaia point a. 
infinity. 




t,i:n < ! Mi: \. 


TIM: " u " l;u I'liniir.uMs. o»7 


u-.'i cmi: s. »h tui: «itm:i. iiiimiwumu, i-Honwaw. 

SljththllV, 

. -*»* II,,,. 

' V ;; '■ T IlM, In mini,, 

• - 

j. , a rtli; H „,| , :||y i„ |J„, Unit <<*«» Hint tliorn am 

;;; vr'V r!’ *- ,,i£ i,i ,,m ” * «- •»«>,, .1 «,,«« 

, ' I! hm, ‘ iwbiht*, mtlicr t\ W n that 

Udi III l I *■ *lU l.ilflU I ■ ; i *. • l ft, , . L j,,|. * 

H i ,; ‘ u, n ' v ‘ ’ *"'■ * •'!»»'« “f iliJV,.ivnt Horn Mu, 



Il "y 1 ,tl iu 41 i" «i»y illin-lti.n. In |||,-JH* |>niN I 

' l<> 11 » ' Hum in ithvoVi, OMiully nnuil 

1- ih.* ..j-.i.-i ,.r »u * ' 

lu IM* #-i 1 tu (1 <IUfn. Mt I >1 aiii’h ,»f not <, t ,|y 

I-! if t. nl 1> i.M ol.i t ii,l i ,, In. ; .) ill!,, Hur i.mun’i.tti.oiM m,, I Hinirmmi, lilll 

MU -f v. ry Jiff.-,, . , I ( mul.y wliioh dm 

b lit ■ -» » ». t i » jmi s.. : n|o Jl-i'-If 

| li, a t-ltnii. !■> .'J it, in - it Im’litiv,*! 


( I In- fi,!|‘i»t «»i..!, I'n'l II* mi> l Ml* lit* 1 , 1110 niiti’ii nf a rmmu* of fn'lnnm on 

jn.td.TH- ,i| Midi, :*. I l.nv.i II,., m vv„i thy of «, 

l*Iov*’ Im.t I'.n in-, h. itlim tt! I'll :■,*,< m.ivi ml mivol, III Inn, I, t„ Ki,,,||n|i mnlnni. | 


f, Jili'l !■, i.’-t >*f tt oU* v !i', »*f I' llitlli l llni t. 

1', > in |.-,si. v- ok, I | n.'iS*? iif Hum amt jilnuo'i, 

IS ji*,:.-. j-,., . ij-k . it.,: (■! fi-.. If Viidt |v.ii jnijiil • h)l<’i.']ioi)||i'il, 
l. h . 1 ?f « ■ I f; .u 1 n,t: Uiii Jfini liy i|t|,nli j|u|o,i,|, 

II, J**..;, Hi.* iHOih-s nuil jt m d'» niHy Ktii’Hi]). 

y, If \ m »* 1 ’i’itii i ou;. t «,,, j viiv.i in *<)ii,' jHiNltimi ilicyaro In nil jiiHiitjmm 

, l ■ * f.asicsi, 


fu r .•|*l>/»Jwit)ifol|IV, 

t'aw- I 1 '? h| c-o lit 1 . 1’nfri-iji-nii.lmrn In it* iiiiuHii'il liy I law pnlnMif (!on'ini|)anil* 

IM*! J ,"■> 1 1, la, 

t y. I'm .1 «'i» entic* Siim insy Iftnr lu.i uiiit*n| jnilnt,i lint not mom. 

»•. T«m till,; ■*:■« |«».ijT*i'l»»«’ !*• Mum Oh* to I till or. 

“ if iwlaJilfat i i M» |< I' l« Jti '. hi f l » f.f, f. i, to It |l) I')'* I tii^Jisli f*W^ fmv, i>. !!0|. Mr 
|i/ir.ir a-. -1, v,.|, t. (i |:*f. m;1 llnrl' 1 , 1'1 ntnl M'llkinniii'o i*nu\rthhi 

t ■■■■'! IT. j, -i.lfc.5, »;!*;,)* 1*1 ?s , « .*n. Ic . f Inn ) IU*l, '« ‘J im fnltili-1* work tlorlc riliO.I fill, 

i iunsi > i is,, 1 j ci j.ni » (lint* i>. N''ilti<>iiiT‘>'il'i>i,l. “It U pr* irrvnl In tin, vnTilry nf 
th,» I *5*. wlvsil.ii a!) |!*ii,V'*» r-*a ill lin-si-cUtl* 1. tll>: lna*lf,is<* irlikn |l u«,r t In BI’Jll llli'mti'tv.rl 
H. tSw; » will.**, «,*<* l-.i,!*- #1*1 *iifal<MilUI. U Ulllil*. n*f fi.tk) 111 fuel 10 Ill.llIH Ill/ill : 

l* 4 *«*mf »», wyos*ibf W'i. »k,*| tv?.** «!„»}*■.' 1 , If |,.f i»t» Hint#/' .Mr l.t.tnn'l.ruloi |mlnU uiif, (it a 

fl-wr 1 »l il:-a #! ;,%j.Ji*n |Jj« n.i»»M|»ft**n of l )*,!.#, nr ’ (In* fjtily In ln*r llmlr/j 
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"" v "" ««« iuuI oiu only oUior tangent onn bo 

dm w ii. 

( !mi"i n'ni Inn of mum ii, ^ointu nml tun«imt»: definition of conio. 
ll*. I '(uii-ji ) , Hi iuiii'lmn. 

VII. mill I'uhmi, 

VIII. Mi-li ii'itl |mi)u’i tii'fi (iti'iili.i mul illainoloi’ii). 

IX. Mvi'ti'inti nf iinuii'ii, fiiiti, nln. 

rnvi-.lr.l by II- tivHluh’iit Ilf (limit'll liy (I, 1) comtHflondonoo. 

X. Jlm fiuTii, i'uvi ('! t|uMiillii|f in V||. ami Ylli. 


,\|H'"H>IU A. On (lin »(‘|iriiiiimiutlim of Holiil PiRuroH, commonly onllotl 
l'i'iit’ii|ilivi' Hi mni'liy, 

Aj>]'i'inll\ H. Hu l ii ii|>hU’ftl Onhutlulhnui. 

I'mt \\ t imj'liii nl I itii lii'ii, 

I. l'i'lyj:.'U I'f ft ii iH'ji , |ilunt> ami njuunt, ntrciouw on frame-work by motttoil of 

C.VflllfU 

II. Til- I’lihci'ii Ijilmin mily), 

III. M>'iufiit« uuil 1'mnlli’l Knti'twi, t’mtjil(i!i, 

IV. IVnliool l’ttmlb'l I'oiohi, 

l‘i*r A 1*1 ..it. Hi it, tin (!)ii|i|iitm| (lulmilalitm, (Inloumtlon of a*.) 

I, tiimi i<f t In. mi'li if !li.||i'ii by HJiH'luUallclft " 

l*.» i *.•;! i til i -iri fin-in o<\~0a 
1 * | l!il ... la Ob- Od ' 

wlliitl in tiltl toll'.'. 

’,1. I IttluH'MlIilllilll «>f J/ ti l" 

Vi V« V (III H,nil) 

' » ,v i ,r l **ll 

it, Jiilln fm it fnmH"llHl. 

* .. 

■I, If o.i,Uuni«' nf i«mi’ cm vn n'jummtn nvoit of another, ^ of thin ottvvo wil 
i> |.irit.’iil militmlc nf other, 

<V An. t fury in'*. 

« ,|iui» It .H»1 will 0.i btJt IioHmil to It. »u Hmt In. M. H '«>» 0110 8llt ot 

Mat's. t» out ,iV . ! 3 . . I, cl Iti.i Hi" r m l cl |‘»r«IK*l*. ] 



NOTES. 


Tho paper *XVI, war printed boforo X bad examined the question 20'12 {p. 
012) and the solutions of it. I havo einco submitted it to Mr J. J. Walker, who 
has placed at my service the following remarks : 

Greater clearness is attained, and some errors aro avoitlod, in establishing 
these fundamental formula) by starting at onoo with homogeneous oo-ordinatos 
«i<i 2 a 3 of the point a. The constant (A~R) 
a j sin a + « 3 sin /3 + a 3 sin y - £ / «, 


-1 


rt 3 


-1 e l v 

ro that calling i tho point whoso co-ordinates avo proportional to 

-1, <T iy , <«*, 

nn&j the point whose co-ordinates aro proportional to 

-1, C‘Y, 

the constant may be written symbolioally 

A 4 -R=-h(a1j), 

The numerator in Fnuro’s expression for ab*: via. 

~ a A) 2 - 2S M, - aM {gfa-.qjhj flos a 
(«3 sin tt+<3 a Kin jS+a s Bin •y) 3 (iq sin a " 1 

may also bo expressed as the product of tho determinants 


or (a&i), (abj)\ so that 


«6' =16 nv 7i7i a Vfafti) (ah}) 

NrMf “-‘- Bil 

Again the distance of a from B is 


1 a i fl a a a 


a \ a g fig 

! 6 3 ft, 


h l \ \ 

-1 e'V e ~ l P 


-1 e-‘y c*/5 




, ^ cos ft - ’ 

and tho denominator may be written no 

y WrUteu as tllG S( l«aro root of tho product 

thus (-S. + V y + ^-f)(-it 1+ J, ]e -.y + 

distance L_ 

JiB , jB ' 


NOTES. 


(ill 


Tho woll-known formula for huiAB is 

2 (AJlj - vi H Z ? Q ) si n a _ A Ulj 
• tJiA .jA . ili ,jl) 

wlieroin ij stands for the lino containing i,j, viz,, as has boon shown, the lino 
a:, sin a -|- ;t : 3 sin ft + a ' 3 sin 7 = 0 . 

Also 

COfj jj)_ - (^ 3 /i 3 + ^3/L) cos a - ... _ 

4 <~ A i + A ^ + y V~ t/3 ) ( “ A + Jh«~ lv + n, e tP ) +(- a,+ A^ y+A./P) (_ /?, + ,..) 

or 

2 gob A 11= 4 l zM±Ah Bi ' 

V A i Aj Jli Bj 

I may also state that I have recently received lecturo-notes on tho subject 
from ft pupil of Prof. Clifford's at University College*, who 1ms also furnished mo 
with tho accompanying proof, given also in looturo, of Ivory’s Theorem f. 

Bef. Corresponding points on two oonfoca! ellipsoids nro such as coincide 
when citlior ellipsoid is deformed by ft homogeneous strain, so as to coincide with 
tho other. 


Statement. Lot corresponding points Pp be taken on two homogeneous eon- 
fooal ellipsoids Me. Tho x component of tho attraction of E on p is to that of e 
on P as tho area of tho scotion of E by the piano yz is to the area of the copla- 
imr scotion of e, that is in tho ratio fty : he. 

Tins tlrcorom is true for any law of foreo. 

First wo show that for any law of force tho attraction of a straight lino AB 
of uniform thiolmoss and density on an external point P doponds only on tho 
distances PA, PJ1. (Pig. 125.) 

~ —cos Pil/71, 
dx 

Thus, when / (r) dotorminos tho law of force, attraction of olomout dx resolved 
parallel to AB — / (r) pdx 00 s PM11. 

Thus wholo attraction parallel to AB is 

f V f(r)pdr=p{F(v)-E{u ) }. 

Ju 

Divide up both ellipsoids (Fig. 126) into Btrips parallel to tlio axis of*. 

Lot Qq bo corresponding points. 

Then clearly Q'q 1 nro also corresponding points, 


* Mr O. W, von Tunzolmami, who says that Prof. .Clifford informed him that \^ {om f i 
to extend tho method to higher |>!nno curves, but (Imt surfaces wore much more diffleu t an d 1. > had 
not niado much progress In Its application to them. This pupil has also put at my service other .Notes 
which I hope to mako uso of hereafter, 
t Beo lectures and Essays, Vo). 1 . p. 1. 
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notes. 


Th0 attraction of tho atrip qq> on any point P on tlio oul.-n-llii.- oi.l ^ 
ponds on the thickness of tho atrip, and on Pq, P q ' ; ftna aUr,wilic M1 „f f " *' *; 
corresponding point on inner ellipsoid c, doponds on tho thiokiK'im ,rf r 
and on <?p, Q'p. But Qp=Pq and Q'p^Pq', 

Thoreforo the wholo attractions arc in tho ratios of tho neeliomi |, v tlm I'* 
yz, Tlioreforo tho Theorem is proved. 

XXV. is referred to in Maxwell’s Electricity , Vol. i, p. 171, Nntl.in-? ft* 1 1 
on tho subject has been mot with in tho papers that have be, si mil, min, J r' 

*XXXVII. On a loose shoot I find somo work slightly differimi f rnlI , | ! > fl 
tho toxt, with the result 

cos (2x cos *)=»/(- X n -) - 2* V, ( - -T a ) cos 2,/, 4. 2 l**/ 4 ( - «*■) „„„ 

Air 

J cos (2a- COB <p) cos 2iupd<l>— ( - )«7 r;u 2)l ( .. 


The following notes arc givonhoro as additional illustrations lo p. I 

[i] If a line moeting two polar lines bo displaced oquully iiliing In, Mi * > f 1 
through an anglo a, tho two positions of the lino will bo called jumilhl mi ,1 * 
to have the same direction. Tho normal distmico from miq point **M» 

thorn to tho other is «. Two linos parallel to tho same lino inn n* 1 

anotlior, and if a line moot two parallel linos it meets thmu atnp.nl a»fi 
According as tho twist converting a lino into a parallel lino in light h „ml^ 
lolt-liftnded, tho common direction of tho two linos will ho called u tight «i‘ 
mrcetion ; thus every lino has two directions, and through nu uil.itim v y ;) 

two lmes may bo drawn having with it right and loft parallel tivi 

All lines having the same right direction moot tho samo two got, male « ,>f * 
system of the absolute; all having tho samo loft direction moot live ri1 i,od 
of tho other system. If a sorios of parallel linos bo drawn (hi„u j: |, nit 1 
points of any lino, they will trace out a sm'faeo of zoro ourvulimi im-l fhl 
extent, which is in fact a quadric having qimdruplo contact willi tln» ut.„,,1li 
or meeting it in four straight lines. Starting with three linos mn,iln ; ; ut 1 i *1 
angles, we may dotormino a triple sorics of such surfacos, inter, i.-Hiius i-v*’; 
wbero at right angles in linos parallol to tho original tliroo; Huh .,v ta v )•<) 
in space will bo characterized by oo-ordinatos measured parallel t„ Mm, 
axes. If any solid body receive simultaneous equal rotations ttlmtii in,, j-j,} 
hues, all tho points of tho body will move in parallol linen, and nuy i-iui 
theso linos may bo regarded as an axis of tho motion, viz. Urn body btti 
rotations about this line and its polar. Such a motion may bo tmllml it 1 V,-r, 
it may bo represented by a finite straight lino having given miigniluiln, $ 
direction, and will bo a right or left vector according ns tho pnrnllnlh-in % 1, 
or left. The ratio of two vectors of tho same sido {i.o. both right 01 InttU It 
is a quaternion oi tlio samo side ; viz., one can bo converted lulu tint nil**,* 1 
a cortam rotation about an axis perpondioular to both but of iinhiP-r ini Ml 

position. Every motor is tho sum of a right aud a loti vector ; for w«? h> 
identically 

A —sr A + “o A > 





NOTES. Q43 


m. these vector partB are the half aum and half difference of the motor A and 
its polar motor coA, If we write £=J (l + «), then 

? l =t> v n ~v, f»j = 0, 

nnd we have, if a ft y $ are rotors through a fixed point, 


fa + Vft t a /3 


whoreby the quotiont of any two motors is expressed as a biquateruion. 
on substituting for £ y their values, the expression beeomes q + w r, whore q 
r are the quaternions . ' 


For 

and 



[ii] The co-ordinates of a straight lino being p J2 p 23 p 33 p li let 

ill = p, 2 +Pj 3 p 4 o +P14 p S3 , 

nml lot fl = Q bo fcho condition that this lino touches the absolute or has no 
length. If wo now write 

a = a 12 d +... = 2nw3 . 

?»is " v ^ 1 

then n/3d/=0 is the condition that the linos a, ft (i.e. the lines whoso equations 
cuo ad/=0, ft 31= 0) should meet, afi = 0 is the equation of tho polar line of a. 

I 11 general there are two straight lines which meet two lines and their polnrs. 
For the ft vo equations «d/=0, pM=> 0, *0=0, ftQ=Q, M=0, detormine qundrioly 
tile latios of tho p, Now those two lines arc points. IF y ho one, we have 

*yM=0, ft y M=0, ayil=:0, ftyfi = Q, y hU= 0 > 

Moment of two motors » — nftdl 3 ^ 

\Vo 3 ./3-’0 3 


(£q *b V r ) (*f^l ~V y A ) — a puro motor if S^qA =0, SyrA=0, or if wo writ a 
A=fa+yft, 

thon q must dirootly operate on « and r on ft. 

Axes of £ct + yft~l s ( Ta ± Tft) tfUa&y Uft), 

t 1 a a + P a~8 


This is a rotor if S. a,+ ft , a~ft=0, or if « 3 -^3 2 =Q. Renee the sum of two 
light and left vectors 0 / equal length is a pure rotor. 

Or wo may say fcho axes of A are (T£A&TyA) {%U£A±yUyA), 

Observe that <0 (ZA + yB)=£A ~yB, Tho general expression for rotor right 
parallel to i is (i + yft, ft being of unit length ; the axis is £i + yft as it should be, 
or £ ( 1 + j8) + £ w (t - ft) : therefore if p moots this, Z(i+kp) + y(ft + fy>) is a rotor j or 
T(i+kp)=T(ft + kp)i 
8tp =S ftp, 

.*> S(i~ft)p=0, 

Hcnco p is in a plane equally inclined to 1 and ft. 
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®° lioition oil oiu vi fv £ ZZl t"®"? °' WOlfci "B *° — « ™fa„. 
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O'J geometry in a Quadn 


apace y.>. 


“Uio «,. 'i'1,0 J l|]ia Luo^om ! I f 1, " as, " B “'“"S' 1 « fi ™l 

fijmeo <3 rim vertex „ of the „ °l , * OKOnt “ "»« K, lying ciiiiroly i„ ,i l{1 
couic w a ! 4 ° f tl, ° oono “ wpramtod by tho ptao 0 of tl,o 

« in ~ * -mining two Unoo tf* .i„ C o lt , ucot9 

r "» re — W 'by^muftM of MteT " IMSSi " e “ limc * i'nnngli o is 

oonifl w 3 , ei ~ n ~ a > Passing n-a times through tho 

order 2/e -S, Wug o * BarfaC0 “ * of 

BcntetI by a of JSJif £ 2 “° LfpS 0 in ft curvo ropre ‘ 

L™?: S W 111 6 ^ curve of order 

° f th ° f0Urt]l 

vanish" la th enso 0 ^oniV w ^ ? M ord<?r * , lmIcBa its discriminant 

passing a , b times through those roni-osH aCG(1 ^ tW ° 11,108 ww ’’ aiul RSlll,ffteo 
the quadric space now eontaina^wo^poimiis of nla^ 00 ^ Thl1 * 

through these iines w J a „ i r plftlie3 ^presented by tho planes 

them represents n skew oubio surfaced! lI ^ imdno 8lu ’ fao ° passing through one of 
planes of its own system in a line n’ 1 1 “ SS11,B °f Ce throu eH meeting enoh of tho 
cubic surface is ruled then - and the ° f th ° ° kh6rs iu two P oiuts - This 

sent a pencil of conics upon it nn . ° 1G1 ‘ hncs of the representative quadric repre- 

other, but each meeting 111 tlio lines” 1 Pin bUt ° therwiso not u,celiu 8 each 

cubic curves on tho surfaoo „»« n i ’ -± ftn ° Keotlons of tlio quadric represent skew 
through 0 . But the general suaca. 3 spaco " soctioils J11 «do by spaces passing 

tho conics twice and tlio lines once! 30 wTif 16 repi ‘ CS t 01ltc<3 hy 8kew onbics, meeting 
surface upon a pinna in tlie follmvi * lft “' 8 cr iorally represent the skew cubic 
by conics 1 ■pa M 4Xl^3T U °;: - ^ d^e-sections are represented 
2«, n times through a • curves a r ’ B °°. 10ns ])y spao ° of 7 *th order, curves 
2/i -a. Thus the point « itself and w * V6pimmt oums ot or < hr 

linos on tho surface j all other lines in ^ *** °“ ly BtraisM ' 

system of conics, any two months; * * 1 vopresout a doubly infinite 

space-section • au dTo on. 8 M ° ^ ° nch of thoso *• twice by a 
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Cubic Space C s . 

Spaeo-fiecfctonH arc onbio sui'facos any three of which meat in three points; 
i.o. tlioy liavo common r. quintic ourvo of rtofioienoy 2 and one fixed point, or elso 
a quartio ourvo of deficiency 0 and two fixed points. 


[v] On the general shapes of Algebraic Curves. 

Those who have studied the preceding chapters of this work must still he 
convinced that, even with the facility which such study lms given thorn, tho 
operation of tracing a ourvo from its equation is one which requires some lima 
and much cLo.se attention for its successful accomplishment. They will readily 
admit that it, in ordor to know the chief varieties of form among curves of tho 
first four or fivo orders, it wero necessary to traeo ono after another tho curves 
represented by all varictiog of equations of those degrees, by suoh pro cosh cs ns 
have already been explained ; this work would loo onorinous, and beyond the 
reach of any but a lifelong study, Accordingly, it has never been attempted in 
the enso of any dogreo exceeding tho second. In tho enumeration of lines of the 
third ol der, oifchor tho equation has been reduced by Home preliminary discussion 
(to he presently mentioned) to n vory special form, or its consideration linn boon 
evaded altogether. Of qimrfcic ourves tho enumeration, so far as I know, has 
not yob boon systematically attempted ; but such general results ns liavo boon 
•ftrrivoct at were obtained by considerations and methods other than those which 
the equation itself suggests. 

To the explanation of such considerations and methods tho present appendix 
is devoted. Tho study of thorn presonts many direct advantages to tho mn tho- 
rn ulicin.n, besides tiro indirect onos of tho help they afford him in tho truoing of 
curves mid the investigation of tboir properties. These methods aro exceedingly 
simple find easy of application ; tlioy partako more of tho nature of a manual 
craft than of a purely intelieotual occupation, and may so bo used as a rest from 
severer studies ; and — ns wo can only imagine things of which wo have soon tho 
like— by appealing directly to tho souses tlioy ex toil d those p envois of conoroto 
realization which tho growing complication of modern analysis renders daily 
more desirable. 

They consist of rules for transformation, by tho aid of which tho figures of n 
vast variety of ourves may bo obtained from a few simple types. These rule# 
will bo explained undor three heads. In tlio first section is considered Projection, 
a process by which no alteration is mode in tlio order, tho clnsR, nor in any othor 
purely descriptive property of a curve. In the second seotiou thoso modifications 
of form aro described which leave tho order of a, curve unaltered. In tlio third, 
mention is mado of thoso changes which exorcise no* effect upon tho class. In 
tho two latter sections n process will be described which may be called the compo- 
sition of ourves ; by which a ourvo of any order or ala as may bo built up out of 
tho simplest elements. 
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NOTES. 


Section 1. Projection, 

f ftdow of ft hyperbola may beau ellipse, if it is properly held - and 
.conversely, au ellipse may be so placed as to have a hyperbola* fo/its shadow 
U.m generally the .had™ „ ourve may have m0M , o kvor, infinite b „„te 

L“ :: r;° il, f , N 7. ihc ^ » «*» 

ahnno of L T ■" “ ° " 1> “ i th " s ' l0 retam l ° °™ *»* example, the 

lmpe of an ellipse is easier to grasp and remember than that of a hyperbola 

he object ot the method of Projection is to substitute for any given curve that 

tockssifvH ha * th ° ! ea9tp0SsibI ° m,mbo1 ' of infinite branches ; and thus 

number l;rr” ,efr ° f 8l ““ ,eS “ 1,10 Stm} ™ 01 “ com P al 'a lively email 


[vi] The One-Two Correspondence of Two Planes, 

*; J C ,°" Bi< ’ Cr ‘r r'"“ e ” * S. tiro point. of which are related in each a 
Sa te 1 po U ,t m of A- oerroepond in general two point, f and f of g, 

a of A S |W1 “ 1 ° f ~ C ° n '” ai “* m ’ 3 iu eonoral one and only one point 

prov 2 ; 1 -rfx .Vu- 11 ' iiow 

i f ™ »*:-'■ ti -« — A it; z 

two oi thorn mtei sect m two points (variable), and that only one can bo drawn 
h ough two assigned points, P fll meets A in * points, and to each oVZo 
conesponds one point m X t m is therefore the number of intersections of L and 
correspondent of A, which consequently is of order m as assorted. 

8. Tho two representatives on 8 of a point on X have between themselves 
( , 1) correspondence ; lot this be of order p. Then the entire correspondent 
of C* is not merely tlie line A but besides a curve A which is uniomLl and 
r; Z 8h n S6 f f 1 C)remonft>B Primal points. The intersections of 

,,rZ* aie . i rrr 11 by (i) tu ° ^ w point a,^ 

(3) the 2p points A, A^and A', A^— jn aU 2 + 2/* points. So then two curves 

« r + 1 ZZ 1 ? 0111 * 3 ' Th6y ai ' 0 mia ™ 1 * 113 corresponding 

can bo drown • X XT' ^ ^ tW ° arbUra1 ^ pointa ab four of them 

. T1Z *> tho representatives of the lines aft aft, a'ft a'ft. 

oorrtpId7hirTn r v 1 r,‘' 1 n , ' 8h fta ‘ 1 poinl »- T ° “‘“S 1 ” l'*‘» 

theory Tim™ ! A ‘ * ? >ubl ° 0ues conics « exactly ns in Cremona's 

o,jxr„: „rx;,r i *° ° ommon poiais ° f ih ° c » 

, taioresi r d “ ,iiy »■ r - ■» 

K and a line A Lfl ’ * 1 a ,! meai rolatlou i their Jacobian is then a conic 
and H 1 A ’ h paS9ing thro «Bh the two fixed points, a is equal to 2 

j/ The a"!?”- 8 « r0l,el ! th6 flX6d P0ints and ibG Polo of A in respect of 
contact with a r: C :‘"“," 8h * fixe<l 1>oi "‘ cc ™l>o»Klont of A having donllo 
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6. The ease m — 3 gives us two systems: (1) cubics with a node and thrc-e 
points fixed, satisfying besides a linear relation; (2) cubies with seven fixed 
points. The first case is obtained by quadric transformation from the case 
?« — 2, whereby wo see that tho Jncobian is a cubic of the system (not satis- 
fying the linear relation) and the straight lines joining the uode to the fixed 
points. /t = 3, and the A 3 aro cubics through the fixed points and another. 
The C s are cubics having triple contact with a fixed conic and a nodo at a 
certain fixed point. 

The sooond system clearly inverts into itself. The Jncobian is a sc-xtic S' a 
with seven nodes at the fixed points. The correspondent of this is a curve, 

K- 


[vii] On the (1, «) Correspondence of Tico Planes. 


1. I consider planes X, & so related that to every point x ou the first piano 
correspond in gouernl n points, £ 2 ,..£ 11 , on the second, while to every poiut 
£ of tire second piano corresponds in general only one point x of the first. 


2. Let the correspondent of a line L in A' be n curve F m in 2. I shall now 
provo that tho correspondent of a line A in 2 is a curve C iA in A r ; the curves 
G m and V m being both of the snino order m. Tho curves F u , must be such that 
two of them intersect in n variable points, and that only one can in general bo 
drawn through two assigned points. r M meets Ain m points, and to each of 
these corresponds one point in A’ ; in is therefore the number of intersections 
of L and the correspondent of A, which consequently is of order in as 
asserted. 


3. Two representatives on 2 of the same point on A’ have between. them 
n (ji-1, n- 1) correspondence} let this be of order p. Then the entire corre- 
spondent of C M is not merely the line A, but besides a curve A^. Two curves 
A , A' intersect in n - 1 variable points. Tho intersections of C n , C M aro 

represented then by (1) the point AA'; (2) the J( - 1 points A^» (3) tho 

2/a points A, A' and A', A -in all « + 2/i points- Thus the number of variable 

intersections of two curved C w C' m is 1+2 J, and consequently (except when 


*5=2), /a must be a multiple of «. The curves C n are nntol. as corre- 
sponding uniquely to straight lines. And through two ar lharJ 
there may bo drawn »* of thorn ; viz., those corresponding to the n hnc. 
joining the « correspondents of «, to the » correspondents of 

&, ( 3 \ 


[viii] Geometry on a Cubic Sort ace. 

L A system of vsluss of the .oordin.te .« W, -T« ** 
o point oh the — Th.ro 

iguished from the Measure-Absolute, which is am . 
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2. Let If,/* bo quadric funetiona of tho X which nro antisflod by 

fcho Bysterna «('>, «'■*> «<*>. In general, a Bystom of ratios of the K% doterraines ono 
point on tho mu-faco; but the system 7(T 2 <1 » = 0, K^ = 0, Kfi = 0 has a meaning, 
viz, tho loci ftW, a IJ \ f# 1 . 

Three systems of values of tho 7t 2 (viz. the other three points ft) now repre- 
sent loci and not points. But besides these there are threo other systems which 
represent tho lines a 1 -' 1 *# 1 , a<%W, j call these six valuo-systems U x K..kPK 

The if-coordinates then aro precisely equivalent in their proportios to Iho X, 
except that they vanish all togethor on the locus «•*>, dJ\ o**». 

But now tho point a w may ho approached in various ways; and it will bo 
found that though tho K„ all vanish at that point, yot tho ratios in whioh they 
vanish depend on the direction in which tho point is approached. In faot, tho 
vanishing ratios of tho K a enablo us to discriminato between tho points of tho 
locus (iW. Wo may tlion, if wo liko, consider only their ratios, doprivo tho 
system JC 2 = 0 of its meaning, and so arrive at a now coordinate-system exactly 
similar to tho ono with which wo started. 

In fact, if AW donoto eto, wo can find quadrio functions of tho Jif a re- 

spectively equal to 

Hero it is dear that AW — 0 makes theso threo simultaneously vanish, but 
their ratios aro thoso of tho X, 

,4. I now tako threo cubic functions C' 3 (1) 6 , ., ,s! of tho X , whioh are all 

satisfied doubly by and singly by ail tho other points a except A system 
of ratios of the C 3 will in general detevmino one point of tho surface ; hut tho 
system C S W — o, G^ — 0, C 3 (8 > = 0 has a meaning; viz. tho locus a (,) twico, and 
the other looi a except a w > onco. 

The system of values ob* of the C',, now roprosonls a loons and not a point. 
But there aro systems of values which represent (1) tho lines joining aW to the 
other a except «<•?) and (2) tho conio passing through all tho a hut a (i K I call 
thoso six values c (l, ...e (rt> . Tho Cg-coordinatos nro thus again equivalent to the 
former systems, with tho oxcoption that thoy all vanish togolhor on tho locus 
2 a-a»*. 

Tho ratios of the G s in tho immediate neighbourhood of tho point a (i > will l>o 
found to acquire twfi distinct valuo-systoms for oyory direction of approach. 
Tho Ioous uW is thoroforo represented by a quadric equation in tho 6 3 . Tho 
remaining looi a nro reprosontod by linear equations ns boforo. 

4. Similar remarks are to bo mado on quartio functions <?.,»>, Q i ® f Qj® having 
lodes at aG\ a'M and singlo points at tho other threo, Thoy remove onllroly 
ho pro-existing absoluto, and substituto a now ono, consisting of 

Cremona’s well-known principal system. So further tho quintics P a «>, l\w, l\W 
which have a noilo at each «, substitute a now absoluto representing tho six 
conics each through fivo a points. Altogether wo have 1 -|- 20 -I- 80 -|- 20 -|- 1 = 72 
equivalent linear systems. 
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Piano sections of oubio eubics through 0 points a 
skow cables straight lines on plane 


skew oubios generally (1) straight linos 

(2) conics through 8 points a 

(3) evibics with node at passing through 

(4) quartics with nodes at <ij, u s ,rr 3 , and single 

points a 4 , a B , n a 

(C) quintics with a node at caoii point a. 

Any one of Ciobsoh’s 72 nets of skew eiibies may bo taken fora linear system 
on tho cubic surface. Tlio not outs twico G linos oil the cubic; tho other half of 
tho doublo-six forms tho absolute. Analytically thoro are six sots of ratios 
X : Y : Z which mean not points but theso six lines ; I oall fclicso quasi-points 
(«, ?>! c,/, (i, h). A line. IX + mY + nZ which satisfies the condition of passing 
through one of theso say, a, breaks up into the lino « and a conic through a', the 
corresponding line of tho double-six. Tho line a b contains these two lines and 
tho lino which moots ah', a'b . Abstractions made of tho absohito, then, tho lines 
(ib,,, arc tho other lfi st. linos of tho cubic. Tho lines a'.,, nro represented by the 
conics through oacli five of the points. 

When tho surface has a node, ilio linear system is that of the pinna sections 
through the nodo, Tho points (the fffh nro tlion upon ono conic. 

tho point JTJW-O, K.p ] = 0 gives merely A'l J > ~ 0 

KpzXMX™ „ o „ xm=q 

xp~ xmx® „ K.}" - 0, /f,«eQ 


[ix] On the Correspondence between a Doubled Line and a Cubic* 

If I tnlco a fixed point o on a cubic curvo C s , I can draw through it lii: 
which unicursally correspond to tho points on a straight lino X. I have th 
for every point n; on tho line a pair of points c, c' on tho oubio. Hut now I inn. 
suppose tliis lino to ho doubled, call it AT, and tlion tho two (coincident 
points a’;«' may ho hold either to correspond as a wliolo to tho pair ad, or x may 
he hold to correspond to e, and .V to c'. I shall now lalco instead of tho 
ih mhlcd line XX f , a doubled circle, so as to liavo tho whole of it within roaoh. 
Jlnt now from the fixed point o four tangents can ho drawn to the oubio; lot us 
nsfiumo to begin with that fchoy aro all real. Jhon (calling thorn ,/i if 

between A and 11 Dm points as' are real, they must also bo real between 0 mill 
7), but imaginary between. Jl and 0 and between J) and A* Tlius tho rccii part 
of the oubio may bo represented by two portions of a doubled oiielo*. 

AVo liavo in fact substituted for tho cubic nn nnallngmaUc quarlio on tho 
point of becoming a doubled circle. If two of tho tangents avo imaginary wo 

, pi iiero nro ilneu Ukuvcs, th Is fi «ni»u*lelo ring, <») eonulsts tif two lmrts {A /()„ ((.'/») or Uiu same 
rliiB, iiml 0) >« a purl of u rii»K, noinldrcnlinf 
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NOTES, 


History 

£|mco 

Qumitlty 


Imaginnrics 

Equations 


Invarlnnco 


Correspond- 

cnce 


may suppose B and' C to' coinoido, and tho curve to be roprosontod by one very 
thin oval ; if they are all imaginary, the curve is represented by tho entire 
contour of two indefinitely near oirolcs. 

(MS. ends.) 


[x] Syllabus of Lectures*. 

General Principle— all the properties of a geometric form depend on its 
Order. Hence begin by establishing theory of imaginarios, on whioli that of 
tho order depends. Thus, 1, Historiquo. 2. Fundamental Hypotheses. Con- 
tinuity of Space. Motion without change of sizo. Infinito oxtont. DoAnilionH 
of Line and Plane, perpendicular and parallol, !). Calculus of lla ties mid 
Position. Primary theorem of number. Deduction of arithmetical rules. Opera- 
tions, Algebraic calculus of numbers. Primary theorem of continuous quantity. 
Buies analogous to arithmetical operations. Algebraic calculus of ratios. Cal- 
culus of Position in ono dimension, 4. Position in two dimensions, G ammiiui 
Formula). Discontinuity of the reversor symbol, is nmdo contiiiuous by calculus 
of position in two dimensions. Idea of functional correspondence, monodromio, 
similarity of tho smallest parts. Every equation of will order has exactly n roots. 

5. Position in two dimensions. Cartesian formula). Co-ordinates of a point, of 
a straight line, diatanoo botweon given points, nnglo botwcon giyon lines. 
Equation of straight line, of circle, ellipse, hyperbola, parabola, 

6. Projection and Linear Transformation. Passage to homogeneous form. 
Lino at infinity. Projection cquivnlont to Linoav Transformation. Order of 
curve. Number of points in which it is mot by any lino whatever, (.ton oral 
notion of invariant. Invariants of points and linos. Ghashmann notation 
foi these, Ahoniiold notation for invariants in gcnoral. Duality, oontra variant 
symbols, contravariant differentiation. 

7. Correspondence in one dimension, (1,1) correspondence, anhannonios, 
harmonics, involution. Harmonics and involution of higher ordora. 

9. Pliioker’s oqiiations, tho Deficiency, Corrospondonoo on a curve, 

10, General theory of Polars, Spooial application to conies. Conjugirto 
Korncurven. 


lx ij u-eometnc Analysis. 

1. The calculus of Batios, and of onofold Position. 

2. The calculus of twofold Position : (1) tho Cartesian } (2) Gauss 1 piano of 
numbers, 

3. The simpler Cartesian formula) for geometrical magnitudes, 

4. Equation in general. Forms of oquation of straight lino. 

5. Equations of circle and conic sootions, 

2TJS £2£SS£ ISSUES £" * - 1 1 *•■*-• - 



NOTES. 


051 


It, of it mu vo of tuiy milur. 

•/. rtdu.imij hi IniimijJi'iit’iitiii un-onll union. Tho oo-onliniUcfi of n, goometuQnl 
f< • i in tn i;--it.'»al, 

i). Tin- Uuui-i'IANN MnUUmt, 
p. Tli** liimtiiimrv lit pimnnliy, 

in, livf’h'iiuiiio n liy of ono dimoimion. llnvinonicH anil Anltrumonios. 

1 I . Tli.! I’l.fiii Tlimuv of nmiiui. 

IV, Tlo> olicti'H of I’ouloH [p|>. Ji'Ul— fi]. 

l;i, ri.moal Tlii'ni v of thn olrrlo : jimvorw of uirolcH. 

I I. Tin in v of mmlluKiuutlo omrvi'ii Jpp. fifin'). 

Ktti iii.imi of |ln> ( hi ahum ah H uolut’nm. (Ununnl theory of ilitiinnco. 
hi. I’liii lo'i 'ii IvjtmlioHiu Tim UntUvioiuiy. 
l* f \ p,.l iv i In'oi y of mn vi'ii of Unt wilt mdor, 

lit, to III ml Hunt I’lll’l Volltl 1 lift hi million, 

III, Tlio t'oluv Oiom.v of oiiliii'H, 

M,I. iviMkitu fi out t lit) „«4mxlml (litAtii)JtANN notation to tho Hymliolic form 

of i’lomliinh'. 


■I I,,, II,., ' liwW ..I l«m "I OllltonVn Mural <iu Q.i»lon. ton« 

, v „ Mf,,. ‘l'|t,,y will nluiw Iiiiw lillUi «f jiroliavell umllot (f., ftiul !•-. 

Vot, », I'. } ’| ll>’ huilt to Ilia lrntUli'ii. 

win, l, I n , i... 1 >«’)!« 5 m ain of them. m«n» ol addition ami HiiUvaolUm ; mirn of 
mny umwhm 1 of oh-pn Indi-in'itdi'iil of their tmlor. 

Miiliiiitlmilloii of nnmlmii; hi 15 x It-. ift, 2 It an Other intoipio 

„ a j, mi 2 mol :i mo Imlh ih{m 0 Ih ‘ >m ‘ U,H0, 

all. I.topa ; U X ( 3 *) ' - « 3 ""'y hdm-prolnlUm an yet. 

Jti’tvnlimj ami mvmtail of idop; nyniholii k, >’ 5 

Al1«( i*> , --’I), r‘Jx(-H). : TO. 

I Mi vv'l. ,-ll yj vrflsa/ift. Pl’OllUOt InilO- 

Pnnlunt of OpolMlUolin (III Hlopst 1 >“• 

...ml. nl of Kilim of faotmn. 

AiiatojiV v< lilt iimHipIltiall'H 1 of itlopHj 

no' iiiiiti|> “( i inal 

Ilwli" » l«”« l » E ™ ti0 “- DOnl ’ 10 

,,f , pi.almt nfi HoluUon of nuiulmlio 

Aw l"'. '"" ,l O' “L' Til'll aiwMwtow luMtartkm 

V |r V, *»t | , n , 'ho 1 1 


mid - u«od for fc and r ; doublo 
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NOTES. 


Addition and subtraction of 'quantities. Steps on straight lino. Ratio of 
steps. Signed or scalar numbers, Hamilton's view of algebra as science of 
pure time. Befereuco to geometry and kinematics implied in all tiro ordinary 
algebra. 

Steps in piano and space. Addition, subtraction. Multiplication by scalars. 

Applications. Tlioory of mass-oontro. Equations of uniform and parabolic 
motion. Mass-centre of number of falling bodies. 

Flux of a vector. Flux of product of vcotor and scalar, Hodograpli, Accele- 
ration. Curvature. Tangential and normal acceleration, 

Ratio of stepB in ono plane. Tonsor x vorsor, Scalar -1- rectangular versor. 

Distributive, associative, comnnitativo laws. 

Complox numbers. Exponential. Moaning of <? — cos 0 -I- 1 sin 0. 

Correspondence of points on the planes by complox funotion. Equation of 
?f ,h order lias n roots. Systems of orthogonal curves. 


Ratio of stops in space. Scalar -|- rootangular vorsor. 

Representation of rootangular versor, or handle. Addition of two. Associa- 
tive and commutative laws for addition of threo or more. Distributive law for 
operation on sum of vectors. 

Product of rectangular versors. Scalar and vorsor part, Distributive law of 
product. 

Expression in terms of unit rectangular vorsors at right angles, I, J, K , 
Laws of multiplication. Product of two versors. Verification, Quaternions, 

Product of two quaternions. Assooiativo law. Spherical theorem equivalent 
to it. 

Comparison of multiplication of versors with multiplication of vectors by 
vorsors, . 

Replacement of I, <7, K by i,j, k ; double meaning of certain expressions. 

Geometrical view of scalar and vcotor products. Applications; volooily- 
systom of a rotation ; composition of rotations j momont of momentum j work. 

Linear function of a vector. Strain, homogeneous. Representation by eouio 
or quadric when irrotational. Strain-llnx duo to given displacement. Moment 
of momentum is pure funotion of rotation. Motion of a body under no forocs. 

Slope of a function ; condensation, oonvorgonoo, curl, notation in liquid is 
ourl of velocity, Forco is slope of potential, 
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Authors Quoted 
Liiroth, 229, 235 
Magnus, 81 
Mftlot, 22 
Marey, 431 
Maxwell, 269 
Morin, 428 
Moutard, 552, 610 
Nowton, 69 
Peirce, 278, &o. 

Plilekor, 39, 43, 121 
Poncelet, 17, 81, 208, 209, 413 
Puiseitx, 241 
Purkiss, 45 
Eayloigh, 348 
Biemann, 21, 329, 624 
Boberts, S., 542 
Bosnnos, 315 
Bosenhain, 240, 350, 471 
Bouth, 34 
Salmon, 27, 30, 33, 35-8, 43, 73, 
117, 127, 228, 229, 302, 300, 
617 

Schroter, 812, 470 
Serret, Paul, 119, 123, 127 
Sielcclc, 45 
Smith, H. J. g., 453 
Spottiswoode, 286, &g. 

Steiner, 45 
Stokes, 407 

Sylvester, 20, 119, 124, 132, 106, 
234, 286, 322, 409, 414 
Thomson, W., 234 
Todhuntor, 849 
Voss, 800 
Webor, 329, 864 
Wolstenholmc, 589 

13 . 

Booth’s New Geometrical Methods, 
Boviow of, 562—504 
Boundaries, 628 
Bride’s Chair, 638, 637 

C. 

Calculation 
first principles of, 632 
Chain (not defined), 201 


Characteristics 
Sylvester’s theory of, 182 
Chasles, Fundamental Proposition, 
415 

Closed Contour, number of roots in, 
628 

Combination of R. J. p„ laws of, 
574 

Complex Numbers 
Modulus, Argument of, 526 
addition, multiplication, 527 
Conic — properties 
In- and oircum-seribod polygon 
(Poncelet), 17, 209, 532 
Bitangont cirolos, 543—6, 552 
Jacobian of two conics, discriminant 
of, 29 

BectanguJar hyperbola, Ac., 410 
Cubangle, 414 
Cubic 

Jacobian of, 27 
properties of, 682—4 
F. D. Thomson’s, 416 
Curve-Properties 
Doublo parabola, 47 — 60; 2?t-linGs 
determine 2K-ciroles mooting in a 
point and for 8»+l linos tho 
2n + l points so found lie on a 
oivolo, 62 — 4; «-fold parabola, 
pedal of with rogard to foous, 53 
Three. ouaped Quartio, 418 
Trinodal Quartio, 413 

D. 

Definitions 
Statement, 1, 14 
simplo, 1 ; inverse, 14 
ooinpound (two-fold, &o.), 1, 2; 

(pure), 3 ; (similar), 2 
complementary, obvorse, 2 
type, 2; (complementary), 2j 
(same), 14 

marks, 1 ; (oross-divisions), 85C ; 
distance of, 2 ; obverse, 2 ; ori- 
gin, proxiraates, modiates, ulfi- 
nrntes, 2 

groups, propor, improper, 4 
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Definitions 
Measurement, 410 
of Time, 421 ; Forco, 421, 437 
Mass, Weight, 481, 430 
Planimcter, 420 

Bigid Bodies, Translation of, 420, 
510, 517 

Harmonic Motion, amplitude, pe- 
riod, opoch, periodic motion, 430, 
517 

Theta series, 443 

Harmonic Centro, 577; Triad, 613 
Anallngraatic, 624 (1929), 625 
principal circles of, 552 
Quadrilateral, self-conjugate, 599 
Confine, 003 (prime, regular, root- 
angular), 003 
Trizonial curve, 010 
Oouio Tangential, 624 
Cyclide, Tore, 625 

Derived Points, Sylvcstor's theory of, 
322 

Derived Surfaces and Curves, theory 
of, 574 

Dynamics, 425, 435; velocity, 520, 
(instantaneous), 521 


E. 

Educational Times, 33 
Elliptic Functions, deft', and proper- 
ties of, 413, Ac, 

Addition Theorem, 451—5 (Abeli- 
an form of, 457) 

Product of four 0-functions, 453 
of tho second kind, 452, 6 
of tho third kind, 457 
0-functions as infinite products, 459 
doubly infinite factorials, Cayloy’s 
tlioory of, 463 

liuoar transformations, problem of, 
446 

Transformation, gonerul problem of 
(Jacobi’s Theorem for product of 
n 0-functions), 467 
Grassmann’s construction, 459 
Bell rotor’s theorem for produofc of 
2 0-functions, 470 


Elliptic Functions 
Bosoulmin’s functions and integrals 
of third kind, 471 

Inversion Problem, Jacobi’s form of, 
472 

Infinite Borios, multiplication of, 
474 

Energy, conservation of, 439 
Equation, every rational, has a root, 
20 

Equilateral Triangle, projective pro- 
perty of, 412 
“Eroanzung,” 269 
Expansion of F (x -j- y) t 527 

F. 

Figure — properties 
Octolateral, 75 (mounts and oxcunts 
of), 77, 78, (satellites of), 79 
Fluxions, 428; elliptio, 431 
Formulae 

Adaptation (of) in Analytical Metrics, 
103 

Distanco from Plano-conic, 132, Ac. 
Fourier’s Theorem, 431, 519 
F (;;;) = 0, fi-roots, 528 

G. 

Geometrical Prori.ems, ordor of, 037 
Graphs (doff.), 280 
quantification of, 257 
how to find algebraic oontont of, 
257 

Grassmann’s Notation, 180 
II. 

Hexahedron, Conjugate, 127 
Hypotheses, of Continuity, Bigid mo- 
tion, Infinite extont, 524 
Synopsis of, 70 

I. 

Inversion, Tangontial, 575 

J. 

Jacodians (in four variables), 81 
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Definitions 
Measurement, 419 
of Time, 421 ; Forco, 421, 437 
Mass, Weight, 421, 436 
Flanimeter, 420 

Rigid Bodies, Translation of, 426, 
616, 517 

Harmonic Motion, amplitude, po- 
riot], epoch, periodic motion, 430, 
517 

Theta series, 443 

Harmonic Centre, 577; Triad, 613 
Anallagmatic, 624 (1929), 025 
principal circles of, 552 
Quadrilateral, self-conjugafo, 599 
Confine, 603 (primo, regular, rect- 
angular), 603 
Trizomal curve, 610 
Conic Tangential, 624 
Cyclide, Tore, 625 

Derived Points, Sylvester’s theory of, 
322 

Derived Subfacesanu Cubves, theory 
of, 574 3 

Dynamics, 425, 435; velocity, 520 , 
(instantaneous), 521 


suhiAVTic Functions 
of third kind, 471 

Inversion Problem, Jacobi’s form of, 
Infinite Series, multiplied of> 


Eneiigy, conservation of, 439 
E<w.mo», over, ralioml, ),„ s „ roo . 


Equilateral Triangle, 
porty of, 412 


projectivo pro- 


“EitGANaoNo,” 269 
Expansion ov J>' (x+y), 527 


a'IODBE- 


-PBOPERTIES 

0c „rri re ( ta ™ ta -c™,, ta 

°0» 77, 78, (satellites of), 79 
Ieuxionb, 428; elliptic, 431 
Fobmulae 

Adaptation (of) in Analytical Metrics, 

Diatanco from Plano-conic, 132, & Q 
Eoubieb s Theorem, 431, 519 
w-roots, 528 


E. 

Educational Times, 33 
Elliptic Functions, doff, and pr< 
ties of, 443, Are. 

Addition Theorem, 461 5 (A 

an form of, 457) ' 

Product of four ^-functions, 453 
of tliG second lund, 452, 6 
of the third kind, 457 
0-functions as infinite products, . 
doubly infinite factorials, Cayl, 
theory of, 463 

hnear transformations, problem 

Transformation, general problem 
(Jacobis Theorem for product 
n 0-functious), 467 
Grassm ann’s construction, 459 


( 4 . 

Geometrical Pboblesis, order of, 637 
Gbaphs (doff.), 286 
Quantification of, 257 

how to find algobraio content of 
257 

G bash. mann’s Notation, 180 

H, 

Hexahedron, Conjngato, 127 
IIypotiieseb, of Continuity, Bigid mo- 
tion, Infinite extent, 524 
Synopsis of, 70 

I, 

Inversion, Tangential, 575 

J, 

Jacobianb (in four variables), 31 
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I ii: pit i xt Problems — Subjects 
Perspective, 583 (1410) 

Circle, 5C5 (1373), 586 (1514), C01 
(190G), 607 (2253, 2220, 2521), 
GOi) (2032), 013 (3282), 621 (3980)’, 
623 (1585), 025 (2858), 626 (4641) 
Conics, 565 (1362), 5GG (1378), 567 
(1387), 569 (1399), 571 (1418), 573 
(M09), 578 (1443), 585 (1505), 589 
(1394), 692 (1468), 594 (1679), 596 
(1G80), 597 (1724), 508 (1732), 599 
(1G75), COO (1888), 607 (1962, 2343 
2383), 608 (2301), 610 (2924), 011 
(2446), 612 (2942), 618 (4G96), 620 
(4972), 621 (5304), 624 (1724,1918} 
625 (2510), 627 (4897) 

Cnbics, 667 (1379), 568 (1389), 688 
(148G, 1519), 600 (1638, 1888), 608 
(27-18, 2776), 609 (2793), 611 (2446) 

613 (2979,3885, 3876), 617 (4236)’ 
618 (4641), 620 (4972), 624 (1918) 

025 (2510) h 

Oeilftl curves, 574 (1442), 584 (1470) 

591 (1394), 621 (5304) 

Quartics, 609 (2932), 610 (2028), 621 
(oG2G), G24 (1929), G25 (2229), G2G 
(3308) 

General curves, 614 (4069), 026 
(32oo) 

Epi'liypo-eycloids, 607 (2732) 610 

(3197), 614 (4069), 017 (4069) ’ 

Spherical curve (olass n), 626 (4819) 
Sphero-conic, 612 (3021) 

614 (4010, 4034) 

618 (4199), 627 (4843, 4923) ’ 

Surface, Cubic, 014 (-4034) 

Surface (order n), 011 (2960) 

^lhpiic (Functions, 627 (5457) 

Cubic Functions, 621 (4871) 

Definite Integral, 623 (1423) 

-Matrices, 627 (4950) 

Stftlics, 671 {I303|, 50 J, , I7a5)| „„ 


K, (41X3M28 < UJ8 ).«27 

Bieham's Papeh, synopsis of. 70 

d, wo, 

(Rotation, 432, G30 


s. 

Shadows op a Crncj.E, 036 
Similar Figures, 631 
Similarly of Smallest Parts, 527 

’ L0 ™ H ’ P] ‘3' sicft l examples of, 514 ' 
Sphere, 108 

So«voes, piano, and SIIUIMIT ^ 

Qiiftrtic, Quin tic, 414 
Pentangular, 415 
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